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Abstract
Given rationals α and β, the sure-almost-sure problem for a quantitative objective φ in a Markov
decision process (MDP) asks if one can simultaneously ensure that all outcomes of the MDP have
φ-value at least α (i.e., sure α satisfaction), and with probability 1 the outcome has φ-value at
least β (i.e., almost-sure β satisfaction). The sure-limit-sure problem asks if for all ε > 0, one can
simultaneously ensure that all outcomes have φ-value at least α, and with probability at least 1 − ε

the outcome has φ-value at least β. Moreover, if simultaneous satisfaction of objectives is possible,
then one would also like to construct a strategy (for sure-almost-sure) or a family of strategies (for
sure-limit-sure) that achieves this. Even if both sure satisfaction and almost-sure (resp., limit-sure)
satisfaction for an objective are known, combining the two is often non-trivial and requires novel
techniques and approaches.

In this paper, we solve the sure-almost-sure and sure-limit-sure problems for window mean-payoff
objectives. While it is known that almost-sure satisfaction and limit-sure satisfaction for window
mean-payoff coincide in MDPs, we show that sure-almost-sure satisfaction is distinct from sure-limit-
sure satisfaction. The window mean-payoff objective strengthens the standard mean-payoff objective
by requiring that the average payoff of a finite window that slides over an infinite run be greater
than a given threshold. We study two variants of window mean payoff: in the fixed variant, the
window length ℓ is given, while in the bounded variant, the length is not given but is required to be
bounded throughout the run. We show that the sure-almost-sure problem and the sure-limit-sure
problem are both in P for the fixed variant (if ℓ is given in unary) and are both in NP ∩ coNP for
the bounded variant, matching the computational complexity of sure satisfaction and almost-sure
satisfaction when considered separately for these objectives. We also give bounds for the memory
requirement of winning strategies for all considered problems.
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1 Introduction

Beyond worst-case synthesis. Classical two-player zero-sum games [1, 22] involve decision-
making against a purely antagonistic environment where a threshold performance or a
specific behaviour of the system needs to be ensured against all possible strategies of the
environment, that is even in the worst case. On the other hand, Markov decision processes
(MDPs) [24] model uncertainty, and decision-making involves ensuring a specified behaviour
with sufficient probability or a high expected performance against a stochastic environment.
Such a stochastic model of the environment, however, does not provide any guarantee on the
worst-case performance, and a strategy that is adequate against an adversarial environment
may provide a suboptimal performance against a stochastic environment.
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In practice, both might be desired simultaneously: A system needs to provide guarantee in
the worst-case, as well as ensure some threshold performance with a high probability against
a stochastic environment. The beyond worst-case (BWC) framework was introduced in [9] to
provide strict worst-case guarantee as well as good expected performance for quantitative
specifications. Subsequently, in [5], the beyond worst-case setting was studied for qualitative
omega-regular objectives encoded as two parity objectives, where the first one needs to
be satisfied surely, while the second one needs to be satisfied almost-surely or with a high
threshold probability.

Window mean payoff. For objectives such as long-run limits of reward functions [20, 25], a
play may satisfy the objective while still exhibiting undesired behaviours over arbitrarily long
finite segments [11, 13]. Finitary (or window) objectives enforce that undesired behaviour
persist only within intervals of bounded length (windows) along the play. In this work,
we focus on window mean-payoff objectives [11], which are finitary versions of the classical
mean-payoff objective. Given a window length ℓ ≥ 1 and a threshold λ ∈ Q, the fixed window
mean-payoff objective FWMP(ℓ, λ) holds if, except for a finite prefix, from every position i in
the play there exists a window starting at i of length at most ℓ whose mean payoff is at least
λ. The bounded window mean-payoff objective BWMP(λ) holds for a play if there exists
some ℓ ≥ 1 for which FWMP(ℓ, λ) holds for the play.

Related work. The beyond worst-case framework under expectation and worst-case se-
mantics was introduced in [9] for quantitative objectives. The problem where the players are
restricted to finite-memory strategies was shown to be in NP ∩ coNP for the mean-payoff
objective. The case of infinite memory strategy for the BWC synthesis problem was left open
in [9] and was solved in [16]. Further, in [16], a natural relaxation of the BWC problem,
the beyond almost-sure synthesis (BAS) problem was introduced that asks for a threshold
performance almost surely, that is, with probability 1, while maximizing expectation and
was shown to be in PTIME for the mean-payoff objective. The beyond probability threshold
synthesis problem that asks for a threshold performance with a given probability p while
maximizing expectation was studied for mean-payoff objective in [14]. In [5], the beyond
worst-case synthesis problems were studied for qualitative omega-regular objectives encoded
as parity objectives, and the problems were shown to be in NP ∩ coNP; in [15, 19], these
problems were studied in the context of stochastic games which are a generalization of MDPs
where the environment is both stochastic and adversarial. In [3], Boolean combinations of
omega-regular objectives that need to be enforced either surely, almost surely, existentially, or
with non-zero probability were studied, and it was shown that both randomization and infinite
memory may be required by an optimal strategy. In [4], a combination of parity objective and
multiple reachability objectives along with threshold probabilities were considered where the
parity objective needs to be satisfied surely and each reachability objective is to be satisfied
with the corresponding threshold probability.

Mean-payoff objectives were studied initially in two-player games without stochasticity [20,
25], and finitary versions were introduced as window mean-payoff objectives [11] and have been
studied extensively since the last decade. For finitary mean-payoff objectives, the satisfaction
problem [8] and the expectation problem [7] were studied in MDPs. Both problems were
shown to be in PTIME for the FWMP(ℓ) objective and in NP∩ coNP for the BWMP objective.
The satisfaction problem and the expectation problem for window mean-payoff objectives
have recently been studied in [18] and [17] respectively for the more general setting that are
stochastic games. In [21], BWC synthesis with the expectation semantics has been studied
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Table 1 Previous and our results (shaded) for window mean-payoff satisfaction in MDPs

Memory bound

Winning condition Complexity lower upper

FWMP(ℓ) sure [11] PTIME ℓ− 1 ℓ

almost-sure [8] PTIME ℓ− 1 ℓ

SAS (Theorem 19) PTIME Ω(max{|V |, ℓ}) O(|V | · ℓ)
SLS (Theorem 29) PTIME Ω

(
1−ε

(Pmin)|V | + ℓ
)
O

(
|V |·log(1/ε)

(Pmin)|V | + ℓ
)

BWMP sure [11] NP ∩ coNP memoryless memoryless
almost-sure [8] NP ∩ coNP memoryless memoryless
SAS (Theorem 27) NP ∩ coNP Ω(|V | · wmax) O(|V |3 · |wmax|)
SLS (Theorem 30) NP ∩ coNP Ω

(
1−ε

(Pmin)|V |

)
O

(
|V |·log(1/ε)

(Pmin)|V |

)

for window mean-payoff objectives in MDPs.

Contributions. We study two problems for the fixed and bounded window mean-payoff
objectives each. Given an MDP M, thresholds α, β ∈ Q, and an initial vertex v:

1. (Sure-almost-sure (SAS) synthesis) synthesize a strategy that ensures (i) a window
mean-payoff at least α surely, i.e. against all strategies of an adversarial environment, and
(ii) a window mean-payoff at least β almost surely, that is, with probability 1, against a
stochastic model of the environment.

2. (Sure-limit-sure (SLS) synthesis) for every ε > 0, synthesize a strategy that ensures (i) a
window mean-payoff at least α surely, and (ii) a window mean-payoff at least β with
probability 1− ε.

While almost-sure satisfaction and limit-sure satisfaction are equivalent in MDPs [10], we
show that sure-almost-sure satisfaction is strictly stronger than sure-limit-sure satisfaction
(Example 3). We show that for both FWMP(ℓ) and BWMP, the SAS and SLS problems are
no more complex than solving sure satisfaction [11] or almost-sure satisfaction [8] of the
same objective separately. We show in Theorems 19 and 29 that the above problems are in
PTIME for FWMP(ℓ) if ℓ is given in unary, and in Theorems 27 and 30 that the problems
are in NP ∩ coNP for BWMP. Deterministic strategies suffice, and memory requirement may
be higher for sure-almost-sure satisfaction compared to satisfying the objective either surely
or almost surely (Examples 18 and 26). Our results are summarized in Table 1.

For the sure-almost-sure satisfaction of quantitative objectives such as mean payoff [9]
and parity [5], the following observations are useful: there is a winning strategy for sure
satisfaction (that may invalidate almost-sure satisfaction) and a winning strategy for almost-
sure satisfaction (that may invalidate sure satisfaction), and in order to satisfy sure-almost-
sure satisfaction, a strategy may need to switch between the two infinitely often, ensuring
in the long run both sure and almost-sure satisfaction. This however does not apply to
sure-almost-sure synthesis for finitary objectives, as we have a bounded amount of turns to
satisfy both objectives. We instead require different techniques and a more careful analysis.

Organization. Section 2 defines technical preliminaries and Section 3 defines the window
mean-payoff objectives. Sections 4 and 5 study the decision problems and strategies for sure-
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almost-sure and sure-limit-sure satisfaction of window mean-payoff objectives respectively.
Finally, we conclude with a brief discussion in Section 6.

2 Preliminaries

Probability distributions. A probability distribution over a finite set A is a function Pr : A→
[0, 1] such that

∑
a∈A Pr(a) = 1. We denote by D(A) the set of all probability distributions

over A. The support of the probability distribution Pr on A is Supp(Pr) = {a ∈ A | Pr(a) > 0}.
For algorithm and complexity reasons, we assume that probability distributions take rational
values. Probability distributions may also be defined over an infinite set A, see e.g. [6].

Markov decision processes. A finite Markov decision process (MDP) is a tuple M =
((V, E), (V⃝, V♢),P, w), where:

(V, E) is a directed graph with a finite set V of vertices and a set E ⊆ V × V of directed
edges such that for all vertices v ∈ V , the set N+(v) = {v′ ∈ V | (v, v′) ∈ E} of
out-neighbours of v is non-empty, i.e. no deadlocks.
(V⃝, V♢) is a partition of V . The vertices in V⃝ belong to the system or Player⃝ (denoted
P⃝), and the vertices in V♢ belong to the environment and are called probabilistic vertices.
P : V♢ → D(V ) is a probability function that describes the behaviour of probabilistic
vertices in the game. It maps each probabilistic vertex v ∈ V♢ to a probability distribution
P(v) over the set N+(v) of out-neighbours of v such that P(v)(v′) > 0 for all v′ ∈ N+(v)
(i.e., all out-neighbours have non-zero probability). We denote by Pmin the minimum
non-zero probability in M, that is, min{P(v)(v′) | v, v′ ∈ V, v′ ∈ N+(v)}.
w : E → Q is a payoff function assigning a rational payoff to every edge in the game. We
denote by wmax the maximum absolute payoff on the edges of M, that is, maxe∈E |w(e)|.

A play in an MDPM begins by putting a token on a designated vertex v0. The token proceeds
in rounds as follows for all i ≥ 0. At the beginning of round i, if the token is on a vertex
vi, and vi ∈ V⃝, then P⃝ chooses an out-neighbour vi+1 ∈ N+(v); otherwise vi ∈ V♢, and
an out-neighbour vi+1 ∈ N+(v) is chosen with probability P(vi)(vi+1). Player P⃝ receives
the amount w(vi, vi+1) given by the payoff function and the token moves to the chosen vi+1
for the next round. This continues ad infinitum resulting in a play π = v0v1v2 · · · ∈ V ω

that is an infinite sequence of vertices such that (vi, vi+1) ∈ E for all i ≥ 0. For i < j, we
denote by π(i, j) the infix vivi+1 · · · vj of π. Its length is |π(i, j)| = j − i, the number of
edges. We denote by π(0, j) the finite prefix v0v1 · · · vj of π, and by π(i,∞) the infinite suffix
vivi+1 . . . of π. We denote by PlaysM and PrefsM the set of all plays and the set of all finite
prefixes in M respectively. We denote by Last(ρ) the last vertex of the prefix ρ ∈ PrefsM.
We denote by Prefsi

M (i ∈ {⃝,♢}) the set of all prefixes ρ such that Last(ρ) ∈ V⃝. Figure 1
shows an example of an MDP; vertices of P⃝ are shown as circles and probabilistic vertices
as diamonds. The payoff for each edge is shown in red and probability distribution over
out-neighbours of probabilistic vertices is shown in blue.

Objectives. An objective φ is a Borel-measurable subset of PlaysM [23]. A play π ∈ PlaysM
satisfies an objective φ if π ∈ φ. For a target set T ⊆ V , we define some objectives:

reachability, denoted Reach(T ) = {π = v0v1v2 · · · | ∃i ≥ 0, vi ∈ T}, is the set of all plays
that visit a vertex in T ; we also define some variants of Reach(T ):
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For a subset F ⊆ E of edges, edge-restricted reachability, denoted ReachF (T ) = {π =
v0v1v2 · · · | ∃i ≥ 0, ∀j ≥ 0, vi ∈ T ∧ (j < i =⇒ (vj , vj+1) ∈ F )}, is the set of all plays
that visit a vertex in T and use only edges in F until the first visit to T ;
For an integer k ≥ 0, bounded reachability, denoted Reach≤k(T ) = {π = v0v1v2 · · · |
∃i ≥ 0, i ≤ k, vi ∈ T}, is the set of all plays that visit a vertex in T in at most k steps
from the start of the play;

safety, denoted Safe(T ) = {π = v0v1v2 · · · | ∀i ≥ 0, vi ∈ T}, is the set of all plays that
never visit a vertex not in T ;
Büchi, denoted Büchi(T ) = {π = v0v1v2 · · · | ∀i ≥ 0, ∃j ≥ i, vj ∈ T}, is the set of all
plays that visit T infinitely often; and
coBüchi, denoted coBüchi(T ) = {π = v0v1v2 | ∃i ≥ 0, ∀j ≥ i, vj ∈ T}, the set of all plays
that eventually visit only vertices in T .

The objectives Reach(T ) and Safe(V \ T ) are duals of each other, that is, a play satisfies
Reach(T ) if and only if it does not satisfy Safe(V \ T ). Similarly, the objectives Büchi(T )
and coBüchi(V \ T ) are duals of each other.

For a rational threshold λ, we define some more objectives:

total payoff , denoted TP(λ) = {π = v0v1v2 · · · | lim supn→∞
∑n−1

i=0 w(vi, vi+1) ≥ λ}, is
the set of all plays with (supremum) total payoff at least λ; and
mean payoff , denoted MP(λ) = {π = v0v1v2 · · · | lim supn→∞

1
n

∑n−1
i=0 w(vi, vi+1) ≥ λ},

is the set of all plays with (supremum) limit-average payoff at least λ.

In this work, we consider finitary versions of the mean-payoff objective called window
mean-payoff objectives, which are defined in Section 3.

Prefix independence. An objective φ is closed under suffixes if for all plays π satisfying φ,
all suffixes of π also satisfy φ, that is, π(j,∞) ∈ φ for all j ≥ 0. An objective φ is closed
under prefixes if for all plays π satisfying φ, for all prefixes ρ such that the concatenation
ρ · π is a play in M (that is ρ · π ∈ PlaysM), we have that ρ · π satisfies φ. An objective
φ is prefix-independent if it is closed under both prefixes and suffixes. In other words, an
objective φ is prefix-independent if it is independent of finite prefixes of the play, that is, it
depends only on the infinite suffixes of a play. For a prefix-independent objective φ and for
all plays π and π′ with a common suffix (that is, π′ can be obtained from π by removing
and adding finite prefixes), we have that π ∈ φ if and only if π′ ∈ φ. The objective Safe(T )
is closed under suffixes, Reach(T ) is closed under prefixes, and Büchi(T ), coBüchi(T ), and
MP(λ) are prefix-independent objectives (closed under both suffixes and prefixes). ReachF (T ),
Reach≤k(T ), and TP(λ) are closed under neither suffixes nor prefixes.

Strategies. A (deterministic) strategy for P⃝ in an MDP M is a function σ : Prefs⃝
M → V

that maps prefixes ρ with Last(ρ) ∈ V⃝ to an out-neighbour of Last(ρ). Strategies can be
realized as the output of a (possibly infinite-state) Mealy machine, that is a deterministic
transition system with transitions labelled by input/output pairs. Intuitively, in each step, if
the token is at a vertex v, then v is given as input to the Mealy machine. If v ∈ V⃝, then
the Mealy machine outputs an out-neighbour of v that P⃝ must choose, and otherwise if
v ∈ V♢, then the Mealy machine outputs an empty string.

