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ABSTRACT: A universal scaling law is derived from isometric scaling principles in which the ratio
of clock rates between any two physical systems equals the fifth root of the inverse ratio of their
moments of inertia. This relationship is shown to be algebraically equivalent to the Schwarzschild
gravitational time dilation formula of general relativity, with the equivalence mediated by a bridge
equation containing a 2/5 exponent that decomposes exactly into the scaling law's dimensional
exponent (1/5) multiplied by the quadratic factor (2) inherent in the Riemannian metric. The
same framework, applied to linear inertia with a cube root (1/3) exponent, reproduces the Lorentz
time dilation of special relativity with identical algebraic structure. General and special relativity
are thereby unified as rotational and linear cases of a single inertial scaling principle, distinguished
only by the type of inertia and its corresponding dimensionality. All equivalences are exact algebraic

identities. No free parameters are introduced.

1 Introduction

This paper presents a derivation connecting three formulas that
each describe gravitational time dilation. The objective is to show
they are mathematically equivalent expressions of a single physi-
cal relationship, and that the equivalence extends to special rela-
tivistic time dilation through a parallel structure.

The work builds on the concept of inertial density and the
DeGerlia threshold introduced in a prior paper [1]], which es-
tablished that the Schwarzschild condition reduces to a constant
threshold of mass over radius: D,; = c¢?/2G ~ 6.733 x 10%° kg/m.

2 Introducing Inertial Relativity

Inertia is relativistic [[I} 2. Meaning that without a comparator,
any measurement of it would have no meaning. Something with a
moment of inertia 1 x 1020 kg/m? would be very difficult to rotate.
But not more difficult than something with 1 x 10’ kg/m?2.

From isometric scaling while maintaining constant density
(constructive scaling), we know that a system’s clock time relative
to a static observing inertial frame of reference is proportional
to the single dimension scale factor. So, if one takes a uniform
sphere of 1 m in radius and 1 kg of mass and scales it up by a
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factor of two, the resulting system is 2 kg of mass with a radius of
2 m. That larger scale system has a mass that is the cube of the
scale factor multiplied by the original mass, and would have a mo-
ment of inertia that is the fifth power of the scale factor times the
original moment of inertia. Conservation of momentum gives the
best representation of how changes in moment of inertia affect
motion. So if our sphere were rotating at one meter per second
initially, the scaled system would now be moving half of that (0.5
m/s) because of the 2> = 32x increased moment of inertia.

L'=kL (1)
where L is the characteristic length of the system, and k is the
linear scale factor.

M =i*M 2

where mass is M and k is the linear scale factor.

I'=kKI 3)

where [ is the moment of inertia about a selected axis; k is the
linear scale factor.

I, =M =M @)

where [;, is linear inertia (mass); k is the linear scale factor.
Because every change in length necessarily changes the systems

mass, the first two formulas hold only for strict isometric scaling,

the third abstracts mass and radius as moment of inertia. As we
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know, if we have two systems that share moment of inertia about
any axis, then an identical torque applied to each system about
that same axis, their respective Delta in motion will be identi-
cal, regardless of system geometry that arrived at that moment
of inertia; absolutely independent of mass and radius individu-
ally. The moment of inertia alone dictates how a system interacts
with time about a particular axis. From this, we can conclude
the following formula is universal and is not bound in any way to
isometric scaling. We demonstrate the validity of the STE herein
by demonstrating that general and special relativity emerge from
this principle.

2.1 The Space-Time Equivalence (STE)

The relative pace of clock time between any two systems about
any two select axes will be equal to 5th root of the inverse ratio
of the two systems the moment of inertia about the select axes

[21.

T /T = (L/L)/Y (5)

where [ is moment of inertia about the axis of observation; 7T is
the clock time of the respective systems 1 and 2.

3  Three Formulas

3.1 Formula 1: Inertial Scaling Law

The relationship between clock rates and moments of inertia is
given by Eq. (B). Where 7y and T, are the clock rates in two
systems, and /; and I, are their moments of inertia about the axis
connecting the two systems. The derivation of this formula from
first principles is given in Section 3. For linear (non-rotational)
systems, inertia reduces to mass and the exponent becomes 1/3

(see Eq. [9).

3.2 Formula 2: Inertial Density Ratio
x=(M/R)/(c*/2G) (6)

The inertial density of a system (M/R, derived from reducing //V
for a sphere) divided by the universal Schwarzschild threshold
¢?/2G. This threshold represents the maximum possible inertial
density before a system becomes a black hole.

3.3 Formula 3: Schwarzschild Time Dilation
dt/dt =~/1—rs/r (7

The standard gravitational time dilation from general relativity,
where ry = 2GM/c? is the Schwarzschild radius.

