
Distributed Referential Communication
Framework: Formal Mathematical Representation

by Oussama Basta

1. Fundamental Definitions

Let G = (V,E) be a directed graph representing the communication network
where:

• V = {v1, v2, ..., vn} is the set of agents (nodes)

• E ⊆ V ×V represents possible communication channels between agents

For each agent vi ∈ V , we define:

• Φi: The reference frame of agent vi, represented as a subspace of the
universal information space Ω

• κi : Ω→ [0, 1]: The relevance filter function for agent vi

2. Information Encoding and Transmission

Let M represent the complete message to be transmitted, where:

• M = {m1,m2, ...,mk} is the set of distinct information elements

The encoding function ε : M → 2Ω maps each information element to
multiple representations in the information space, such that:

ε(mj) = {ej1, ej2, ..., ejl}

Where ejl represents the l-th encoded representation of information ele-
ment mj .
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The initial transmission function T0 : 2Ω → V × 2Ω introduces encoded
information into the network:

T0(ε(M)) = {(vi, I0
i ) | vi ∈ V }

Where I0
i ⊆ ε(M) represents the initial information received by agent vi.

3. Information Processing and Propagation

For each discrete time step t ∈ N, we define:
The filtering function F ti : 2Ω → 2Ω for agent vi at time t:

F ti (I) = {e ∈ I | κi(e) ≥ θti}

Where θti ∈ [0, 1] is the relevance threshold for agent vi at time t.
The retention function Rti : 2Ω × 2Ω → 2Ω:

Rti(I
t−1
i , J ti ) = It−1

i ∪ F ti (J ti )

Where It−1
i is the information retained by agent vi at time t− 1 and J ti

is newly received information at time t.
The transmission function T ti : 2Ω → {(vj ,Kt

ij) | (vi, vj) ∈ E}:

T ti (I
t
i ) = {(vj ,Kt

ij) | (vi, vj) ∈ E}

Where Kt
ij ⊆ Iti is the subset of information agent vi transmits to agent

vj at time t, determined by:

Kt
ij = {e ∈ Iti | ρij(e) ≥ φti}

With ρij : Ω → [0, 1] as the transmission probability function and φti ∈
[0, 1] as the transmission threshold.

4. System Dynamics and Bifurcation

We define the interpretation function γti : 2Ω → 2M for agent vi at time t:

γti (I
t
i ) = {mj ∈M | δ(Iti , ε(mj)) ≥ ηti}

Where δ : 2Ω × 2Ω → [0, 1] measures the similarity between information
sets, and ηti ∈ [0, 1] is the interpretation threshold.
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The bifurcation dynamics are modeled through the accuracy function
αti : 2M × 2M → [0, 1]:

αti(γ
t
i (I

t
i ),M) =

|γti (Iti ) ∩M |
|M |

For each agent vi, we define the bifurcation state βti ∈ {−1, 1} at time t:

βti =


1 if αti ≥ τ+

−1 if αti ≤ τ−

βt−1
i otherwise

Where τ+, τ− ∈ [0, 1] are the upper and lower thresholds for bifurcation
state changes, with τ− < τ+.

5. Convergence Measurement

We define the system convergence function Ct : V → [0, 1] at time t:

Ct =
1

|V |
∑
vi∈V

αti(γ
t
i (I

t
i ),M)

The crystallization coefficient χt ∈ [0, 1] measures the degree of network
coherence:

χt =
|{vi ∈ V | βti = 1}|

|V |

The network entropy Ht ∈ [0, log2 |V |] measures system disorder:

Ht = −
∑
vi∈V

pti log2 p
t
i

Where pti =
αt
i∑

vj∈V αt
j
represents the normalized accuracy of agent vi.

6. Verification Metrics

We define the independent convergence metric ψt ∈ [0, 1] at time t:

ψt =
|{(vi, vj) | (vi, vj) /∈ E∗ ∧ γti (Iti ) ∩ γtj(Itj) 6= ∅}|

|{(vi, vj) | (vi, vj) /∈ E∗}|
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Where E∗ is the transitive closure of E, representing all direct and indi-
rect connections.