The memory size of a strategy σ is the smallest number of states a Mealy machine
defining σ can have. A strategy σ is memoryless if for all prefixes ρ, ρ′ ∈ Prefs⃝

M such that
Last(ρ) = Last(ρ′), we have σ(ρ) = σ(ρ′). Memoryless strategies can be defined by Mealy
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machines with only one state. A play π = v0v1 · · · is an outcome of a strategy σ if for all
j ≥ 0 with vj ∈ V⃝, we have vj+1 = σ(π(0, j)). Fixing a strategy σ and an initial vertex v

in an MDP M yields a distribution Prσ
M,v(·) over plays in M (see e.g. [2]). For an objective

φ, we have that Prσ
M,v(φ) is the probability that an outcome of σ from v in M satisfies φ.

Winning conditions. A strategy σ of P⃝ from v inM is winning for positive-φ if Prσ
M,v(φ) >

0, winning for probability(p)-φ if Prσ
M,v(φ) ≥ p, winning for almost-sure-φ if Prσ

M,v(φ) = 1,
and winning for sure-φ if all outcomes of σ from v in M satisfy φ (that is, the edge
probabilities are ignored and the environment is considered adversarial instead of probabilistic).
If such a winning strategy σ from v exists, then the vertex v is said to be winning for positive-
φ, probability(p)-φ, almost-sure-φ, or sure-φ respectively in M. In addition, we also say
that a vertex v is winning for limit-sure-φ in M if for all ε > 0, we have that v is winning
for probability(1 − ε)-φ. Similar to winning vertices, an edge e is winning for positive-φ
(resp., probability(p)-φ, limit-sure-φ, almost-sure-φ, sure-φ) if starting from e, there exists a
strategy σ that is winning for positive-φ (resp., probability(p)-φ, limit-sure-φ, almost-sure-φ,
sure-φ). The winning region for positive-φ in M is the set of all vertices in M that are
winning for positive-φ. The winning regions for probability(p)-φ, limit-sure-φ, almost-sure-φ,
and sure-φ are defined similarly. The winning region for sure-Reach(T ) of a set T ⊆ V is used
often and thus has a special name, the sure-attractor of T , and is denoted by SureAttr(T ).

Two-player games. When computing the winning region for sure-φ in an MDP M =
((V, E), (V⃝, V♢),P, w), it is useful to view M as a two-player game played by P⃝ against
an adversary P♢ by forgetting the probability function P and treating vertices in v ∈ V♢ as
ones belonging P♢ and the outgoing transitions of v as the choices of P♢.

SubMDPs. Given an MDP M = ((V, E), (V⃝, V♢),P, w), a subset V ′ ⊆ V of vertices
induces a subMDP of M if for all vertices v′ ∈ V ′, player P⃝ has a strategy from v′ to
ensure that the token always remains in V ′ for all outcomes, that is, the set V ′ is a winning
region for sure-Safe(V ′) in M. In graph-theoretic terms, the subset V ′ induces a subMDP if
(i) every vertex v′ ∈ V ′ has an out-neighbour in V ′, that is N+(v′) ∩ V ′ ̸= ∅, and (ii) every
probabilistic vertex v′ ∈ V♢ ∩ V ′ has all its out-neighbours in V ′, that is N+(v′) ⊆ V ′. The
induced subMDP is denoted by M[V ′] and is obtained by restricting M to V ′. Formally,
M[V ′] = ((V ′, E′), (V⃝ ∩ V ′, V♢ ∩ V ′),P′, w′), where E′ = E ∩ (V ′ × V ′), and P′ and w′ are
restrictions of P and w to (V ′, E′).

▶ Proposition 1. If φsuf is an objective that is closed under suffixes, then the winning region
for sure-φsuf in M induces a subMDP of M.

Proof. We show that the winning region for sure-φsuf in M induces a subMDP in M. Let
WS denote this winning region. We show that both Conditions (i) and (ii) hold for WS.

Condition (i): Suppose towards a contradiction that Condition (i) does not hold for WS,
that is, there exists a vertex v ∈WS such that v does not have an out-neighbour in WS.
Since v is winning for sure-φsuf, there exists a strategy σ from v that is winning for
sure-φsuf. In particular, if v ∈ V⃝, then P⃝ moves the token from v to an out-neighbour
u of v that is σ(v), and if v ∈ V♢, then the token may move to any out-neighbour u of v.
In both cases, player P⃝ can continue following σ from u and ensure that all outcomes of
σ starting with the prefix vu satisfy φsuf, and thus, we have that vu is a winning prefix
for sure-φsuf. Since φsuf is closed under suffixes, we have that for every play π starting
with vu that satisfies φsuf, the play π(1,∞) obtained by dropping the initial vertex v
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from π also satisfies φsuf. Thus, if the play begins from u and P⃝ plays as if the play
started from vu, that is, if P⃝ follows the strategy σu given by σu(u · ρ) = σ(v · u · ρ) for
all prefixes ρ, then we have that σu is a winning strategy from u for sure-φsuf. We get
that u is winning for sure-φsuf and thus belongs to WS. This is a contradiction since we
had assumed that none of the out-neighbours of v belong to WS.
Condition (ii): Suppose towards a contradiction that there exists a probabilistic vertex
v ∈ WS ∩ V♢ such that v has an out-neighbour u that does not belong to WS. Using
similar arguments as the previous case, we have that vu is a winning prefix for sure-φsuf,
and since φsuf is closed under suffixes, we have that u is winning for sure-φsuf. Thus, the
vertex u belongs to WS, which is a contradiction. ◀

A similar result holds for the winning region for almost-sure-φsuf in M.

▶ Proposition 2. If φsuf is an objective that is closed under suffixes, then the winning region
for almost-sure-φsuf in M induces a subMDP of M.

SubMDP closure. Consider a subset V ′ ⊆ V that satisfies Condition (i) but not ne-
cessarily Condition (ii), that is, every vertex v′ ∈ V ′ has an out-neighbour in V ′ but
there may exist probabilistic vertices in V ′ with some out-neighbours not in V ′. Such a
subset V ′ induces a subMDP closure of M, denoted by M⌈V ′⌉. The subMDP closure
is itself an MDP and is obtained by first restricting M to V ′, and then for each prob-
abilistic vertex v′ ∈ V ′, we scale up probabilities over the out-neighbours of v′ so as to
obtain a probability distribution over the out-neighbours of v′ that belong to V ′. Formally,
M⌈V ′⌉ = ((V ′, E′), (V⃝ ∩ V ′, V♢ ∩ V ′),P′, w′), where E′ = E ∩ (V ′× V ′), and P′ is given by
P′(v′)(u′) = P(v′)(u′)/

∑
x′∈N+(v′)∩V ′ P(v′)(x′) for all v′ ∈ V ′ ∩ V♢, u′ ∈ N+(v′) ∩ V ′, and

w′ is a restriction of w to (V ′, E′). It can be seen that the complement of a sure-attractor
induces a subMDP closure.

Maximal end components. An end component (EC) in an MDP M is a subset T ⊆ V of
vertices such that T is strongly connected and T induces a subMDP M[T ]. Thus, for every
pair of vertices v, v′ in the T , player P⃝ has a strategy to reach v′ from v with probability 1
and P⃝ can ensure with probability 1 that the token never leaves T . A maximal end
component (MEC) is an EC that is not contained in any other EC. The MECs in an MDP
are disjoint, and thus, each vertex in an MDP belongs to either no MEC or exactly one MEC.
The MEC decomposition can computed in polynomial time [12].

3 Window mean-payoff objectives

In this section, we recall window mean-payoff objectives introduced in [11] in the context
of two-player games. We see two types of window mean-payoff objectives: fixed, in which a
window length ℓ ≥ 1 is given, and bounded, in which for every play we need a bound on the
window length. First, we recall the notion of windows in a play.

Windows. We extend the definition of λ-windows as given in [11] for arbitrary thresholds
λ ∈ Q. Given a play π = v0v1 · · ·, for all i ≥ 0, a λ-window starts at position i of the play.
The λ-window starting at position i closes at a position j if j is the first position after i

such that the mean payoff of the infix π(i, j) is at least λ. Equivalently, if for all i < k ≤ j it
is the case that the mean payoff of π(i, k) is less than λ, then the window starting at i is
open at j. Given j > 0, we say a λ-window is open at j if there exists an open λ-window
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π(i, j) starting at i for some i < j. An interesting and useful observation is the inductive
property of λ-windows: if the λ-window starting at position i closes at position j, then for
all i < k < j, the λ-window starting at k is closed at or before j.

Fixed window length. Let ℓ ≥ 1 be a given window length and λ ∈ Q be a given threshold.
A play π = v0v1 · · · in M satisfies the good window objective GWM(ℓ, λ) if the λ-window
that opened at v0 in π closes in at most ℓ steps.

GWM(ℓ, λ) = {π ∈ PlaysM | ∃j ∈ {1, . . . , ℓ}, 1
j

j−1∑
k=0

w(vk, vk+1) ≥ λ}

A play π in M satisfies the direct fixed window mean-payoff objective DirFWMPM(ℓ, λ) if
every λ-window in π closes in at most ℓ steps.

DirFWMPM(ℓ, λ) = {π ∈ PlaysM | ∀i ≥ 0, π(i,∞) ∈ GWM(ℓ, λ)}

The prefix-independent version of this objective is the fixed window mean-payoff objective
FWMPM(ℓ, λ). A play π satisfies FWMPM(ℓ, λ) if there exists a suffix of π that satisfies
DirFWMPM(ℓ, λ). In other words, the play π satisfies FWMPM(ℓ, λ) if from some point on
in the play, all λ-windows close in at most ℓ steps.

FWMPM(ℓ, λ) = {π ∈ PlaysM | ∃k ≥ 0, π(k,∞) ∈ DirFWMPM(ℓ, λ)}

We omit the subscript M when it is clear from the context. Note that FWMP(ℓ, λ) ⊆
FWMP(ℓ′, λ) for ℓ ≤ ℓ′ as a smaller window length is a stronger constraint. We also have
that FWMP(ℓ, λ) ⊇ FWMP(ℓ, λ′) if λ ≤ λ′, since closing of λ′-windows implies closing of
λ-windows.

Bounded window length. We also consider bounded versions of DirFWMP(ℓ, λ) and
FWMP(ℓ, λ). A play π satisfies the direct bounded window mean-payoff objective if there
exists a window length ℓ ≥ 1 such that π satisfies DirFWMPM(ℓ, λ).

DirBWMPM(λ) = {π ∈ PlaysM | ∃ℓ ≥ 1, π ∈ DirFWMPM(ℓ, λ)}

Similarly, a play π satisfies the bounded window mean-payoff objective BWMP(λ) if there
exists a window length ℓ ≥ 1 such that π satisfies FWMPM(ℓ, λ). The BWMP(λ) objective
is also the prefix-independent version of the DirBWMP(λ) objective.

BWMPM(λ) = {π ∈ PlaysM | ∃ℓ ≥ 1, π ∈ FWMPM(ℓ, λ)}
= {π ∈ PlaysM | ∃k ≥ 0, π(k,∞) ∈ DirBWMPM(λ)}

Note that DirFWMP(ℓ, λ) and DirBWMP(λ) are closed under suffixes, and FWMP(ℓ, λ) and
BWMP(λ) are prefix-independent objectives. We also note that all of these objectives
strengthen the standard mean-payoff objective MP(λ) [20]. In particular, we have the
following relation between the objectives

DirFWMP(ℓ, λ) ⊆ FWMP(ℓ, λ) ⊆ BWMP(λ) ⊆ MP(λ),

DirFWMP(ℓ, λ) ⊆ DirBWMP(λ) ⊆ BWMP(λ) ⊆ MP(λ),

and all of these inclusions are strict in general.
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Figure 1 All vertices are winning for sure-FWMP(2, 1), almost-sure-FWMP(2, 2), and sure-
FWMP(2, 1)-limit-sure-FWMP(2, 2). However, vertices v1 and v2 are not winning for sure-
FWMP(2, 1)-almost-sure-FWMP(2, 2).

Decision problems. We consider the following decision problems that are a combination
of sure and almost-sure (and limit-sure) satisfaction of FWMP(ℓ) objectives. We also study
analogous decision problems for BWMP.

1. sure-almost-sure satisfaction: Given an MDP M, a vertex v, a sure threshold α and an
almost-sure threshold β, does there exist a strategy σ of P⃝ such that (i) all outcomes
of σ from v satisfy FWMP(ℓ, α), and (ii) with probability 1, the outcome of σ from v

satisfies FWMP(ℓ, β) from v (i.e., Prσ
M,v(FWMP(ℓ, β)) = 1)? If the answer is yes, then

we would also like to synthesize such a strategy.
2. sure-limit-sure satisfaction: Given an MDP M, a vertex v, a sure threshold α and a

limit-sure threshold β, for all 0 < ε < 1, does there exist a strategy σε of P⃝ such that
(i) all outcomes of σε from v satisfy FWMP(ℓ, α), and (ii) with probability at least 1− ε,
the outcome of σε from v satisfies FWMP(ℓ, β) from v (i.e., Prσε

M,v(FWMP(ℓ, β)) ≥ 1− ε)?
If the answer is yes, then we would also like to synthesize such a family of strategies.

We assume without loss of generality that α < β, because otherwise the problems reduce to
checking satisfaction of sure-FWMP(ℓ, α).

▶ Example 3. While almost-sure satisfaction and limit-sure satisfaction of FWMP(ℓ, α) are
the same in MDPs [10], we illustrate using the MDP in Figure 1 that sure-almost-sure
satisfaction is strictly stronger than sure-limit-sure satisfaction for FWMP(ℓ). We have an
MDP where the vertex v1 is winning for sure-FWMP(2, 1)-limit-sure-FWMP(2, 2) but not for
sure-FWMP(2, 1)-almost-sure-FWMP(2, 2).

To see that sure-FWMP(2, 1) and almost-sure-FWMP(2, 2) cannot be satisfied simultan-
eously from v1: in order to satisfy almost-sure-FWMP(2, 2), the token must reach v3 with
probability 1, and that requires that as long as the token has not reached v3, the token
must be forwarded to v2 from v1 repeatedly. However, consider the outcome of this strategy
where the token always moves from v2 to v1. In this outcome, the sequence v1v2v1 appears
infinitely often, and each such occurrence v1v2v1 is an open 1-window of length 2. Thus, this
outcome does not satisfy FWMP(2, 1), and we have that sure-FWMP(2, 1) is violated.

On the other hand, the vertex v1 is winning for sure-limit-sure in the following way: given
0 < ε < 1, visit v2 a large integer N number of times such that the probability of reaching v3
is greater than 1−ε. If the vertex v2 has been visited N times without reaching v3, then loop
on v1 for the rest of the play. This strategy simultaneously satisfies both sure-FWMP(2, 1)
and limit-sure-FWMP(2, 2). ⌟

4 Sure-almost-sure satisfaction

4.1 Sure-almost-sure satisfaction of FWMP
In this section, we present Algorithm 1 (SureAlmostSureFWMP) that returns the set of
all vertices v from which P⃝ can satisfy sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β). We
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Algorithm 1 SureAlmostSureFWMP(M, ℓ, α, β)

In: An MDP M = ((V, E), (V⃝, V♢),P, w), window length ℓ, sure threshold α, and almost-
sure threshold β

Out: The winning region for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) in M
1: WSα ← SureFWMP(M, ℓ, α)
2: WSβ ← SureFWMP(M[WSα], ℓ, β)
3: W ←WSβ

4: repeat
5: P ← X<1

>0(M[WSα], W )
6: Wsdab ← SureDirFWMPASBüchi(M⌈WSα \W ⌉, ℓ, α, P )
7: W ←W ∪Wsdab
8: W ← SureAttr(M[WSα], W )
9: until Wsdab = ∅

10: return W

note that the winning region for the combination of winning conditions is not merely the
intersection of the winning regions for sure-FWMP(ℓ, α) and for almost-sure-FWMP(ℓ, β):
in the MDP in Example 3, we have that every vertex is winning for sure-FWMP(ℓ, α) and
for almost-sure-FWMP(ℓ, β) separately, and yet there exist vertices v1 and v2 that are not
winning for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β). Indeed, we need to make good use of
prefix-independence and the finitary nature of window mean-payoff objectives to find the
winning region for the combination of winning conditions.