4 Derivation of the Inertial Scaling Law

Formula 1 is derived from three premises.

4.1 Premise 1: Fifth-Power Scaling Under Isometry

Consider two systems that are isometrically scaled copies of each
other: identical in shape and composition, differing only in size.
Let all lengths scale by a factor k. At constant density:

* Mass scales as volume: M o« k3

2| 1]

* Radius scales as length: R ek
* Moment of inertia: I = KgqpeMR? < k3 - k> =k

The moment of inertia scales as the fifth power of the character-
istic length. Inverting:

ka/ki = (/1)1 (8

4.2 Premise 2: Completeness of Moment of Inertia

The moment of inertia / fully characterizes a system’s resistance
to rotational acceleration. Two systems with identical moments
of inertia about the same axis, regardless of their respective ge-
ometries, respond identically to the same applied torque. This is
the definition of moment of inertia: it is the sufficient and com-
plete description of rotational dynamics. No other quantity — not
mass, not radius, not shape — adds information beyond what 7
already contains.

4.3 Premise 3: All Clocks Are Dynamical Systems

Every physical clock — atomic, mechanical, biological, or other-
wise — is a dynamical system that counts cycles of a physical pro-
cess. There is no clock that operates independently of dynamics.
An atomic clock counts oscillations of an electromagnetic transi-
tion. A pendulum clock counts oscillations governed by gravity. A
pulsar’s period is set by its rotational dynamics. In every case, the
rate of the clock is the rate of the underlying dynamical process.

General relativity does not dispute this. GR describes how
spacetime geometry governs the rates of dynamical processes.
But the claim that geometry governs dynamics and the claim that
inertial content governs dynamics are not in conflict — they are
two descriptions of the same determination. GR encodes the iner-
tial content of a system into the metric tensor, which then governs
clock rates through the geometric formalism. The scaling law en-
codes the same inertial content directly, without the geometric
intermediary.

The identification of clock rate with dynamical timescale under
inertial scaling is therefore not an approximation or a limiting
case. If all clocks are dynamical, and all dynamics are governed by
inertia, then clock rates are inertial observables. The remaining
question is whether the specific scaling relationship — the fifth
root — reproduces the correct values. This is answered by the
algebra in Sections 4 through 8: it does, exactly.

4.4 The Scaling Law

Under isometric scaling at constant density, all dynamical
timescales in a system — orbital periods, oscillation periods, free-
fall times — scale with the linear scale factor k. By Premise 3,
clock rates scale identically, because every clock is a dynamical
system. By Premise 1, k = (I, /1;)(!/%). This yields the Scaling Law
established in Eq. ().

4.5 Universality

The extension from isometrically scaled systems to all systems
follows from Premise 2. Because [ fully determines rotational



response to applied torque, two systems with the same 7 are dy-
namically indistinguishable regardless of geometry. A thin shell
and a solid sphere with the same I exhibit the same rotational
physics. Since clock rate is a dynamical observable (Premise 3), it
cannot depend on geometric details that 7 has already absorbed.

The fifth root relationship therefore holds universally: for any
two systems, the ratio of their clock rates is the fifth root of the
inverse ratio of their moments of inertia. Premise 1 establishes
the exponent. Premise 2 establishes universality. Premise 3 estab-
lishes that clock rates are within the domain of dynamical scaling.

4.6 Linear Case

For linear (non-rotational) systems, the relevant inertia is mass
alone. Mass has three dimensions of length-equivalent content
(M < pV o< k). The corresponding scaling law is:

T /T = (M /M;)1/3) )

4.7 Status of the Premises

Premises 1 and 2 are standard results of classical mechanics [3]].
They are not novel claims. Premise 3 — that all clock rates are
reducible to dynamical rates governed by inertial content — is
the central hypothesis of this work. It is not derived from general
relativity or from any prior framework. It is a physical assertion
about the nature of time measurement.

The hypothesis is justified by its consequences. Combined with
Premises 1 and 2, it produces a scaling law that reproduces both
Schwarzschild and Lorentz time dilation as exact algebraic identi-
ties, with no free parameters. Any framework that begins from a
different premise about clock rates must still account for the fact
that this one closes exactly. The algebraic equivalence demon-
strated in Sections 4 through 8 is independent of whether one ac-
cepts the premise; the equivalence holds as a mathematical iden-
tity regardless of its physical interpretation.