The information preservation metric ωt ∈ [0, 1] at time t:

ωt = min
vi∈V

|{mj ∈M | mj ∈ γti (Iti )}|
|M |

This mathematical formalization provides a rigorous foundation for ana-
lyzing distributed communication systems through quantifiable metrics and
predictable dynamics, enabling both theoretical analysis and practical appli-
cation of the framework in diverse contexts.

Formal Mathematical Framework for Distributed Ref-
erential Information Systems

Based on the methodology presented in the document, I’ll reformalize the
mathematical framework for analyzing distributed information systems using
equivalence class analysis. This approach provides a rigorous foundation for
understanding how information propagates through complex networks.

1. Mathematical Foundation

Let us define a distributed information system as a directed graphG = (V,E)
where:

• V = {v1, v2, ..., vn} represents nodes (information processors)

• E ⊆ V × V represents communication channels

• Each node vi has a reference frame Φi ⊂ Ω, where Ω is the universal
information space

2. Equivalence Class Formulation

For any information patternM = {m1,m2, ...,mk}, we define an equivalence
relation ∼ on the set of possible interpretations:

Two interpretations I1 and I2 are equivalent (I1 ∼ I2) if and only if:

∀c ∈ C, γ(I1, c) = γ(I2, c)

Where:
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• C is the set of all evaluation contexts

• γ : I × C → {0, 1} is the evaluation function

This partitions the interpretation space into equivalence classesE1, E2, ..., Ej
where each class represents interpretations that produce identical evaluations
across all contexts.

3. Trigonometric Encoding

The system can be encoded using trigonometric functions to capture periodic
behaviors:

For a pattern element mi, its encoding function ε is defined as:

ε(mi) = |log(cos(π ·mi))|
For composite patterns, the encoding becomes:

ε(M) =
k∑
i=1

|log(cos(π ·mi))| −
k−1∑
i=1

|log(cos(π ·mi) · cos(π ·mi+1))|

This formulation leverages the periodic nature of trigonometric functions
to identify symmetries in the information space.

4. Information Propagation Dynamics

The propagation of information through the network follows these dynamics:

1. Filtering Function for node vi at time t:

F ti (I) = {e ∈ I | κi(e) ≥ θti}

where κi : Ω→ [0, 1] is the relevance filter and θti is the threshold.

2. Retention Function:

Rti(I
t−1
i , J ti ) = It−1

i ∪ F ti (J ti )

where It−1
i is previously retained information and J ti is newly received

information.

3. Transmission Function:

T ti (I
t
i ) = {(vj ,Kt

ij) | (vi, vj) ∈ E}

where Kt
ij ⊆ Iti is the information subset transmitted from vi to vj .
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5. Bifurcation Analysis

The system exhibits natural bifurcation characterized by:

1. Interpretation Accuracy:

αti(γ
t
i (I

t
i ),M) =

|γti (Iti ) ∩M |
|M |

2. Bifurcation State:

βti =


1 if αti ≥ τ+

−1 if αti ≤ τ−

βt−1
i otherwise

where τ+, τ− are critical thresholds.

3. System Convergence:

Ct =
1

|V |
∑
vi∈V

αti(γ
t
i (I

t
i ),M)

4. Crystallization Coefficient:

χt =
|{vi ∈ V | βti = 1}|

|V |

6. Verification Metrics

To verify the model’s accuracy, we define:

1. Independent Convergence:

ψt =
|{(vi, vj) | (vi, vj) /∈ E∗ ∧ γti (Iti ) ∩ γtj(Itj) 6= ∅}|

|{(vi, vj) | (vi, vj) /∈ E∗}|
where E∗ is the transitive closure of E.

2. Information Preservation:

ωt = min
vi∈V

|{mj ∈M | mj ∈ γti (Iti )}|
|M |

This formal mathematical framework provides a rigorous foundation for
analyzing distributed information systems and predicting their bifurcation
behaviors. The approach allows for precise measurement of information
propagation, retention, and convergence in complex networks.

6