Algorithm 1: Sure-almost-sure FWMP

Description of Algorithm 1. This algorithm computes and returns a set W (Line 10) of
vertices that are winning for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) in M.

We begin in Line 1 by computing the set WSα that is the winning region for P⃝ for
sure-FWMP(ℓ, α) in M by viewing the probabilistic vertices of M as adversarial, and then
using [11, Algorithm 1] that finds the winning region for P⃝ for FWMP(ℓ, α) in two-player
games. If P⃝ cannot satisfy sure-FWMP(ℓ, α) from a vertex v in M, then P⃝ also cannot
satisfy sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) from v in M, and we do not include in W

any vertex belonging to V \WSα. Moreover, since FWMP(ℓ, α) is prefix-independent (and
thus also closed under suffixes), it follows from Proposition 1 that WSα induces a subMDP
M[WSα] in which P⃝ has a winning strategy for sure-FWMP(ℓ, α) from every vertex, and
we subsequently only work with this subMDP. In Line 2, we compute the set WSβ that is
the winning region for sure-FWMP(ℓ, β) in M[WSα], and in Line 3, we grow W by including
in W all vertices that belong to WSβ . We then enter a repeat block (Lines 5 to 8) in which
some vertices may be added to W in the following way.

In Line 5, we find the set P of probabilistic vertices in M[WSα] from which the token
reaches W in one step with positive probability but not surely. In other words, P is the
set of all vertices in (WSα ∩ V♢) \W with at least one out-neighbour in W and at least
one out-neighbour not in W . We denote this by X<1

>0 in the algorithm.
We note that every vertex v in WSα \W has at least one out-neighbour in WSα \W

because otherwise P⃝ could ensure that the token reaches W surely from v, in which case
v should be included in W . Thus, the set WSα \W induces a subMDP closure ofM[WSα].
Since this is the same as the subMDP closure of M, we denote this by M⌈WSα \W ⌉.
Suppose there exists a vertex v in M⌈WSα \W ⌉ from which P⃝ can simultaneously



P. Gaba and S. Guha 11

ensure with probability 1 that P is visited infinitely often (that is, almost-sure-Büchi(P ))
and surely that all α-windows in the outcome always close in at most ℓ steps (that is,
sure-DirFWMP(ℓ, α)). Then starting from v in M[WSα], we have that the token almost-
surely eventually reaches W (from where sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) is
satisfied), and even if the token does not reach W (which happens with probability 0),
the outcome still surely satisfies DirFWMP(ℓ, α) (and thus also FWMP(ℓ, α)). Thus, in
Line 6, we call Algorithm 2 (SureDirFWMPASBüchi) to compute the set Wsdab of vertices
that is the winning region for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(P ) inM⌈WSα \W ⌉,
and in Line 7, we add to W all vertices in Wsdab. (The subscript sdab is short for
sure-DirFWMP(ℓ, α)-almost-sure-Büchi(P ).)
Finally, we compute SureAttr(W ), the sure-attractor of W , that is the set of all vertices
in WSα from which P⃝ can surely reach W . We note that if P⃝ can satisfy sure-
FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) from all vertices in W , then P⃝ can also satisfy the
same from all vertices in SureAttr(W ). This holds because FWMP(ℓ, α) and FWMP(ℓ, β)
are prefix-independent objectives; starting from a vertex v in SureAttr(W ) \W , player
P⃝ can ensure that every outcome from v reaches a vertex in W , following which P⃝ can
forget the entire history before reaching W (due to prefix-independence) and switch to a
strategy that is winning for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) from this vertex
in W . Thus, we update W to include all vertices in SureAttr(W ) (Line 8).

We repeat Lines 5 to 8 until we reach a fixed point for W , that is when the set Wsdab is
empty (Line 9) and thus no vertices are added to W . At this point, we exit the repeat block
and return W (Line 10).

We define some notation for the sets computed by Algorithm 1. Suppose the repeat
block runs k times for some integer k ≥ 1. For 1 ≤ i ≤ k, let P i, W i

sdab, and W i denote the
sets P , Wsdab, and W computed in the ith iteration of the repeat block. We also denote the
set WSβ by W 0 for convenience. We note some relations between the various sets.

For 1 ≤ i ≤ k, the sets W i−1 and W i
sdab are disjoint, since W i

sdab is the winning region for
sure-DirFWMP(ℓ, α)-almost-sure-Büchi(P i) in M⌈WSα \W i−1⌉.
For 1 ≤ i ≤ k, if W i

sdab is non-empty, then P i and W i
sdab have a non-empty intersection

since a vertex in P i that is visited infinitely often to satisfy sure-DirFWMP(ℓ, α)-almost-
sure-Büchi(P i) from a vertex in W i

sdab also belongs to W i
sdab.

For 1 ≤ i ≤ k, we have that W i−1 ∪W i
sdab ⊆W i since W i is obtained by computing the

sure-attractor of W i−1 ∪W i
sdab. Let us denote by Ai the set W i \ (W i−1 ∪W i

sdab), that is
the set of all vertices in W i but not in W i−1 ∪W i

sdab from which P⃝ has a sure-attractor
strategy to reach W i−1 ∪W i

sdab. Thus, we have for all 1 ≤ i ≤ k that W i−1, W i
sdab, and

Ai form a partition of W i. Moreover, the entire set W can be divided into pairwise
disjoint sets W 0, W 1

sdab, A1, W 2
sdab, A2, . . . , W k

sdab, and Ak.
Since the algorithm terminates in the kth iteration, we have that W k

sdab = ∅ and thus
also Ak = ∅. We get that W k = W k−1.
For 1 ≤ i < j ≤ k, the sets P i and P j are (in general) incomparable, that is, there may
exist vertices u, v such that u ∈ P i and u ̸∈ P j , and v ̸∈ P i and v ∈ P j . We may have
u ∈ P i and u ̸∈ P j if u is a vertex that has out-neighbours in W i−1 and in W j−1 \W i−1.
We may have v ̸∈ P i and v ∈ P j if v is a vertex that has out-neighbours in W j−1 \W i−1

and in V \W j−1.

▶ Example 4. We show some features of Algorithm 1 in Figure 2 for window length ℓ = 3
and for thresholds α = 0 and β = 5. The set WSβ (also referred to as W 0) consists of
{s1, s2, s3} since from all three vertices the token reaches s2 surely where all β-windows
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Figure 2 An illustration of various features of Algorithm 1 to compute the winning region for
sure-FWMP(ℓ = 3, α = 0)-almost-sure-FWMP(ℓ = 3, β = 5). Only relevant edge payoffs are shown.

close in at most ℓ steps. Next, we compute the set P 1 to be {s4, s6, t1}, the set of all
probabilistic vertices with at least one out-edge in W 0 and at least one out-edge not in
W 0. In the subMDP closure induced by WSα \W 0, we compute W 1

sdab, the winning region
for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(P 1), to be {s4, s5}. The set A1 of all vertices in
WSα \ (W 1

sdab ∪W 0) from which P⃝ can ensure that the token reaches W 1
sdab ∪W 0 surely

is {s6, s7}. We come to the end of the first iteration of the repeat loop and we have that
W 1 = A1∪W 1

sdab∪W 0 = {s1, s2, s3, s4, s5, s6, s7}. Since W 1
sdab is non-empty, we have another

iteration of the repeat loop.
We compute P 2 = {t1, t2, t5} for W 1. The winning region for sure-DirFWMP(ℓ, α)-almost-

sure-Büchi(P 2) in M⌈WSα \W 1⌉ is W 2
sdab = {t1, t2, t3}, and the set A2 is {t4, t5}. We get

that W 2 = {t1, t2, t3, t4, t5} ∪W 1. We repeat this until we reach W k−1. Finally, we have
that P k = {v2} and W k

sdab = ∅. Thus, the algorithm terminates here and returns W k. ⌟

Proof of correctness of Algorithm 1. We prove some intermediate lemmas before we prove
the correctness of Algorithm 1 in Theorem 9. In Lemma 5 and Lemma 6, we show that
starting from every vertex in WSα \W k (where W k is the set W at the end of the algorithm),
player P⃝ cannot satisfy sure-DirFWMP(ℓ, α)-almost-sure-Reach(W k) or sure-FWMP(ℓ, α)-
almost-sure-Reach(W k) respectively. Thus, starting from WSα \W k, if P⃝ wants to satisfy
sure-DirFWMP(ℓ, α) or sure-FWMP(ℓ, α), then the token remains in WSα \W k with some
positive probability. Then, Lemma 7 and Lemma 8 together imply that if the token remains
in WSα \W k, then sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) cannot be satisfied.

▶ Lemma 5. For all vertices v ∈WSα \W k in the MDP M, the vertex v is not winning for
sure-DirFWMP(ℓ, α)-almost-sure-Reach(W ) in M.

Proof. For each vertex v ∈ (WSα \W k) ∩ V⃝ belonging to P⃝, there is no out-neighbour
of v in W k, because otherwise v would belong to the sure-attractor of W k, and hence, also
to W k (Line 8), which is a contradiction since we started with v ∈ WSα \W k. A similar
argument gives us that for all probabilistic vertices v ∈ (WSα \W k) ∩ V♢, it is not the case
that all out-neighbours of v belong to W k, because that would imply that v belongs to the
sure-attractor of W k, and hence, also to W k, which is a contradiction. Thus, if v is a vertex
in WSα \W k with an out-neighbour in W k, then it follows that v is a probabilistic vertex
and that v has at least one out-neighbour in WSα \W k. Note that the set of all such vertices
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is precisely the set P k computed on Line 5.
Thus, starting from a vertex v ∈ WSα \ W k, if the token reaches W k, then token

reaches W k through a vertex in P k. Moreover, starting from v, the token can almost-surely
reach W k in M[WSα] if and only if starting from v, the token can almost-surely visit P k

infinitely often in M⌈WSα \W k⌉. Further, the token can almost-surely reach W k from
v while also satisfying sure-DirFWMP(ℓ, α) in M[WSα] if and only if starting from v, the
token can almost-surely visit P k infinitely often while also satisfying sure-DirFWMP(ℓ, α) in
M⌈WSα \W k⌉. Since at the end of Algorithm 1, the set W k

sdab that is the winning region for
sure-DirFWMP(ℓ, α)-almost-sure-Büchi(P k) is empty, we get that no vertex in WSα \W k is
winning for sure-DirFWMP(ℓ, α)-almost-sure-Reach(W k) in M[WSα]. ◀

▶ Lemma 6. For all vertices v ∈WSα \W k in the MDP M, the vertex v is not winning for
sure-FWMP(ℓ, α)-almost-sure-Reach(W k) in M.

Proof. Observe that a vertex v ∈ WSα \W k is winning for sure-FWMP(ℓ, α)-almost-sure-
Reach(W k) inM[WSα] if and only if v is winning for sure-FWMP(ℓ, α)-almost-sure-Büchi(P k)
inM⌈WSα \W k⌉. From Lemma 5, we have that no vertex is winning for sure-DirFWMP(ℓ, α)-
almost-sure-Büchi(P k) in M⌈WSα \W k⌉. That is, for every vertex v ∈WSα \W k, for every
strategy σ of P⃝ from v that is winning for almost-sure-Büchi(P k), there exists an outcome
of this strategy that contains an open α-window of length ℓ. Since this is true for every
vertex in WSα \W k, it is also the case that there exists an outcome of σ with infinitely
many open α-windows of length ℓ. Thus, no vertex in WSα \W k is winning for P⃝ for
sure-FWMP(ℓ, α)-almost-sure-Reach(W k) in M[WSα]. ◀

▶ Lemma 7. The winning region for sure-FWMP(ℓ, β) in M⌈WSα \W k⌉ is empty.

Proof. Suppose towards a contradiction that there exists a vertex v ∈ WSα \W k that is
winning for sure-FWMP(ℓ, β) inM⌈WSα \W k⌉. Let σ be a strategy of P⃝ that is winning for
sure-FWMP(ℓ, β) from v in M⌈WSα \W k⌉. The key observation is that σ is also a winning
strategy for sure-FWMP(ℓ, β) from v in the larger MDP M[WSα], and thus v belongs to
WSβ , and also to W k. This is a contradiction since we started with v ∈WSα \W k. ◀

▶ Lemma 8. The winning region for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) inM⌈WSα \
W k⌉ is empty.

Proof. From Lemma 7, we have that the winning region for sure-FWMP(ℓ, β) in M⌈WSα \
W k⌉ is empty. From [18, Lemma 6.1], we have that if the winning region for sure-FWMP(ℓ, β)
in an MDP is empty, then the winning region for almost-sure-FWMP(ℓ, β) in the MDP is also
empty. Thus, we have that the winning region for almost-sure-FWMP(ℓ, β) inM⌈WSα \W k⌉
is empty. It follows that P⃝ cannot satisfy sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) from
any vertex in M⌈WSα \W k⌉. ◀

The following theorem shows the correctness of Algorithm 1.

▶ Theorem 9. Algorithm 1 computes the winning region for sure-FWMP(ℓ, α)-almost-sure-
FWMP(ℓ, β) in M.

Proof. (⇒) We show that starting from an arbitrary vertex v ∈W k, player P⃝ has a winning
strategy for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β). We consider the cases v ∈W 0 and
v ∈W k \W 0 separately:
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Suppose the token is on a vertex v in W 0 (that is, WSβ , the winning region for P⃝ for
sure-FWMP(ℓ, β)). Since FWMP(ℓ, β) is a prefix-independent objective, we have from
Proposition 1 that W 0 induces a subMDP of M. Thus, starting from v, player P⃝ has
a strategy that is winning for sure-FWMP(ℓ, β) and also keeps the token in W 0 for all
outcomes of the strategy. Since α < β, we have that satisfaction of sure-FWMP(ℓ, β)
implies satisfaction of sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β), and thus v is winning
for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β).
Otherwise, suppose the token is on a vertex v in W k \W 0. In particular, there exists
1 ≤ i < k such that v ∈W i \W i−1. Since each vertex in W i \W i−1 belongs to either Ai

and W i
sdab, we have the following cases:

The token is on a vertex v in Ai. Then P⃝ follows a sure-attractor strategy from v to
surely reach a vertex in W i

sdab or a vertex v′ in W i−1.
The token is on a vertex v in W i

sdab. Then, player P⃝ follows a strategy from v that
is winning for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(P i) to keep visiting vertices in
P i while surely always closing all α-windows in at most ℓ steps. The token either
eventually reaches a vertex v′ in W i−1 (which happens with probability 1) or remains
in W i

sdab forever (which happens with probability 0).
If the token reaches a vertex v′ in W i−1, then the vertex v′ is either in W 0 or in W i′\W i′−1

for some 1 ≤ i′ ≤ i− 1, and we can repeat the above argument once again.

Repeating this sufficiently many times (at most k times), we get that from every vertex in W k,
player P⃝ has a strategy such that with probability 1 the token eventually reaches W 0 where
the FWMP(ℓ, β) objective is surely satisfied, and with probability 0 the token is stuck in W i

sdab
for some 1 ≤ i ≤ k where surely all α-windows close in at most ℓ steps. Thus, from all vertices
in W k, player P⃝ has a strategy to satisfy sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β).

(⇐) Now, we show the converse, that is, if a vertex v does not belong to W k, then v is
not winning for P⃝ for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β). If v ̸∈W k, then we have
two cases: either v ∈ V \WSα or v ∈WSα \W k.

If v ∈ V \WSα, then v is not winning for sure-FWMP(ℓ, α), and thus v is also not winning
for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β).
Otherwise, we have that v ∈WSα \W k. From Lemma 6, we have that v is not winning
for sure-FWMP(ℓ, α)-almost-sure-Reach(W k). Thus, for all strategies σ of P⃝ that are
winning for sure-FWMP(ℓ, α), there exists 0 < p < 1 such that with probability at least p,
the outcome of σ from v remains in WSα \W k forever. Further, from Lemma 8, it follows
that with some positive probability, the outcome does not satisfy FWMP(ℓ, β). Thus,
sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) cannot be satisfied by P⃝ from v.