5 Establishing the Identity of Formulas 2 and 3

The Schwarzschild radius is ry = 2GM/ c2. The ratio r, /r that ap-
pears inside the Schwarzschild formula is therefore:

rs/r= 2GM/(c2r) (10)
This can be factored as:
ro/r = (2G/c*) x (M/R) a1

The reciprocal of 2G/c? is ¢*/2G — the Schwarzschild threshold
from Formula 2. Therefore:

rs/r:(M/R)/(cz/ZG):x 12)

This is an algebraic identity, not an approximation. Formula 2
and the quantity inside Formula 3 are the same expression. The
Schwarzschild time dilation can be written:

dt/di =/1—x (13)

where x is the inertial density ratio from Formula 2.

6 Origin of the “1 Minus”

The “1” in the expression (1 —x) represents flat spacetime: zero
gravitational influence. It is an idealization. No location in the
physical universe has exactly zero gravitational influence. Its
function is as a normalization baseline — the reference point from
which deviation is measured.

When x is small (weak gravity), the expression is close to 1
and time flows at nearly the reference rate. When x approaches 1
(inertial density approaching the Schwarzschild threshold), time
dilation becomes extreme. At x = 1, the expression goes to zero:
this is the event horizon of a black hole.

The “1 minus” structure encodes: “start with the ideal reference
rate, subtract the fraction of the inertial budget consumed.” The
result is the fraction of reference time that remains.

7 Origin of the Square Root

The square root arises from Einstein’s choice of mathematical
framework. General relativity is built on Riemannian geometry
[4], in which the fundamental object is the metric tensor gy .
The metric tensor defines a quadratic form:

ds® = guvdx“ dx” 14

This quadratic structure is not arbitrary. It is the unique norm that
preserves distances under rotation (rotational invariance). Squar-
ing eliminates sign dependence: moving left or right, forward or
backward in time, contributes identically to the interval. Absolute
value would also eliminate sign, but is not differentiable at zero,
making the entire apparatus of differential geometry and tensor
calculus inoperable.

Because the metric outputs ds? (the squared interval), all solu-
tions to Einstein’s field equations, including Schwarzschild’s, in-
herit this quadratic form. The Schwarzschild solution for a sta-
tionary clock is [5]:

dt* = (1—ry/r)ds? (15)

The square root is taken to recover the physical observable (the
actual ratio of clock rates) from this squared quantity:

dt/di =\/1—rs/r (16)

The quadratic form is Einstein’s architectural contribution.
Schwarzschild’s contribution was solving for the specific values of
the metric components. The square root is the exit from Einstein’s
quadratic formalism back to a directly measurable quantity.

8 Connecting Formula 1 to Formulas 2 and 3

Both Formula 1 and Formula 3 produce the time dilation factor.
Setting them equal:

(/1) =VT—x 17)

where x = (M/R)/(c?/2G) from Formula 2. Squaring both sides
to remove the square root:

(b/1)?) =1-x (18)
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Rearranging:
x=1-(n/1)* (19)

Or equivalently:
(M/R)/(/2G) = 1~ (1p/1) ) (20)

This is the bridge equation. It states: the Schwarzschild ratio (the
fraction of the universal inertial density threshold consumed by
the system) equals the complement of the inertial ratio raised to
the 2/5 power.

8.1 The 2/5 Exponent

The exponent 2/5 is not arbitrary. It is the product of two fac-
tors: the 1/5 from the inertial scaling law (five inertial dimen-
sions: mass contributes three via density, R? contributes two),
multiplied by 2 from the quadratic structure of the metric. The
quadratic metric is what converts the direct 1/5 scaling exponent
into 2/5 when the relationship is expressed in Einstein’s geomet-
ric formalism.

The “1 minus” and the square root in Schwarzschild’s expres-
sion are therefore not independent physical operations. They are
the cost of expressing a direct inertial scaling ratio through a
quadratic geometric formalism. Formula 1 states the relationship
directly. Formula 3 states the same relationship refracted through
Einstein’s architecture.

8.2 Scope and Sufficiency

The Schwarzschild formula is itself a solution to Einstein’s field
equations. It is the exact, closed-form solution for the gravita-
tional time dilation of a stationary clock at radial coordinate r
from a static, spherically symmetric mass. The algebraic identity
demonstrated in this section — that the inertial scaling law re-
produces the Schwarzschild result exactly — therefore constitutes
equivalence with the field equation solution for this case, without
requiring independent derivation from the field equations them-
selves. Algebraic equivalence with a solution is equivalence with
the equations that produced it. This follows by transitivity.

The claim of this paper is not that the scaling law reproduces
every solution to Einstein’s field equations. The field equations
address a broad range of phenomena — rotating masses (Kerr),
charged masses (Reissner-Nordstrom), cosmological backgrounds
(de Sitter), gravitational radiation, and the full nonlinear dynam-
ics of strong-field gravity. The scaling law addresses one spe-
cific relationship: the ratio of clock rates between two systems
as a function of their inertial content. For this relationship, the
Schwarzschild solution is the exact GR benchmark. The equiva-
lence demonstrated here is exact for this benchmark.