We have shown the converse direction as well, that is, if v ̸∈W k, then v is not winning for
P⃝ for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β). ◀

Algorithm 2: Sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T )

Recall that Algorithm 1 uses Algorithm 2 (SureDirFWMPASBüchi) as a subroutine, and we
describe this algorithm now. Algorithm 2 returns the set of all vertices in an MDP that
are winning for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ) for a target set T ⊆ V . We note
that it may be the case that every vertex in an MDP is winning for sure-DirFWMP(ℓ, α)
and almost-sure-Büchi(T ) separately, and yet no vertex in the MDP is winning for the
combination sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ). We show such an MDP in Figure 3.
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Figure 3 Both vertices are winning for sure-DirFWMP(2, 0) and for almost-sure-Büchi({v1})
(and even sure-Büchi({v1})), but neither vertex is winning for sure-DirFWMP(2, 0)-almost-sure-
Büchi({v1}).

Algorithm 2 SureDirFWMPASBüchi(M, ℓ, α, T )

In: An MDP M = ((V, E), (V⃝, V♢),P, w), window length ℓ, threshold α, and target set T

Out: The winning region for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ) in M
1: Wsdpr ← SureDirFWMPPosReach(M, ℓ, α, T )
2: if V = Wsdpr then
3: return V

4: else
5: S ← SureSafe(M, Wsdpr)
6: return SureDirFWMPASBüchi(M[S], ℓ, α, T ∩ S)

Description of Algorithm 2. We begin by calling Algorithm 3 (SureDirFWMPPosReach) in
Line 1 to compute Wsdpr, the winning region for sure-DirFWMP(ℓ, α)-positive-Reach(T ) inM.
(The subscript sdpr is short for sure-DirFWMP(ℓ, α)-positive-Reach(T ).) If every vertex inM
belongs to Wsdpr, then we go to Line 3 and return V , that is all vertices inM. Otherwise, we
have that Wsdpr is a strict subset of V and we go to Line 5 to compute S, the winning region
for sure-Safe(Wsdpr), that is the set of all vertices in M from which P⃝ can ensure for all
outcomes that the token visits only vertices in Wsdpr. Then, in Line 6 where we recursively
call Algorithm 2 (SureDirFWMPASBüchi) on the smaller MDP M[S].

Proof of correctness of Algorithm 2. We prove the correctness of Algorithm 2 in Theorem 11.
Before that, we prove an intermediate result in Lemma 10.

▶ Lemma 10. For all vertices v in an MDP M, if P⃝ has a strategy to reach a target
T ⊆ V from v with positive probability while simultaneously satisfying sure-DirFWMP(ℓ, α),
then P⃝ also has a strategy to reach T from v with positive probability in at most |V | · ℓ steps
while simultaneously satisfying sure-DirFWMP(ℓ, α).

Proof. Since the DirFWMP(ℓ, α) objective is closed under suffixes, we have from Proposition 1
that P⃝ can ensure that the token never leaves the winning region of sure-DirFWMP(ℓ, α),
and moreover, it is also necessary for P⃝ to keep the token within this winning region in
order to satisfy sure-DirFWMP(ℓ, α). Thus, without loss of generality, let us suppose that all
vertices in the MDP are winning for sure-DirFWMP(ℓ, α), and we only consider strategies of
P⃝ that are winning for sure-DirFWMP(ℓ, α).

Now, suppose for a vertex v inM, there exists a winning strategy for sure-DirFWMP(ℓ, α)
that is also winning for positive-Reach(T ). Then, we want to show that there exists a winning
strategy for sure-DirFWMP(ℓ, α) following which P⃝ can, starting from v, with positive
probability, reach T from v in at most |V | · ℓ steps.

Suppose that this is not the case, that is, suppose that for all strategies of P⃝ that
are winning for sure-DirFWMP(ℓ, α) and for positive-Reach(T ) from v, the probability that
the token reaches T in at most |V | · ℓ steps starting from v is zero. Let x > |V | · ℓ be the



16 Sure-almost-sure and Sure-limit-sure Window Mean Payoff in MDPs

minimum number of steps that P⃝ can ensure that the token reaches T from v in with
positive probability. Consider one such outcome where the token reaches T from v in x

steps We also have that this outcome satisfies DirFWMP(ℓ, α), and thus, all α-windows in
this outcome close in at most ℓ steps. Moreover, from the inductive property of windows,
we have that there exist infinitely many positions in this outcome where there are no open
α-windows pending to be closed.

Consider the prefix v0v1 · · · vx of this outcome of length x, that is, the prefix that ends
with the first visit to a vertex in T . We are interested in the positions in this prefix where
there are no open α-windows. At the start of the play (that is, at v0) there are no open
α-windows. The α-window starting at v0 closes in at most ℓ steps, say at vi1 , and when this
α-window closes, there are once again no open α-windows at vi1 by the inductive property of
windows. When the α-window starting at vi1 closes, say at vi2 , this is once again a position
where there are no open α-windows. This way, the distance between every two consecutive
positions vij and vij+1 with no open α-windows is at most ℓ. Since the prefix v0v1 · · · vx has
at least |V | · ℓ + 1 vertices and v0 is a position with no open α-windows, there exist at least
|V |+ 1 positions in the prefix where there are no open α-windows. Since there are only |V |
vertices in the game, by the pigeonhole principle, two of these positions (say vj and vk) have
the same vertex u of the game. The following two cases are possible:

If u ∈ V⃝, then P⃝ could skip the cycle vj · · · vk, resulting in the sequence of vertices
v0v1 · · · vjvk+1 · · · vx. Since P⃝ can ensure with positive probability that the token reaches
vx from vk in at most x− k steps, player P⃝ can also ensure with positive probability
that the token reaches vx from vj in at most x− k steps as both vj and vk are the same
vertex u and at both positions, all α-windows have been closed. This gives a way for P⃝
to ensure that the token reaches vx from v0 in less than x steps, which is a contradiction,
since x was assumed to be the minimum number of steps in which the token reaches T .
If u ∈ V♢, then again, consider the prefix v0v1 · · · vjvk+1 · · · vx obtained by skipping the
cycle vj · · · vk. With positive probability, the sequence vk+1 · · · vx is seen immediately
after vj . Thus, using the same argument as in the previous case, player P⃝ can ensure
with positive probability that the token reaches vx from v0 in less than x steps, which is
a contradiction.

In both cases we get a contradiction, and thus, we have that P⃝ can reach T from v with
positive probability in at most |V | · ℓ steps while also satisfying sure-DirFWMP(ℓ, α). ◀

▶ Theorem 11. Algorithm 2 computes the winning region for sure-DirFWMP(ℓ, α)-almost-
sure-Büchi(T ).

Proof. (⇒) First, we show that from every vertex v returned by Algorithm 2, player P⃝
has a strategy that is winning for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ). Recall that the
algorithm returns all vertices in M if all vertices in M are winning for sure-DirFWMP(ℓ, α)-
positive-Reach(T ), and otherwise the algorithm is called recursively on the subMDP M[S]
where S is the winning region for sure-Safe(Wsdpr) in M, and Wsdpr is the winning region
for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M. Thus, if the algorithm eventually returns a
non-empty set, then in the final recursive call which is called on the subMDP say M′ of M,
we have that all vertices of M′ belong to W ′

sdpr = SureDirFWMPPosReach(M′, ℓ, α, T ). For
every vertex v in W ′

sdpr, since v is winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M′,
from Lemma 10, there exists a strategy σv

sdpr of P⃝ that is winning for sure-DirFWMP(ℓ, α)-
positive-Reach≤|V |·ℓ(T ) from v in M′. Using these strategies, we construct a strategy σsdab
that is winning for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ) from all vertices in M′.
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Description of strategy σsdab. If the play begins from a vertex v in M′, then σsdab follows
σv

sdpr for the first |V | · ℓ steps and further continues to follow σv
sdpr until all open α-windows

are closed for the first time after the |V | · ℓ steps. At this point, if the token is at a vertex v′,
then the strategy σsdab resets to σv′

sdpr, that is, σsdab forgets the history and follows σv′

sdpr from
v′ for |V | · ℓ steps before resetting again when all α-windows are closed the next time.

We claim that this strategy σsdab is winning for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T )
in M from all vertices in M′, and we prove this claim now. Since, for every v in M′, the
strategy σv

sdpr is winning for sure-DirFWMP(ℓ, α), we have that for every outcome of σv
sdpr,

every α-window closes in at most ℓ steps. Moreover, from the inductive property of windows,
for every outcome of σv

sdpr, the number of steps between every two consecutive points of the
outcome where all α-windows are closed is at most ℓ. It follows that for every outcome of
σsdab, it takes at most ℓ steps for all α-windows to be closed after the first |V | · ℓ steps, at
which point σsdab resets. Therefore, we have that the number of steps between consecutive
resets of σsdab is greater than |V | · ℓ and is at most |V | · ℓ + ℓ. Further, since σv

sdpr is winning
for positive-Reach≤|V |·ℓ(T ) inM for all v inM′, we have that after every reset of σsdab, with
positive probability (at least (Pmin)|V |·ℓ) the token reaches T before the strategy resets again.
Since the strategy resets at most every |V | · ℓ + ℓ steps and there is at least a fixed positive
probability of reaching T after every reset, the probability that the token reaches T infinitely
often is 1. Since σsdab only resets when all α-windows are closed, and each σv

sdpr is winning
for sure-DirFWMP(ℓ, α), we have that surely all α-windows are always closed in at most ℓ

steps. Thus, σsdab is a winning strategy for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ) in M
from every vertex v in M′.

(⇐) Now, we prove the converse direction, that is, if a vertex v is not returned by
the algorithm, then P⃝ cannot simultaneously satisfy sure-DirFWMP(ℓ, α) and almost-sure-
Büchi(T ) from v. A vertex v is not included in the region returned by the algorithm if in
some recursive call of the algorithm, the vertex v does not belong to the winning region S for
sure-Safe(Wsdpr) (Line 6). If v does not belong to S, then for all strategies of P⃝, starting
from v, with positive probability the token eventually visits a vertex not in Wsdpr. From a
vertex not in Wsdpr, for all strategies of P⃝ that are winning for sure-DirFWMP(ℓ, α), the
token does not reach the target set T with any positive probability, and thus, we also have
that the token does not visit T infinitely often with any positive probability. Hence, from
every vertex v not in S, if P⃝ follows a strategy that is winning for sure-DirFWMP(ℓ, α),
then almost-sure-Büchi(T ) is not satisfied, and otherwise if P⃝ follows a strategy that is
not winning for sure-DirFWMP(ℓ, α), then sure-DirFWMP(ℓ, α) is not satisfied. Thus, we
have that every vertex v that is not returned by the algorithm is not winning for sure-
DirFWMP(ℓ, α)-almost-sure-Büchi(T ) in M. ◀

Algorithm 3: Sure-DirFWMP(ℓ, α)-positive-Reach(T )

Finally, we describe Algorithm 3 (SureDirFWMPPosReach) that returns the set of all vertices
in an MDP that are winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) for a target set
T ⊆ V . This algorithm is used as a subroutine in Algorithm 2 (SureDirFWMPASBüchi). We
note that the MDP shown in Figure 3 shows that every vertex in an MDP may be winning
for sure-DirFWMP(ℓ, α) and for positive-Reach(T ) separately, and yet it may be the case that
no vertex in the MDP is winning for the combination sure-DirFWMP(ℓ, α)-positive-Reach(T ).

Description of Algorithm 3. We first compute in Line 1 the set WSDα of vertices from
which P⃝ can satisfy sure-DirFWMP(ℓ, α). Since DirFWMP(ℓ, α) is closed under suffixes,
from Proposition 1 we have that WSDα induces a subMDP M[WSDα] of M. We are not
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Algorithm 3 SureDirFWMPPosReach(M, ℓ, α, T )

In: An MDP M = ((V, E), (V⃝, V♢),P, w), window length ℓ, threshold α, and target set T

Out: The winning region for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M
1: WSDα ← SureDirFWMP(M, ℓ, α)
2: M←M[WSDα], T ← T ∩WSDα

3: R← T, Eg, Eb ← ∅
4: while {e = (s, t) ∈ E | s ∈ V \ T, t ∈ R, and e ∈ E \ (Eg ∪ Eb)} ̸= ∅ do
5: if IsGoodEdge(e, Eg) then
6: Eg ← Eg ∪ {e}, R← R ∪ {s}, Eb ← ∅
7: else
8: Eb ← Eb ∪ {e}
9: return R

10: procedure IsGoodEdge(e = (s, t), Eg)
11: Construct MDP M′

e in the following way:
12: V ← the set of vertices in M
13: R̃← {ṽ | v ∈ R}
14: The set of vertices of M′

e is V ∪ R̃ ∪ {ŝ}.
The kind of each vertex is preserved from M.

15: E ← the set of edges in M
16: Ẽg ← {(ũ, ṽ) | u, v ∈ R, (u, v) ∈ Eg)}
17: Ẽ♢ ← {(ũ, v) | u ∈ (R \ T ) ∩ V♢, v ∈ V, (u, v) ∈ E \ Eg)}
18: Ê♢ ← if s ∈ V⃝ then ∅ else {(ŝ, v) | (s, v) ∈ E and v ̸= t}
19: The set of edges of M′

e is E ∪ Ẽg ∪ Ẽ♢ ∪ {(ŝ, t̃)} ∪ Ê♢.
The probability and payoff of each edge is preserved from M.

20: Me ← For all v ∈ T , identify ṽ with v in M′
e

21: return true iff ŝ is winning for sure-DirFWMP(ℓ, α) in Me

interested in vertices in V \WSDα, and thus we restrict the MDPM toM[WSDα] (that is, we
refer to the subMDPM[WSDα] asM) where all vertices are winning for sure-DirFWMP(ℓ, α),
and we refer to T ∩WSDα as T (Line 2).

We define a set R of vertices that at the end of the algorithm will consist of precisely all
the vertices in M that are winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M. Since
all vertices in T satisfy sure-DirFWMP(ℓ, α) and also trivially satisfy positive-Reach(T ) (as
they are already in T ), we initialize R with T in Line 3. As we discover more vertices that
are winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ), we add them to R. We always only
add vertices to R and never remove vertices from R. That is, we will show that a vertex v

is winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) if and only if v is added to R at some
point in the execution of the algorithm.

We also define sets Eg and Eb of edges (good and bad edges respectively). We initialize
Eg and Eb with empty sets in Line 3, and add edges to these sets over the course of the
algorithm in the while loop (Lines 4 to 8) as we learn more about the MDP M. The while
loop runs as long as there exists an edge e = (s, t) in M such that s is in V \ T and t is in
R, and e does not belong to Eg or Eb. If such an edge exists, then one such edge e = (s, t)
is chosen arbitrarily. For this edge e, we run the procedure IsGoodEdge (Lines 10 to 21)
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Figure 4 An MDP where we want to determine the winning region for sure-DirFWMP(ℓ = 3, α =
0)-positive-Reach(T = {v4}). The winning region is {v1, v2, v3, v4}.

to determine if e is good or bad with respect to the set Eg. Intuitively, an edge e is good
with respect to Eg if starting from s, with positive probability it is the case that the token
takes the edge e to reach R and eventually T using only edges in Eg while simultaneously
satisfying sure-DirFWMP(ℓ, α). Formally, an edge e in M is good with respect to Eg if there
exists a winning strategy σe for sure-DirFWMP(ℓ, α)-positive-Reach{e}∪Eg

(T ) from edge e in
M. That is, all outcomes of σe with initial edge e satisfy DirFWMP(ℓ, α), and with positive
probability, an outcome of σe with initial edge e reaches T by subsequently taking only edges
in Eg. The edge e is bad with respect to Eg if no such winning strategy σe exists.

If IsGoodEdge returns false, then the edge is added to Eb (Line 8). Otherwise, if
IsGoodEdge returns true, then the edge e is added to Eg and the vertex s is added to
the winning region R for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M if s is not already
in R (Line 6). This is because the winning strategy σe for sure-DirFWMP(ℓ, α)-positive-
Reach{e}∪Eg

(T ) from edge (s, t) immediately gives a winning strategy for sure-DirFWMP(ℓ, α)-
positive-Reach(T ) from s. Note that given the set Eg, we can reconstruct R as T ∪ {u ∈ V |
(u, v) ∈ Eg}.

Finally, we note that if an edge e is good with respect to a set Eg, then e is also good with
respect to all E′

g ⊋ Eg, since a strategy σe that is winning for sure-DirFWMP(ℓ, α)-positive-
Reach{e}∪Eg

(T ) from e is also winning for sure-DirFWMP(ℓ, α)-positive-Reach{e}∪E′
g
(T ) from

e, since satisfaction of Reach{e}∪Eg
(T ) implies satisfaction of Reach{e}∪E′

g
(T ). Thus, once we

add an edge to Eg, it stays in Eg for the rest of the algorithm. On the other hand, an edge e

that is bad with respect to Eg may not be bad for E′
g ⊋ Eg, as non-existence of a winning

strategy for sure-DirFWMP(ℓ, α)-positive-Reach{e}∪Eg
(T ) does not imply the non-existence

of a winning strategy for sure-DirFWMP(ℓ, α)-positive-Reach{e}∪E′
g
(T ). Thus, when an edge

e is added to Eg, the edges present in Eb may or may not be bad with respect to Eg ∪ {e}.
Therefore, we reset Eb to the empty set each time an edge is added to Eg (Line 6), and we
check whether these edges are good or bad with respect to the larger set Eg ∪ {e} in a later
iteration of the while loop.

In each iteration of the while loop, either an edge is added to Eb, or an edge is added
to Eg and the set Eb is reset to empty. The while loop ends when every edge starting in
V \ T and ending in R belongs to either Eg or Eb. Since there are finitely many edges in the
MDP M, eventually all such edges are added to either Eg or Eb, and thus, the while loop
eventually terminates. In fact, the while loop runs for at most |E|2 iterations, since after
at most every |E| additions to Eb, an edge is added to Eg and the set Eb is reset to empty.
When the while loop terminates in Line 9, we return the set R of vertices.

▶ Example 12. Consider the MDP in Figure 4. We explain how Algorithm 3 works
on this MDP. We consider the winning condition sure-DirFWMP(ℓ = 3, α = 0)-positive-
Reach(T = {v4}). Initially, we have T = R = {v4} and Eg = Eb = ∅. Suppose the algorithm
first considers the edge (v2, v4). Note that v2 ∈ V \T and v4 ∈ R. The procedure IsGoodEdge
returns that this is a good edge with respect to Eg = ∅ since starting with this edge (v2, v4)
ensures that T is reached with a positive probability (in fact, surely) and then looping at
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v4 ensures satisfaction of sure-DirFWMP(ℓ, α). Hence, we add v2 to R to get R = {v2, v4}
and add the edge (v2, v4) to Eg. Suppose the edge (v1, v2) is considered next. This edge
is not good with respect to Eg = {(v2, v4)} since starting with (v1, v2), it is not possible
to satisfy sure-DirFWMP(3, 0)-positive-Reach{(v1,v2),(v2,v4)}(T ). Indeed, in order to reach T

starting from the edge (v1, v2) and then using only edges in Eg, the path v1v2v4 must be
taken, but this forces the token to then loop on v4 forever, which results in the 0-window
starting at v1 never closing and sure-DirFWMP(3, 0) not being satisfied. Hence, the edge
(v1, v2) is added to the set Eb. Suppose the edge (v3, v4) is considered next. It is a good edge
with respect to Eg since it leads to T from v3 and sure-DirFWMP(3, 0) can be simultaneously
from v3, and thus, Eg is updated to {(v2, v4), (v3, v4)}, the set Eb is reset to ∅, and R is
updated to {v2, v3, v4}. Next consider the edge (v2, v3) which is a good edge with respect to
Eg and thus Eg is updated to {(v2, v4), (v3, v4), (v2, v3)} while Eb remains ∅ and R is still
{v2, v3, v4}. Now suppose (v1, v2) is considered again. This time we see that this edge is good
with respect to Eg since taking the path v1v2v3v4 and then looping on v4 ensures reaching T

through only edges in {(v1, v2)}∪Eg as well as satisfaction of sure-DirFWMP(3, 0). Thus, Eg

is updated to {(v2, v4), (v3, v4), (v2, v3), (v1, v2)} and R is updated to {v1, v2, v3, v4}. Finally,
the edge (v0, v3) is considered and found to be not good with respect to Eg, and is added
to Eb. All edges starting in V \ T and ending in R belong to either Eg or Eb. The edges
(v1, v0) and (v0, v0) are not considered for checking if they are good since v0 ̸∈ R and the
while loop terminates. The set R that is returned by Algorithm 3 is {v1, v2, v3, v4} which is
exactly the set of vertices from which sure-DirFWMP(ℓ = 3, α = 0)-positive-Reach(T = {v4})
can be satisfied. ⌟

Description of IsGoodEdge procedure. Given an MDPM, the procedure IsGoodEdge(e =
(s, t), Eg) determines if an edge e is good with respect to the set Eg of edges, that is, the
procedure checks if the edge e is winning for sure-DirFWMP(ℓ, α)-positive-Reach{e}∪Eg

(T )
in M. In other words, IsGoodEdge checks if, starting from e, it is possible with positive
probability to reach T through only edges in {e} ∪ Eg and also simultaneously satisfy
sure-DirFWMP(ℓ, α). The procedure constructs an MDP Me by augmenting some vertices
and edges to M, and returns true if and only if a designated vertex ŝ is winning for
sure-DirFWMP(ℓ, α) inMe. This reduces the problem of satisfaction of sure-DirFWMP(ℓ, α)-
positive-ReachEg

(T ) in M to that of satisfaction of sure-DirFWMP(ℓ, α) in Me, which we
know how to solve from [11, Algorithm 2]. The correctness of this reduction follows from
Lemma 13. We describe the construction of Me in two steps.

In the first step, we construct an intermediate MDP M′
e. The set of vertices of the MDP

M′
e is V ∪ R̃ ∪ {ŝ}, where

the set V is the set of all the vertices of M;
the set R̃ contains a copy ṽ of every vertex v in R

(we denote by T̃ the set {ṽ ∈ R̃ | v ∈ T}, that is, the set of all vertices in R̃ in M′
e that

are copies of vertices in T , and we have that T̃ ⊆ R̃);
the set {ŝ} contains a copy of the vertex s.

We note that the copy of a vertex that is controlled by P⃝ is also controlled by P⃝, and the
copy of a probabilistic vertex is a probabilistic vertex.

The set of edges of the MDP M′
e is E ∪ Ẽg ∪ Ẽ♢ ∪ {(ŝ, t̃)} ∪ Ê♢, where

the set E is the set of all the edges of M;
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the set Ẽg contains a copy (ũ, ṽ) of every edge (u, v) in Eg

(recall that for every edge (u, v) belonging to Eg, we have that u ∈ R \ T and v ∈ R, and
thus, (ũ, ṽ) ∈ (R̃ \ T̃ )× R̃);
the set Ẽ♢ contains, for every probabilistic vertex u in R \ T , for every out-edge (u, v) of
u that is not in Eg, a copy (ũ, v) of (u, v);
the set {(ŝ, t̃)} contains a copy of the edge e = (s, t),
if s (and hence also ŝ) is a vertex belonging to P⃝, then Ê♢ is empty, and if s is a
probabilistic vertex, then Ê♢ contains a copy (ŝ, v) of every out-edge (s, v) of s such that
v ̸= t.

When we make a copy of an edge, we preserve its payoff and probability. Briefly, the set E

contains edges that start and end in V . The set Ẽg ∪ Ẽ♢ contains edges starting in R̃ \ T̃ .
The set {(ŝ, t̃)} ∪ Ê♢ contains edges starting at ŝ. The set Ẽ♢ ∪ Ê♢ contains edges starting
in probabilistic vertices in (R̃ \ T̃ ) ∪ {ŝ} and ending in V . We note that if s belongs to R,
then in addition to s and ŝ, the MDP M′

e also contains a copy s̃ of s.
In the second step, we obtain Me from M′

e by identifying, for all v ∈ T in M′
e, the

vertex ṽ with v. That is, we merge ṽ and v into one vertex, and the set of in-edges (resp.,
out-edges) of v in Me is the union of the in-edges (resp., out-edges) of v and in-edges (resp,
out-edges) of ṽ in M′

e. We have that T̃ and T become identical in Me, and belong to both
V and R̃ in Me. In other words, vertices in T̃ in M′

e are merged into vertices in T , and
thus, each vertex in Me belongs to exactly one of the three sets: V , R̃ \ T , or {ŝ}. We show
in Figure 5 an MDP M, in Figure 6 the intermediate MDP M′

e, and in Figure 7 the MDP
Me. We describe in further detail the out-edges of vertices in Me.

If s is a vertex belonging to P⃝, then ŝ has exactly one out-edge (ŝ, t̃), and t̃ belongs to
R̃. This simulates forcing P⃝ to choose the edge (s, t) from s in M.
If s is a probabilistic vertex, then in addition to (ŝ, t̃), the vertex ŝ also has the set Ê♢

of out-edges, that is, an out-edge (ŝ, v) for every out-edge (s, v) of s such that v ̸= t.
Thus, with positive probability, the token moves along the edge (ŝ, t̃). If the token does
not choose the edge (ŝ, t̃), then the behaviour of the token from ŝ is the same as the
behaviour of the token from s if the edge (s, t) is not chosen.
For each vertex ũ in R̃ \ T belonging to P⃝, the vertex only has out-edges from Ẽg, that
is, the set of out-edges of ũ consists of only copies (ũ, ṽ) of edges (u, v) that belong to Eg.
This simulates forcing P⃝ to choose an out-edge from Eg when the token reaches vertex
u in M.
For each probabilistic vertex ũ in R̃ \ T , in addition to the copy (ũ, ṽ) of every out-edge
(u, v) of u belonging to Eg, the vertex ũ also has the set Ẽ♢ of out-edges, that is an
out-edge (ũ, v) for every out-edge of (u, v) of u that does not belong to Eg. Since u ∈ R\T
and every vertex in R \ T has at least one out-edge in Eg, it follows that ũ has at least
one out-edge in Ẽg. Thus, with positive probability, the token chooses an edge in Ẽg

from ũ. If the token does not choose an edge in Ẽg from ũ, then the behaviour of the
token from ũ is the same as the behaviour of the token from u if an edge in Eg is not
chosen from u.
For all vertices v in V inMe, the set of out-edges of v is the same as the set of out-edges
of v in M.

We are interested in plays in Me that start from ŝ. The following observations give more
insight on plays in Me.

1. The vertex ŝ inMe has no in-edges. Thus, starting from ŝ, the token moves to (R̃\T )∪V

in the next step and never returns to ŝ. All edges that start from a vertex in V end in
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Figure 5 An MDP M with T = {w}, R = {t, u, v, w}, and Eg = {(u, v), (t, v), (t, w), (v, w)}. We
want to determine if the edge (s, t) is good with respect to Eg. Edges in Eg are solid and edges not
in Eg are dotted.

a vertex in V . Therefore, if the token reaches V , then the token remains in V forever.
Thus, every play in Me starting from ŝ is of the form {ŝ} (R̃ \ T )ω or {ŝ} (R̃ \ T )∗ V ω.

2. We can project vertices in Me to vertices in M by ignoring the hats and the tildes on
the vertex names. Formally, we define a projection Proj : V ∪ R̃∪ {ŝ} → V as Proj(v) = v

for all v ∈ V , Proj(ṽ) = v for all v ∈ R̃, and Proj(ŝ) = s. Projection of vertices in Me

naturally extends to projection of prefixes Proj : PrefsMe
→ PrefsM and projection of

plays Proj : PlaysMe
→ PlaysM defined as Proj(v0v1v2 · · · ) = Proj(v0)Proj(v1)Proj(v2) · · ·.

It can be seen for all πe ∈ PlaysMe
that the projection Proj(πe) is a valid play inM, that

is, if vi+1 is an out-neighbour of vi inMe, then Proj(vi+1) is an out-neighbour of Proj(vi)
in M, and further, the sequence of edge payoffs in πe is the same as the sequence of edge
payoffs in Proj(πe).

3. For every strategy σe in Me, we can construct a strategy in σ in M (using additional
memory) such that the behaviour of the two strategies is the same, that is, the same
edge payoffs are seen with the same probabilities in outcomes of σe in Me and σ in M.
Formally, we have that for all prefixes ρ in Me ending in a vertex belonging to P⃝, we
have Proj(σe(ρ)) = σ(Proj(ρ)). Given a prefix ρ in Me, the strategy σ mimics on the
projected prefix Proj(ρ) the projection of the behaviour of σe on ρ. Since σe may have
different behaviour depending on whether the token is on ũ or u in Me for a vertex
u ∈ R \ T , or different behaviour for the token at s, s̃, and ŝ for the vertex s, the strategy
σ requires at most three times as much memory as σe to distinguish among these cases.

Proof of correctness of Algorithm 3. We prove the correctness of Algorithm 3 in The-
orem 17. Before that, we prove the correctness of IsGoodEdge in Lemma 13, and prove some
intermediate results in Propositions 14 and 15 and Lemma 16.

▶ Lemma 13. Given Eg and an edge e = (s, t) with s ∈ V \ T and t ∈ R, the procedure
IsGoodEdge(e, Eg) correctly computes whether e is winning for sure-DirFWMP(ℓ, α)-positive-
Reach{e}∪Eg

(T ) in M.

Proof. Recall that Eg is empty at the start of the algorithm and that edges are added to Eg

over the course of the algorithm. We prove the statement of the lemma by induction on the
size of Eg.
Base case: For the base case, we suppose that Eg = ∅. The procedure IsGoodEdge is called
on an edge e = (s, t) with s ∈ V \ T and t ∈ R. Since Eg is empty, we have that R = T ,
and thus t ∈ T . We show that IsGoodEdge(e,∅) returns true if and only if the edge (s, t) is
winning for sure-DirFWMP(ℓ, α)-positive-Reach{e}(T ) in M.
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Figure 6 Construction of M′
e. The vertices and edges present in M remain unchanged. A copy

{t̃, ũ, ṽ, w̃} of every vertex in R is added. A copy ŝ of s is also added. Edges in Ẽ♢ ∪ Ê♢ are dashed.
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Figure 7 Obtaining Me from Me by merging vertex w̃ in T̃ with w in T .

(⇒) Suppose IsGoodEdge(e,∅) returns true, that is, the vertex ŝ is winning for sure-
DirFWMP(ℓ, α) in Me. If s is a vertex belonging to P⃝, then ŝ has only one out-edge (ŝ, t̃)
where t̃ is the same as t since t ∈ T . Since ŝ is winning for sure-DirFWMP(ℓ, α), it follows
that there exists a strategy σe of P⃝ that moves the token along the edge (ŝ, t) and then
continues the play from t in a way that satisfies sure-DirFWMP(ℓ, α). On the other hand, if
s is a probabilistic vertex, then ŝ has an out-edge (ŝ, t) and may have other out-edges. Since
ŝ is winning for sure-DirFWMP(ℓ, α), we have that no matter what edge is chosen from ŝ,
player P⃝ has a strategy that continues the play such that it satisfies sure-DirFWMP(ℓ, α).
In particular, there exists a strategy σe of P⃝ that continues the play from (ŝ, t) such that it
satisfies sure-DirFWMP(ℓ, α). In both cases, the strategy σ that mimics the behaviour of σe

(that is σ(s · t · ρ) = σe(ŝ · t · ρ) for all prefixes ρ) is winning for sure-DirFWMP(ℓ, α) from e

in M. Since the token reaches T immediately after the initial edge e, we have that σ is also
winning for sure-DirFWMP(ℓ, α)-positive-Reach{e}(T ) from e in M.

(⇐) Conversely, suppose that the edge (s, t) is winning for sure-DirFWMP(ℓ, α)-positive-
Reach{e}(T ) in M. Then, there exists a strategy σ such that every outcome of σ in M
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starting from e satisfies DirFWMP(ℓ, α). We use σ to construct a strategy σe that is winning
for sure-DirFWMP(ℓ, α) from ŝ in Me. If s belongs to P⃝, then so does ŝ, and let σe be
defined as σe(ŝ) = t, and σe(ŝ · t · ρ) = σ(s · t · ρ) for all prefixes ρ. On the other hand, if s is
a probabilistic vertex, in which case so is ŝ, then let σe be defined as σe(ŝ · ρ) = σ(s · ρ) for
all ρ. In both cases, an outcome of σ visits the same edge payoffs with the same probability
as an outcome of σe. Since σ is winning for sure-DirFWMP(ℓ, α) from s, we also have that
σe is winning for sure-DirFWMP(ℓ, α) from ŝ.
Inductive step: For the inductive step, suppose |Eg| = k > 0, and we label the edges of Eg as
e1, e2, . . . , ek in the order they were added to Eg. We want to verify if an edge e = (s, t) for
s ∈ V \ T and t ∈ R is good with respect to Eg.