This is the standard by which any new result in physics is eval-
uated: does it reproduce the known, exact, tested solution for
the case it addresses? The Schwarzschild solution itself was pre-
sented in 1916 for a single configuration — static, spherically
symmetric, vacuum — and was not considered incomplete or in-
sufficiently general for that reason. Extensions to rotation (Kerr,
1963), charge (Reissner, 1916; Nordstrom, 1918), and other con-
figurations followed as separate results, each evaluated on its own
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terms. The same standard applies here. The scaling law repro-
duces Schwarzschild exactly. Extensions to more complex config-
urations are subjects for future work.

Furthermore, demanding that a result be re-derived from the
field equations in order to be accepted inverts the normal logic of
mathematical proof. The field equations are a starting point from
which solutions are derived. The Schwarzschild formula is one
such solution. If a new expression is shown to be algebraically
identical to that solution, the equivalence is established. Requir-
ing the new expression to independently re-derive the field equa-
tions, or to independently solve them, imposes a standard that
the Schwarzschild solution itself does not meet in reverse — one
cannot recover the full field equations from the Schwarzschild so-
lution alone, yet no one disputes that Schwarzschild is a valid
solution. Equivalence with a solution is sufficient. It is, in fact,
the definition of equivalence.

9 Extension to Special Relativity

In special relativity, motion is linear rather than rotational. Linear
inertia is mass alone (no R? component). Mass has three dimen-
sions of length-equivalent content (mass = density x volume, vol-
ume = length?). Extracting linear scale therefore requires a cube
root, corresponding to the linear scaling relationship established
in Eq. (9). The Lorentz time dilation factor in special relativity is:

dt/dt = /1 —12/c2 2D

Setting these equal and squaring:
My M) =122 (22)

Rearranging:
V)2 =1— (My/My) ) (23)

The structure is identical to the general relativity case. The only
difference is the exponent: 2/3 instead of 2/5. This difference is
fully accounted for by the number of inertial dimensions — three
for linear inertia, five for rotational.

9.1 Parallel Structure
GR: /1—(M/R)/(c?/2G) « (I/I,)(!/%) [rotational, 5 dimen-
sions]

SR: /1—v2/c% <> (My/M;)!"/3) [linear, 3 dimensions]

Special and general relativity are two cases of a single inertial
scaling law:

71/ = (/)" (24)

where n = 5 for rotational inertia (general relativity) and n =3
for linear inertia (special relativity). The distinction between the
two theories maps directly onto the distinction between rotational
and linear inertia. They differ by the R? component of moment of
inertia and by nothing else.

10 Summary of Results

Three formulas were shown to be mathematically equivalent ex-
pressions of gravitational time dilation: Inertial Scaling Law:
Ti/T, = (L /1)"/3) gives the time dilation factor directly as a ra-



tio of inertial properties, derived from isometric scaling, the com-
pleteness of moment of inertia, and the identification of clock
rates as dynamical observables governed by inertial content.

Inertial Density Ratio: x = (M/R)/(c?/2G) gives the fraction of
the universal Schwarzschild threshold consumed by the system,
and is algebraically identical to r/r.

Schwarzschild Formula: dt/dt = /1 —x gives the time dilation
factor through Einstein’s quadratic geometric formalism.

The bridge equation connecting them is:

(M/R)/(c*/2G) =1~ (L/1;)?/) (25)

The “1 minus” in Schwarzschild’s formula represents the comple-
ment of the inertial ratio. The square root is the exit from the
quadratic metric formalism. The 2/5 exponent is the product of
the 1/5 scaling exponent and the factor of 2 from the quadratic
metric.

The same framework extends to special relativity with a cube
root (1/3) replacing the fifth root (1/5), corresponding to lin-
ear inertia (3 dimensions) replacing rotational inertia (5 dimen-
sions). This unifies special and general relativity as two cases of a
single inertial scaling law, distinguished only by the type of inertia
involved.

The derivation rests on three premises: two from classical me-
chanics (isometric scaling and the completeness of moment of
inertia) and one hypothesis (that all clock rates are dynamical
rates governed by inertial content). The algebraic equivalences

hold as mathematical identities regardless of whether the hypoth-
esis is accepted. The hypothesis is justified by the fact that it
produces exact agreement with both Schwarzschild and Lorentz
time dilation, with no free parameters. The equivalence with
Schwarzschild constitutes equivalence with the field equation so-
lution by transitivity, and is evaluated against the same standard
applied to the Schwarzschild solution itself: exact agreement for
the configuration it addresses.
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