(⇒) Suppose the procedure IsGoodEdge(e, Eg) returns true, that is, the vertex ŝ is
winning for sure-DirFWMP(ℓ, α) in Me, and thus, there exists a strategy σe of P⃝ that is
winning for sure-DirFWMP(ℓ, α) in Me from ŝ. We construct a strategy from the edge e

that is winning for sure-DirFWMP(ℓ, α)-positive-Reach{e}∪Eg
(T ) in M.

Suppose P⃝ follows the strategy σe from ŝ until the first time in the play where all
α-windows are closed. For all outcomes of σe, this happens in at most ℓ steps from the start
of the play since σe is winning for sure-DirFWMP(ℓ, α). Moreover, since every vertex in R̃ \T

belonging to P⃝ contains has all out-edges in Ẽg and every probabilistic vertex in R̃ \ T has
at least one out-edge in Ẽg, starting from ŝ we have that at least one of the following hold:
(i) with positive probability the token reaches T within at most ℓ steps while taking only
edges in {(ŝ, t̃)} ∪ Ẽg, or (ii) the token remains in R̃ \ T until all α-windows are closed while
taking only edges in {(ŝ, t̃)} ∪ Ẽg.

Suppose the token reaches T while visiting only edges in {(ŝ, t̃)}∪Ẽg, that is, we have that
Reach{(ŝ,t̃)}∪Ẽg

(T ) is satisfied and the token has entered V . From Observation 1, the token
now behaves the same as it would inM. If P⃝ continues to follow the strategy σe for the rest
of the play, then since σe is winning for sure-DirFWMP(ℓ, α), we have that all α-windows are
closed in at most ℓ steps. Thus, in this case, sure-DirFWMP(ℓ, α)-positive-Reach{(ŝ,t̃)}∪Ẽg

(T )
is satisfied from ŝ in Me. If P⃝ follows the projection σ (as described in Observation 3)
in M of the strategy σe, then we see that σ is winning for sure-DirFWMP(ℓ, α)-positive-
Reach{e}∪Eg

(T ) in M from (s, t).
Otherwise, suppose that the token remains in R̃ \ T until all α-windows are closed for

the first time while choosing only edges in {(ŝ, t̃)} ∪ Ẽg. Suppose the token is on a vertex
s̃1 ∈ R̃ \ T for some s1 ∈ R \ T when all α-windows are closed for the first time. Since s1
belongs to R\T , we have that s1 has at least one out-edge ei in Eg for 1 ≤ i ≤ k, and let this
edge be ei = (s1, t1) for some t1 in R̃ \ T . The edge ei belongs to Eg because the procedure
IsGoodEdge(ei, E′

g) returned true for E′
g = {e1, e2, . . . , ei−1}. By the induction hypothesis,

we have that the edge (s1, t1) is winning for sure-DirFWMP(ℓ, α)-positive-ReachE′
g
(T ) in M.

Using Observation 3, we have that starting from (s, t), player P⃝ has a strategy that reaches
s1 with positive probability while only visiting edges in {e} ∪Eg while also surely closing all
α-windows in at most ℓ steps. Then, from the induction hypothesis, from the edge (s1, t1),
player P⃝ has a strategy to satisfy sure-DirFWMP(ℓ, α)-positive-Reach{(s1,t1)}∪E′

g
(T ) in M.

Thus, the edge e is winning for sure-DirFWMP(ℓ, α)-positive-Reach{e}∪Eg
(T ) in M.

(⇐) Suppose IsGoodEdge(e, Eg) returns false, that is, the vertex ŝ is not winning for
sure-DirFWMP(ℓ, α) inMe. Since the R̃∪{ŝ} part ofMe simulates forcing P⃝ to only choose
edges in {e}∪Eg, we get that starting from s inM, if P⃝ only chooses edges in {e}∪Eg from
vertices belonging to P⃝, then P⃝ cannot satisfy sure-DirFWMP(ℓ, α), Hence, starting from s

inM, it is not possible for P⃝ to satisfy sure-DirFWMP(ℓ, α)-positive-Reach{e}∪Eg
(T ). Thus,

the edge (s, t) is not winning for sure-DirFWMP(ℓ, α)-positive-Reach{e}∪Eg
(T ) in M. ◀
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▶ Proposition 14. At the end of Algorithm 3, if v is a vertex with an out-edge (v, u)
that is winning for sure-DirFWMP(ℓ, α)-positive-ReachEg

(T ) in M, then v is winning for
sure-DirFWMP(ℓ, α)-positive-ReachEg

(T ) in M.

Proof. Since v has an out-edge (v, u) that is winning for sure-DirFWMP(ℓ, α)-positive-
ReachEg (T ) in M, we have that after taking the edge (v, u), there exists a strategy σ

continuing the play from u that is winning for sure-DirFWMP(ℓ, α)-positive-ReachEg
(T ) in

M. There are two cases depending on whether the vertex v belongs to V⃝ or V♢.

If v ∈ V⃝, then P⃝ can move the token to u, and then follow the strategy σ from u to
satisfy sure-DirFWMP(ℓ, α)-positive-ReachEg (T ) in M.
If v ∈ V♢, then the token moves from v to u with positive probability, from which
P⃝ can follow the strategy σ from u to satisfy sure-DirFWMP(ℓ, α)-positive-ReachEg

(T )
in M. If token moves from v to a vertex other than u, then since v is winning for
sure-DirFWMP(ℓ, α), we have that sure-DirFWMP(ℓ, α) is still satisfied.

In both cases, we have that the vertex v is winning for sure-DirFWMP(ℓ, α)-positive-
ReachEg

(T ) in M. ◀

▶ Proposition 15. At the end of Algorithm 3, for all edges (u, v) such that u ̸∈ R and v ∈ R,
the edge (u, v) is not winning for sure-DirFWMP(ℓ, α)-positive-ReachEg

(T ) in M.

Proof. Suppose towards a contradiction that there exists an edge (u, v) such that u ̸∈ R and
v ∈ R and (u, v) is winning for sure-DirFWMP(ℓ, α)-positive-ReachEg (T ) in M. Then, from
Line 6 of the algorithm, we have that u must be included in R, which is a contradiction. ◀

▶ Lemma 16. At the end of Algorithm 3, for all vertices v in MDP M, the vertex v is
winning for sure-DirFWMP(ℓ, α)-positive-ReachEg

(T ) in M if and only if v is winning for
sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M.

Proof. Since satisfaction of ReachEg
(T ) implies satisfaction of Reach(T ), the forward direction

is immediate. We prove the converse, that is, if v is not winning for sure-DirFWMP(ℓ, α)-
positive-ReachEg

(T ), then v is not winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ).
Suppose towards a contradiction that starting from v, there exists a strategy σ that

is winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M. Consider an outcome π of
this strategy that reaches T and also satisfies DirFWMP(ℓ, α). Since v is not winning for
sure-DirFWMP(ℓ, α)-positive-ReachEg (T ), we have that there exists at least one edge in this
outcome before reaching T that does not belong to Eg. Consider the last edge in this outcome
before reaching T that does not belong to Eg, say (x, y). Every edge in the outcome after
(x, y) and before the token reaches T belongs to Eg. From the proof of Lemma 13, we have
that since (x, y) does not belong to Eg, there does not exist a strategy that is winning for
sure-DirFWMP(ℓ, α)-positive-Reach{(x,y)}∪Eg

(T ) from x. This is, however, a contradiction,
since the path from x to T in π that does not visit any edge not in {(x, y)} ∪Eg occurs with
positive probability. ◀

▶ Theorem 17. Algorithm 3 computes the winning region for P⃝ for sure-DirFWMP(ℓ, α)-
positive-Reach(T ) in M.

Proof. Recall that if a vertex v does not belong to WSDα, then v is not winning for
sure-DirFWMP(ℓ, α) in M, and therefore also not winning for sure-DirFWMP(ℓ, α)-positive-
Reach(T ) in M. The algorithm correctly removes the vertices not in WSDα in Line 2. In the
rest of the algorithm and the rest of this proof, we work with the subMDPM[WSDα] and refer
to this subMDP asM, so we have that all vertices inM are winning for sure-DirFWMP(ℓ, α).
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Recall that the algorithm returns the set R ⊆ V . We show for all v in M that v belongs
to the set R if and only if v is winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M. We
consider two cases separately. First, we show this result holds for all v ∈ T , and then, for all
v ∈ V \ T .

Let v ∈ T . We have that every vertex inM is winning for sure-DirFWMP(ℓ, α). Moreover,
every play π starting from v satisfies Reach(T ) since v is in T , and thus, a winning strategy
for sure-DirFWMP(ℓ, α) from v is also a winning strategy for sure-DirFWMP(ℓ, α)-positive-
Reach(T ). Thus, v is winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) inM. Since T ⊆ R,
we also have that v belongs to R. We have shown that for each vertex v in T , the vertex v is
in R if and only if v is winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M.

Now we see the interesting case, that is when v ∈ V \ T .
(⇒) Suppose v belongs to R. Since v also belongs to V \ T , we have that v belongs

to R \ T . The vertex v belongs to R \ T because it is added to the set R in Line 6 when
an out-edge e of v is determined to be good by IsGoodEdge with respect to the set Eg at
that point. From Lemma 13, we have that this edge e is winning for sure-DirFWMP(ℓ, α)-
positive-Reach{e}∪Eg

(T ) in M. From Proposition 14, it follows that v is winning for sure-
DirFWMP(ℓ, α)-positive-ReachEg (T ) in M for the set Eg at the end of Algorithm 3. By
Lemma 16, it implies that v is winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M.

(⇐) Suppose v does not belong to R. Since T ⊆ R and v ̸∈ R, in order to satisfy positive-
Reach(T ) from v, the token needs to reach R with positive probability. From Proposition 15,
we have that starting from v, if the token enters R, it enters R through an edge in Eb.
However, from Lemma 13, it follows that once an edge e in Eb is taken, then P⃝ does not
have a strategy to satisfy sure-DirFWMP(ℓ, α)-positive-Reach{e}∪Eg

(T ), and from Lemma 16,
player P⃝ does not have a strategy to satisfy sure-DirFWMP(ℓ, α)-positive-Reach(T ) either.
Thus, we have that v is not winning for sure-DirFWMP(ℓ, α)-positive-Reach(T ) in M. ◀

Memory requirement and complexity for sure-almost-sure FWMP(ℓ)

We conclude this section by discussing bounds on the memory requirement and the complexity
for the sure-almost-sure satisfaction of FWMP(ℓ) objectives.

Memory requirement: lower bound. It is known that memory of size ℓ suffices for satisfying
sure-FWMP(ℓ, α) [18, Theorem 4.4] and for almost-sure-FWMP(ℓ, α) [18, Theorem 6.5]. In
Example 18, we show that Ω(max{|V |, ℓ}) memory may be necessary for the sure-almost-sure
satisfaction of the FWMP(ℓ) objective.

▶ Example 18. Consider the MDP in Figure 8. Note that the only vertex belonging to P⃝
with more than one out-edge is a. Thus, a strategy of P⃝ can be fully specified by describing
the behaviour of the token when it reaches a. Starting from vertex v3, the memoryless
strategy that always chooses v2 from vertex a satisfies sure-FWMP(2, 0) and the memoryless
strategy that always chooses vertex b from a satisfies almost-sure-FWMP(2, 5). However,
neither of these strategies are winning for sure-FWMP(2, 0)-almost-sure-FWMP(2, 5).

In order to satisfy sure-FWMP(2, 0), player P⃝ must eventually close all 0-windows in
at most 2 steps, and in order to satisfy almost-sure-FWMP(2, 5) from v3, the token must
reach vertex b repeatedly as long as it has not reached c. However, each time the token
moves to v3, the token then has to take the edge (v3, a) which opens a 0-window. In order
to reach b from v3 with all 0-windows closed in at most 2 steps, then token must take the
path v3 · a · v2 · a · v1 · a · b. This is because when the token reaches a from v3, the token
must move to v2 to close the 0-window starting at v3. The token then reaches a, from where
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Figure 8 There exist memoryless winning strategies for sure-FWMP(2, 0) and for almost-sure-
FWMP(2, 5) from all vertices in the MDP, but memory of size at least 3 is required for a strategy
that is winning for sure-FWMP(2, 0)-almost-sure-FWMP(2, 5) from v3.

moving to either v2 or v1 results in closing the 0-window opened at v2. If the token moves
between v2 and a forever, then the token makes no progress towards reaching b, and thus
it must eventually move from a to v1. When the token moves from v1 to a, then the token
can move from a to b while also ensuring that the 0-window starting at v1 closes in 2 steps.
Thus, in order to reach b from v3 while closing all 0-windows in at most 2 steps, the token
needs to visit both v2 and v1 and hence this requires a strategy of memory size 3.

This example can be generalized to an MDP Mn with n + 3 vertices {vn, vn−1, . . . ,

v1, a, b, c}, and edges (vi, a) with payoff −i and edges (a, vi−1) with payoff +i for 2 ≤ i ≤ n,
an edge (a, b) with payoff 1, an edge (b, v3) with payoff 0, an edge (b, c) with payoff 0,
and a self-loop on c with payoff 5. It can be seen that memory of size n − 1 is necessary
to satisfy sure-FWMP(2, 0)-almost-sure-FWMP(2, 5) in Mn from vn. Since satisfying sure-
FWMP(ℓ, α) requires ℓ memory, we have that P⃝ needs at least Ω(max{|V |, ℓ}) memory to
satisfy sure-FWMP(2, 0)-almost-sure-FWMP(2, 5). ⌟

Memory requirement: upper bound. We give an upper bound for the memory requirement
for winning strategies for sure-almost-sure satisfaction of FWMP(ℓ) by explicitly construct-
ing a winning strategy. We first show a winning strategy σsdpr for sure-DirFWMP(ℓ, α)-
positive-Reach(T ). Then, we use this strategy to construct a winning strategy σsdab for
sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ), which is used in turn to describe a winning
strategy σsas for sure-almost-sure satisfaction of FWMP(ℓ).

Winning strategy for sure-DirFWMP(ℓ, α)-positive-Reach(T ). Recall that we have a set
Eg of edges and a winning region R for sure-DirFWMP(ℓ, α)-positive-Reach(T ) at the end of
the execution of Algorithm 3. Let u1, u2, . . . , un denote the set of vertices in R \ T at the
end of the algorithm in the order in which they were added to R \ T where |R \ T | = n. For
1 ≤ i ≤ n, let ei denote the first out-edge of ui added to Eg during the algorithm, and let
Ei

g denote the set of all edges present in Eg immediately after the edge ei is added to Eg.
For an arbitrary vertex v belonging to R, we describe a winning strategy σsdpr from v. If

v belongs to T , then Reach(T ) is already satisfied at the start of the play, and it suffices for
σsdpr to mimic a winning strategy for sure-DirFWMP(ℓ, α) from v throughout the rest of the
play. Otherwise, if v ̸∈ T , then v ∈ R\T , and v is ui for some 1 ≤ i ≤ n. The construction of
Mei

ensures that there exists a winning strategy σei
for sure-DirFWMP(ℓ, α) from ûi inMei

,
and from Lemma 13 it follows that projecting this strategy to M gives a strategy σi that is
winning for sure-DirFWMP(ℓ, α)-positive-ReachEi

g
(T ) from ui. The strategy σsdpr mimics σi

from ui, as long as only edges in Ei
g are chosen, until either all α-windows are closed for the

first time (which happens in at most ℓ steps) or the token reaches T , whichever occurs first.
If the token ever takes an edge not in Ei

g, then σsdpr continues to follow a winning strategy
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for sure-DirFWMP(ℓ, α) for the rest of the play, ensuring that all α-windows close in at most
ℓ steps. Otherwise, with probability at least (Pmin)ℓ, the token only chooses edges in Ei

g

until all α-windows are closed for the first time or the token reaches T .
If the token reaches T , then σsdpr continues to follow a winning strategy for sure-

DirFWMP(ℓ, α) for the rest of the play. Otherwise, the token reaches a vertex uj with
all α-windows closed for some 1 ≤ j < i, and σsdpr switches to mimicking a winning strategy
for sure-DirFWMP(ℓ, α)-positive-ReachEj

g
(T ) from uj . Since n is finite and Ej

g ⊊ Ei
g for

1 ≤ j < i ≤ n, we can repeat the same procedure from uj to get that, with positive
probability, the token reaches T eventually (in fact, in at most n · ℓ steps).

Each strategy σei is a winning strategy for sure-DirFWMP(ℓ, α) and requires at most ℓ

memory [18, Lemma 4.1]. The strategy σi obtained after projecting σei
to M requires at

most three times the memory, that is, at most 3 · ℓ. For each 1 ≤ i ≤ n, there is a potentially
different strategy σi that σsdpr mimics, and thus, the memory requirement σsdpr is at most
3 · n · ℓ, which is at most 3 · |V | · ℓ.

Winning strategy for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ). For an arbitrary vertex
v belonging to the winning region for sure-DirFWMP(ℓ, α)-almost-sure-Büchi(T ), we define
a winning strategy σsdab. The strategy σsdab follows the winning strategy σsdpr for sure-
DirFWMP(ℓ, α)-positive-Reach(T ) as described above as long as there are no deviations from
Eg and no vertex in T is reached. If there is a deviation or a vertex in T is reached, then
the strategy σsdab continues to follow the strategy σsdpr for at most ℓ− 1 more steps until all
open α-windows are closed, following which the strategy σsdab resets, that is, it forgets the
history and starts following σsdpr afresh. The memory requirement of σsdab is no greater than
that of σsdpr, that is at most 3 · |V | · ℓ.

Winning strategy for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β). Recall that the winning
region for sure-almost-sure satisfaction of FWMP(ℓ) has three types of regions: Ai (attractor
region) for 1 ≤ i ≤ k, W i

sdab (sure-DirFWMP(ℓ, α)-almost-sure-Büchi(P i) winning region) for
1 ≤ i ≤ k, and W 0 (sure-FWMP(ℓ, β) winning region). We describe a winning strategy σsas
for sure-FWMP(ℓ, α)-almost-sure-FWMP(ℓ, β) below:

If the token is in Ai for some 1 ≤ i ≤ k, then σsas follows a sure-attractor strategy to
reach W i

sdab ∪W i−1.
If the token is in W i

sdab for some 1 ≤ i ≤ k, then σsas follows the winning strategy σsdab for
sure-DirFWMP(ℓ, α)-almost-sure-Büchi(P i). This ensures that DirFWMP(ℓ, α) is satisfied
in all outcomes, and with probability 1, the token reaches W i−1.
If the token is in W 0, then σsas follows a winning strategy for sure-FWMP(ℓ, β).

The memory requirement of σsas is no greater than that of σsdab, that is at most 3 · |V | · ℓ.

▶ Theorem 19. The sure-almost-sure problem for the FWMP(ℓ) objective is in PTIME when
ℓ is given in unary. The memory required is at least Ω(max{|V |, ℓ}) and at most O(|V | · ℓ).

Proof. We have shown the bounds on the memory requirement above. We show that
Algorithm 1 has a polynomial running time. First, we note that SureDirFWMP can be
computed in time O(|V | · |E| · ℓ · log(wmax)) [11, Lemma 5] and SureFWMP can be computed
in time O(|V |2 · |E| · ℓ · log(wmax)) [11, Lemma 6], which are polynomial in the size of the
input when ℓ is given in unary . We denote the running time of SureDirBWMP by C.

The repeat loop from Line 4 to Line 9 of Algorithm 1 is dominated by the call to
Algorithm 2, which in turn is a recursive algorithm that is dominated by the call to
Algorithm 3. In Algorithm 3, we have a repeat loop that runs at most |E|2 times. In each
iteration of this loop, we make a call to IsGoodEdge which involves calling SureDirFWMP on
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Me. Thus, the running time of Algorithm 3 is O(|E|2 ·C). Algorithm 2 has a recursion depth
of at most |V | since it is called on a smaller M each time, and hence its time complexity is
O(|V | · |E|2 ·C). Finally, the repeat loop of Algorithm 1 runs for at most |V | iterations, thus
leading to a total time complexity of O(|V |2 · |E|2 ·C), which is O(|V |3 · |E|3 · ℓ · log(wmax)).
This is polynomial in the size of the input when ℓ is given in unary. ◀

4.2 Sure-almost-sure satisfaction for BWMP
In this section, we present an algorithm to solve the sure-almost-sure satisfaction problem for
BWMP, the bounded window mean-payoff objective. Recall that a play π satisfies BWMP(α)
if there exists a window length ℓ ≥ 1 such that π satisfies FWMP(ℓ, α).

The algorithm is similar to Algorithm 1. To solve the sure-almost-sure satisfaction problem
for BWMP, we consider Algorithm 1 for the FWMP(ℓ) objective and replace every occurrence
of FWMP(ℓ) with BWMP. Thus, the algorithm for sure-almost-sure BWMP has the same
structure as that of Algorithm 1, i.e. it has subalgorithms for sure-DirBWMP(α)-almost-
sure-Büchi(T ) and sure-DirBWMP(α)-positive-Reach(T ) (analogous to sure-DirFWMP(ℓ, α)-
almost-sure-Büchi(T ) and sure-DirFWMP(ℓ, α)-positive-Reach(T ) respectively, obtained again
by replacing all occurrences of FWMP(ℓ) with BWMP). We state the analogous algorithms for
sure-almost-sure BWMP, sure-DirBWMP(α)-almost-sure-Büchi(T ), and sure-DirBWMP(α)-
positive-Reach(T ) (Algorithm 7, Algorithm 8, and Algorithm 9, respectively) in the appendix
for completeness. The proof of correctness for these algorithms also follows directly from the
proof of correctness of the algorithms for the FWMP(ℓ) objectives (Theorem 9, Theorem 11,
Theorem 17) by replacing FWMP(ℓ) with BWMP. We state in Lemma 20 and Lemma 21
results that relate the winning region for sure-DirBWMP(α) with the winning region for
sure-DirFWMP(ℓ′, α) where ℓ′ = |V | · (|V | · wmax + 1).

▶ Lemma 20. All vertices in M are winning for sure-DirBWMP(0) if and only if all vertices
in M are winning for sure-DirFWMP(ℓ′, 0), where ℓ′ = |V | · (|V | · wmax + 1).

Proof. We list some observations that are useful in the proof.

1. If a play π satisfies DirBWMP(0), then π also satisfies the total-payoff objective TP(0) in
M. This is because it happens infinitely often in π that all 0-windows are closed, and
each time all 0-windows are closed, it is the case that the total payoff is non-negative.
Thus, if a vertex v is winning for sure-DirBWMP(0) in M, then v is also winning for
sure-TP(0) in M.

2. We recall [11, Lemma 10] which states that if a vertex v is winning for sure-TP(0) in M
then v is winning for sure-GW(ℓ′, 0) in M for ℓ′ = |V | · (|V | · wmax + 1), that is, P⃝ can
ensure for all outcomes that the 0-window starting at the v closes in at most ℓ′ steps.

3. We recall from [11, Lemma 5] that if all vertices in M are winning for sure-GW(ℓ′, 0),
then all vertices in M are winning for sure-DirFWMP(ℓ′, 0) since each time a 0-window
closes, satisfaction of sure-GW(ℓ′, 0) ensures that the next 0-window gets closed in at
most ℓ′ steps.

4. If a vertex v is winning for sure-DirFWMP(ℓ′, 0) in M, then v is also winning for sure-
DirBWMP(0) inM, since ℓ′ is a witness window length for the satisfaction of DirBWMP(0).

Now, suppose all vertices in M are winning for sure-DirBWMP(0). Then, we have that all
vertices in M are winning for sure-TP(0) (Observation 1), which implies that all vertices in
M are winning for sure-GW(ℓ′, 0) (Observation 2), which implies that all vertices in M are
winning for sure-DirFWMP(ℓ′, 0) (Observation 3), which in turn implies that all vertices are
winning for sure-DirBWMP(0) (Observation 4). Thus, all four of the preceding statements are
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equivalent, and in particular, we have that all vertices inM are winning for sure-DirBWMP(0)
if and only if all vertices in M are winning for sure-DirFWMP(ℓ′, 0). ◀

Lemma 21 lets us use DirFWMP(ℓ′, α) as a drop-in replacement for DirBWMP(α) whenever
necessary.

▶ Lemma 21. For every vertex v in an MDPM, the vertex v is winning for sure-DirBWMP(α)
if and only if v is winning for sure-DirFWMP(ℓ′, α), where ℓ′ = |V | · (|V | · wmax + 1).

Proof. Let WB denote the winning region for sure-DirBWMP(α) inM, and let v be a vertex
in WB. Since DirBWMP(α) is an objective that is closed under suffixes, from Proposition 1
we have that WB induces a subMDP M[WB] of M.

Every vertex in M[WB] is winning for sure-DirBWMP(α). If we subtract α from the
payoff of every edge inM[WB], then we obtain an MDP (M[WB])−α in which every vertex is
winning for sure-DirBWMP(0). Using Lemma 20, we get that every vertex in (M[WB])−α is
winning for sure-DirFWMP(ℓ′, 0). Adding back α to every edge payoff in (M[WB])−α gives us
that every vertex inM[WB] is winning for sure-DirFWMP(ℓ′, α). SinceM[WB] is a subMDP
ofM, we get that every vertex in WB is also winning for sure-DirFWMP(ℓ′, α) in the original
MDP M.

For the converse direction, since DirFWMP(ℓ′, α) is also an objective that is closed under
suffixes, we can follow the same proof as above starting with the winning region WF for sure-
DirFWMP(ℓ′, α) inM to show that every vertex inM that is winning for sure-DirFWMP(ℓ′, α)
is also winning for sure-DirBWMP(α). ◀

▶ Lemma 22. For every vertex v in an MDP M, the vertex v is winning for sure-
DirBWMP(α)-positive-Reach(T ) if and only if v is winning for sure-DirFWMP(ℓ′, α)-positive-
Reach(T ) for ℓ′ = |V | · (|V | · wmax + 1).

Proof. We recall the proof of correctness of Algorithm 3 for window length ℓ′ = |V | ·
(|V | · wmax + 1), giving us an algorithm for sure-DirFWMP(ℓ′, α)-positive-Reach(T ). We can
use Lemma 21 in the proof of correctness of Algorithm 3 to replace every occurrence of
“winning for sure-DirFWMP(ℓ′, α)” with “winning for sure-DirBWMP(α)”. This gives that the
winning region for sure-DirBWMP(α)-positive-Reach(T ) coincides with the winning region
for sure-DirFWMP(ℓ′, α)-positive-Reach(T ). ◀

We can follow the process described in the proof of Lemma 22 for the proofs of correctness
of Algorithm 2 and Algorithm 1 to obtain Lemma 24 and Lemma 25 for sure-DirBWMP(α)-
almost-sure-Büchi(T ) and sure-BWMP(α)-almost-sure-BWMP(β) respectively. In order to
show the correctness of the algorithm for sure-DirBWMP(α)-almost-sure-Büchi(T ), we need
to prove an analogous variant of Lemma 10 for BWMP, which we do in Lemma 23.

▶ Lemma 23. For every vertex v in an MDPM, if P⃝ has a strategy to reach a target T ⊆ V

from v with positive probability while simultaneously satisfying sure-DirBWMP(α), then P⃝
also has a strategy to reach T from v with positive probability in at most |V |2 · (|V | · |wmax|+1)
steps while simultaneously satisfying sure-DirBWMP(α).

Proof. From Lemma 21, we have that P⃝ can ensure that there exists a window length ℓ

such that all α-windows in every outcome of the MDP close in at most ℓ steps, then there
exists a window length ℓ′ = |V | · (|V | · wmax + 1) such that P⃝ has a strategy such that all
α-windows close in at most ℓ′ steps in every outcome of the MDP. Then, we use Lemma 10
with window length ℓ′ to get the desired result. ◀
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Figure 9 There exist memoryless winning strategies for sure-BWMP(0) and for almost-sure-
BWMP(5) from all vertices in the MDP, but memory of size at least 30 is required for a strategy
that is winning for sure-BWMP(0)-almost-sure-BWMP(5) from v2.

▶ Lemma 24. For every vertex v in an MDP M, the vertex v is winning for sure-
DirBWMP(α)-almost-sure-Büchi(T ) if and only if v is winning for sure-DirFWMP(ℓ′, α)-
almost-sure-Büchi(T ) for ℓ′ = |V | · (|V | · wmax + 1).

▶ Lemma 25. For every vertex v in an MDPM, the vertex v is winning for sure-BWMP(α)-
almost-sure-BWMP(β) if and only if v is winning for sure-DirFWMP(ℓ′, α)-almost-sure-
DirFWMP(ℓ′, α) for ℓ′ = |V | · (|V | · wmax + 1).

Memory requirement and complexity for sure-almost-sure BWMP

We conclude this section by discussing bounds on the memory requirement and the complexity
for the sure-almost-sure satisfaction of BWMP objectives.

Memory requirement: lower bound. It is known that memoryless strategies suffice for
satisfying sure-BWMP(α) [11, Theorem 19] and for satisfying almost-sure-BWMP(α) [8,
Theorem 6.2(b)]. In Example 26, we show that memory of size at least Ω(|V | ·wmax) may be
necessary for the sure-almost-sure satisfaction of BWMP.

▶ Example 26. Consider the MDP in Figure 9. Starting from vertex v1, a memoryless
strategy that always chooses the self-loop on vertex a satisfies sure-BWMP(0) while a
memoryless strategy that always chooses vertex b from a satisfies almost-sure-BWMP(5).
However, neither of these strategies are winning for sure-BWMP(0)-almost-sure-BWMP(5).

In order to satisfy almost-sure-BWMP(5) from v1, the token needs to repeatedly reach
vertex b until it reaches vertex c. However, each time the token moves from b to v1, the
token has to go through the edges (b, v1), (v1, a), and (a, b) before it can reach b again. This
accrues a payoff of −30 and is thus an open 0-window. In order to also ensure satisfaction of
sure-BWMP(0), player P⃝ needs to eventually always be closing 0-windows. If the token
takes the self-loop on a fewer than 30 times each time it reaches a before moving on to b,
then this results in an outcome that contains infinitely many open 0-windows that never
close. On the other hand, if each time the token reaches a the token takes the self-loop on a

at least 30 times before forwarding the token to b, then as long as the token does not reach c

all 0-windows get closed in at most 33 steps, and once the token reaches c, all 5-windows
get closed in 1 step. We see that this memoryful strategy which uses a counter of size 30 is
winning for sure-BWMP(0)-almost-sure-BWMP(5).

This example can be generalized to an MDP Mn with n + 3 vertices {vn, vn−1, . . .,
v1, a, b, c} and edges (vi, vi−1) for 2 ≤ i ≤ n, (v1, a), (a, b), (b, vn), and (b, c) each with payoff
−10 = −wmax, a self-loop on a with payoff 1, and a self-loop on c with payoff 5. A winning
strategy for sure-BWMP(0)-almost-sure-BWMP(5) from vn in Mn requires memory of size
at least (n + 2) · wmax, which is Ω(|V | · wmax). ⌟
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Algorithm 4 SureLimitSureFWMP(M, ℓ, α, β)

In: An MDPM = ((V, E), (V⃝, V♢),P, w), window length ℓ, sure threshold α, and limit-sure
threshold β

Out: The winning region for sure-FWMP(ℓ, α)-limit-sure-FWMP(ℓ, β) in M
1: WSα ← SureFWMP(M, ℓ, α)
2: WASβ ← AlmostSureFWMP(M[WSα], ℓ, β)
3: return WASβ

Memory requirement: upper bound. By Lemma 25, if there exists a winning strategy σB
from a vertex v for sure-almost-sure BWMP, then there also exists a winning strategy σF from
v for sure-almost-sure FWMP(ℓ′) for ℓ′ = |V | · (|V | · wmax + 1), and moreover, this strategy
σF is also winning strategy for sure-almost-sure BWMP from v. From Theorem 9, we have
that the memory of size |V | · ℓ′ (which is O(|V |3 · |wmax|)) is sufficient for sure-almost-sure
FWMP(ℓ′) and thus is also sufficient for sure-almost-sure BWMP.

Complexity. From [11, Theorem 19], we have that satisfaction of sure-BWMP(α) and of
sure-DirBWMP(α) are both in NP ∩ coNP. Similar to the case of the sure-almost-sure
satisfaction of FWMP(ℓ), the algorithm for the sure-almost-sure satisfaction of BWMP makes
a polynomial number of calls to algorithms for satisfaction of sure-BWMP(α), sure-BWMP(β),
and sure-DirBWMP(α). Thus, we have that sure-almost-sure satisfaction of BWMP is in
PTIMENP∩coNP, which is the same as NP ∩ coNP.

▶ Theorem 27. The sure-almost-sure problem for the BWMP objective is in NP ∩ coNP.
The memory required is at least Ω(|V | · wmax) and at most O(|V |3 · |wmax|).

5 Sure-limit-sure for FWMP and BWMP

In this section, we see an algorithm to solve the sure-limit-sure satisfaction of FWMP(ℓ)
and BWMP objectives. Algorithm 4 (SureLimitSureFWMP) returns the set of all vertices v

that are winning for sure-FWMP(ℓ, α)-limit-sure-FWMP(ℓ, β) in an MDP M. An analogous
algorithm to compute the winning region for sure-limit-sure satisfaction of BWMP objectives
is given in the appendix. It is obtained by simply replacing SureFWMP and AlmostSureFWMP
with SureBWMP and AlmostSureBWMP respectively.

Description of Algorithm 4. We first compute the set WSα of vertices that are winning
for sure-FWMP(ℓ, α) in M using [11, Algorithm 1]. Then, in the subMDP M[WSα] induced
by WSα, we compute using [8, Algorithm 1] the set WASβ of vertices that are winning for
almost-sure-FWMP(ℓ, β), and we return this set WASβ . We briefly describe [8, Algorithm 1]:
it first computes the set WSβ of all vertices inM[WSα] that are winning for sure-FWMP(ℓ, β)
in M[WSα] (once again using [11, Algorithm 1]). Then, the algorithm performs the MEC
decomposition of M[WSα], and labels all the MECs that have a non-empty intersection with
WSβ as good MECs. The algorithm finally returns all vertices in M[WSα] from which P⃝
can reach the set of good MECs with probability 1.

Correctness of Algorithm 4. It is useful to note that since FWMP(ℓ, β) is prefix-independent,
from Proposition 2, the set WASβ that is the winning region for almost-sure-FWMP(ℓ, β) in
M induces a subMDP of M. Thus, if the token reaches WASβ , then P⃝ has a strategy that
keeps the token in WASβ . We also recall that we have α < β.
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▶ Theorem 28. Algorithm 4 computes the winning region for sure-FWMP(ℓ, α)-limit-sure-
FWMP(ℓ, β) in M.

Proof. (⇒) We show that if a vertex v belongs to the set WASβ returned by Algorithm 4,
then v is winning for sure-FWMP(ℓ, α)-limit-sure-FWMP(ℓ, β) in M. That is, we show that
for all ε > 0, player P⃝ has a strategy σε from v that satisfies both sure-FWMP(ℓ, α) and
probability(1− ε)-FWMP(ℓ, β).

Recall that the set WASβ is the winning region for almost-sure-FWMP(ℓ, β) in M[WSα].
Before we describe σε, we describe a strategy σAS that is winning for almost-sure-FWMP(ℓ, β)
in M[WSα] from all vertices in WASβ . We recall the following from [8, Lemma 6.1]: if the
winning region for almost-sure-FWMP(ℓ, β) in an MDP is non-empty, then the winning region
for sure-FWMP(ℓ, β) in the MDP is also non-empty. Since we started with WASβ non-empty,
the winning region for sure-FWMP(ℓ, β) in M[WSα] is also non-empty (we call this region
WSβ). Moreover, the set WASβ is precisely the set of all vertices in M[WSα] from where P⃝
has a strategy to reach WSβ with probability 1. The strategy σAS is defined as follows: if
the token is in WASβ \WSβ , then follow an almost-sure attractor strategy to WSβ , and if the
token is in WSβ , then follow a winning strategy for sure-FWMP(ℓ, β) in M[WSβ ].

If P⃝ follows this strategy σAS, then with probability 1, the token eventually reaches
WSβ and stays there forever, and eventually all β-windows close in at most ℓ steps. Thus,
this strategy is winning for almost-sure-FWMP(ℓ, β), and since α < β, we have that this
strategy is also winning for almost-sure-FWMP(ℓ, α). However, this strategy may not be
winning for sure-FWMP(ℓ, α) as there may exist an outcome of σAS where the token gets
stuck in WASβ \WSβ forever and infinitely many open α-windows of length ℓ occur in the
outcome. We modify the strategy σAS to construct a strategy σε that is winning for both
sure-FWMP(ℓ, α) and probability(1− ε)-FWMP(ℓ, β).

Let N be a sufficiently large integer that depends on |WASβ | (the number of vertices
in WASβ), Pmin (the minimum edge probability in WASβ), and ε. The strategy σε is as
follows: for the first N steps of the play, the strategy σε follows σAS, that is, if the token is in
WASβ \WSβ , then σε follows an almost-sure-attractor strategy to WSβ , and if the token is in
WSβ , then σε follows a winning strategy for sure-FWMP(ℓ, β) in M[WSβ ]. After N steps of
the play have elapsed, if the token is in WSβ , then σε continues to follow the winning strategy
for sure-FWMP(ℓ, β) in the M[WSβ ] for the rest of the play, and otherwise the token is in
WASβ \WSβ , in which case σε switches to a strategy that is winning for sure-FWMP(ℓ, α) in
M[WSα]. Such a winning strategy exists from every vertex in WSα, and thus such a winning
strategy also exists from all vertices in WASβ \WSβ .

If a large enough N is chosen, then with probability at least 1− ε, the token reaches WSβ

in the first N steps following which satisfaction of FWMP(ℓ, β) is guaranteed, and even if the
token does not reach WSβ , all outcomes of this strategy satisfy FWMP(ℓ, α). Thus, we have
that this strategy σε is winning for sure-FWMP(ℓ, α) and probability(1 − ε)-FWMP(ℓ, β).
Since we can construct such a strategy σε for every ε > 0, we have that v is winning for
sure-FWMP(ℓ, α)-limit-sure-FWMP(ℓ, β) in M.

(⇐) We show that if v does not belong to the set WASβ returned by Algorithm 4, then v

is not winning for sure-FWMP(ℓ, α)-limit-sure-FWMP(ℓ, β) in M. If v ̸∈WASβ , then exactly
one of the following hold: either v ∈ V \WSα or v ∈WSα \WASβ .

Suppose v ∈ V \WSα. Then, the vertex v is not winning for sure-FWMP(ℓ, α) in M, and
hence it is also not winning for sure-FWMP(ℓ, α)-limit-sure-FWMP(ℓ, β) in M.
Suppose v ∈WSα \WASβ . Starting from v, if P⃝ ever moves the token out of WSα into
V \WSα, then P⃝ cannot ensure satisfaction of sure-FWMP(ℓ, α). On the other hand, if
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Figure 10 The self-loop on u1 has payoff α and the self-loop on edge um+1 has payoff β. Every
other edge has payoff α − 1.

P⃝ never moves the token out of WSα, then since v is not in the winning region WASβ for
almost-sure-FWMP(ℓ, β) in M[WSα], there exists some 0 < ε′ ≤ 1 such that P⃝ cannot
satisfy probability(1− ε′)-FWMP(ℓ, β) from v. For all ε < ε′, player P⃝ does not have
a strategy to keep the token in WSα and also satisfy probability(1− ε)-FWMP(ℓ, β), in
which case the limit-sure-FWMP(ℓ, β) is not satisfied from v. Thus, we have that v is not
winning for sure-FWMP(ℓ, α)-limit-sure-FWMP(ℓ, β) in M.

This shows the correctness of Algorithm 4, and also shows how to construct strategies for the
satisfaction of sure-FWMP(ℓ, α)-limit-sure-FWMP(ℓ, β) for P⃝ from vertices in WASβ . ◀

In the rest of this section, we discuss the memory requirement and complexity for the
sure-limit-sure satisfaction problems for the FWMP(ℓ) and BWMP objectives.

Memory requirement. We consider a winning strategy σε of P⃝ for sure-FWMP(ℓ, α)-
probability(1 − ε)-FWMP(ℓ, β) as described in the proof of Theorem 28. The strategy σε

is defined in two phases: in the first phase it follows a memoryless almost-sure attractor
strategy to WSβ until either the token reaches WSβ or N steps of the play elapse (whichever
occurs first), after which the second phase begins where σε follows a winning strategy for
either sure-FWMP(ℓ, β) or sure-FWMP(ℓ, α) (depending on whether the token is in WSβ or
WASβ \WSβ respectively at the end of the first phase). A counter of size N can count the
length of the first phase of the strategy, and memory of size ℓ is sufficient for a winning
strategy for sure-FWMP(ℓ, β) or sure-FWMP(ℓ, α) [18, Theorem 4.4] in the second phase.
Thus, we get an upper bound of N + ℓ on the memory requirement of σε.

We show lower and upper bounds for N , respectively Ω
(

1−ε
(Pmin)|V |

)
and O

(
|V |·log(1/ε)

(Pmin)|V |

)
for the minimum number of steps that the almost-sure attractor strategy to WSβ must be
followed for in order to ensure that WSβ is reached with probability at least 1− ε. We show
the bounds for a family of conservative MDPs, i.e., given |V | and Pmin, the family consists
of the MDP in which the probability xN of reaching WSβ from the initial vertex in at most
N visits to probabilistic vertices is the minimum amongst all MDPs with |V | vertices and
minimum probability Pmin. If the bounds hold for this family of MDPs, then they hold for
all MDPs. An MDP Mm,p of this family is shown in Figure 10 with |V | = 2m + 1 vertices
and Pmin = p. The MDP Mm,p consists of vertices u1, u2, . . . , um+1 belonging to P⃝ and
vertices v1, v2, . . . , vm that are probabilistic. For all 1 ≤ i ≤ m, we have that vertex ui has
an out-neighbour of vi, and vertex vi has out-neighbours u1 and ui+1 with probabilities 1− p

and p respectively. Vertices u1 and um+1 have self-loops with payoffs α and β respectively.
All other edges in Mm,p have payoff α− 1.

For all ℓ ≥ 1, the set WSβ consists of only um+1. In order to reach um+1 starting from u1,
the “right” edge (vi, vi+1) must be seen at m consecutive visits to the probabilistic vertices
v1, v2, . . . , vm. If at any probabilistic vertex along the way the token moves to u1, then the
token loses all progress towards reaching um+1 and has to start over again. We want to find
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bounds on the number of times N the MDP Mm,p visits probabilistic vertices for to ensure
that um+1 is reached with probability at least 1− ε. Formally, we would like to find N in
terms of |V |, Pmin, and ε such that xN ≥ 1− ε holds. It can be seen that the probability xN

of reaching um+1 starting from u1 in Mm,p after visiting probabilistic vertices at most N

times is equal to the following: given a coin that lands heads with probability p and tails
with probability 1− p, the probability that a sequence of N tosses of this coin contains a
streak of at least m consecutive heads. We can compute xN using the recurrence relation

xN = pm +
m∑

i=1
pi−1 · (1− p) · xN−i

= pm + (1− p) · xN−1 + p · (1− p) · xN−2 + · · ·+ pm−1 · (1− p) · xN−m

for N ≥ m, and with initial values x0 = x1 = · · · = xm−1 = 0. Intuitively, a sequence of
N coin tosses that contains a streak of m heads either does not contains a tail in the first
m tosses (which happens with probability pm), or the first tail appears at the ith position
(this happens with probability pi−1 · (1− p), following which there is a streak of m heads in
the remaining N − i tosses with probability xN−i) for 1 ≤ i ≤ m. This recurrence relation,
however, does not have a nice closed form, so we find approximate lower and upper bounds
for N such that xN ≥ 1− ε.

Upper bound: We divide the sequence of N coin tosses into blocks of length m each (we
assume that m divides N). We define q to be probability that at least one of the N/m

blocks consists of all heads. If one of the blocks is all heads, then this is a witness for
the streak of at least m consecutive heads in the sequence of N coin tosses, and thus, we
have that xN ≥ q. For each block, the probability that the block contains at least one
tail is (1− pm), independent of the other blocks. The probability q that at least one of
the blocks is all heads is 1− (1− pm)N/m. We get that xN ≥ 1− (1− pm)N/m. Further,
if 1− (1− pm)N/m ≥ 1− ε, then we have the following:

1− (1− pm)N/m ≥ 1− ε

⇐⇒ (1− pm)N/m ≤ ε

⇐⇒ 1
(1− pm)N/m

≥ 1
ε

⇐⇒ N

m
log(1/(1− pm)) ≥ log(1/ε)

⇐⇒ N ≥ m · log(1/ε)
log(1/(1− pm))

Moreover, for values of p not close to 1 (say 0 < p ≤ 0.5), we have that 1
log(1/(1−pm)) is

closely bounded above by 2.4
pm . Thus, if N ≥ 2.4·m·log(1/ε)

pm , then N ≥ m·log(1/ε)
log(1/(1−pm)) , which

in turn implies 1 − (1 − pm)N/m ≥ 1 − ε, and the desired inequality xN ≥ 1 − ε holds
since xN ≥ 1− (1− pm)N/m. Since m = |V |−1

2 and p = Pmin for Mm,p, we have that for
all MDPs with |V | vertices and minimum probability Pmin, choosing a value of N that
is at least O

(
|V |·log(1/ε)

(Pmin)|V |

)
is sufficient to ensure that WSβ is reached with probability at

least 1− ε after N visits to probabilistic vertices, and this gives us an upper bound for N .
Lower bound: If there is a streak of at least m consecutive heads in the sequence of N coin
tosses, then the streak must begin at the ith coin toss for some 1 ≤ i ≤ N−m+1. Moreover,
the probability of starting a streak of m heads at the ith coin toss is pm, independent of
i. Using the union bound, we get that xN is bounded above by (N −m + 1) · pm, which
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is bounded above by N · pm. That is, we have N · pm ≥ xN . Thus, in order to satisfy
xN ≥ 1 − ε, it is necessary that N · pm ≥ 1 − ε holds, that is N ≥ 1−ε

pm . Substituting

m = |V |−1
2 and p = Pmin gives us a lower bound Ω

(
1−ε

(Pmin)|V |

)
for N .

Complexity of SLS-FWMP(ℓ). Since sure satisfaction and almost-sure satisfaction of the
FWMP(ℓ) objectives can both be checked in polynomial time [8,11], we have that Algorithm 4
runs in polynomial time, and we have the following result.

▶ Theorem 29. Sure-limit-sure satisfaction of FWMP(ℓ) objectives is in PTIME. The
memory required is at least Ω

(
1−ε

(Pmin)|V | + ℓ
)

and at most O
(

|V |·log(1/ε)
(Pmin)|V | + ℓ

)
.

Complexity of SLS-BWMP. Since sure satisfaction and almost-sure satisfaction of the
BWMP objectives are in NP ∩ coNP [8, 11], and the algorithm for sure-limit-sure satisfaction
for BWMP makes a polynomial number of calls to algorithms for sure satisfaction and almost-
sure satisfaction of BWMP objectives, we have that sure-limit-sure satisfaction of BWMP
objectives is in PTIMENP∩coNP, which is the same as NP ∩ coNP. Moreover, an ε-optimal
strategy for the sure-limit-sure satisfaction of BWMP objectives follows a similar two-phase
structure as that of sure-limit-sure satisfaction of FWMP(ℓ) objectives. The first phase
requires a counter of size N (with the same bounds as before), and memoryless strategies
exist for the satisfaction of sure-BWMP(α) or sure-BWMP(β) [11, Theorem 19] in the second
phase. Thus, we have that memory of size N + 1 suffices for an ε-optimal strategy.

▶ Theorem 30. Sure-limit-sure satisfaction of BWMP objectives is in NP ∩ coNP. The
memory required is at least Ω

(
1−ε

(Pmin)|V |

)
and at most O

(
|V |·log(1/ε)

(Pmin)|V |

)
.

6 Discussion

In the context of reactive synthesis, beyond worst-case synthesis has received considerable
attention since the last decade. In this paper, we continued this study for window mean-payoff
objectives which strengthen the classical mean-payoff objective by removing the drawback
that there may exist arbitrarily long windows with suboptimal mean payoff. Our algorithms
use techniques that are significantly different from existing studies on beyond worst-case
synthesis and our results are positive in the sense that the complexities of solving these
problems are no more than that of solving the corresponding sure satisfaction problem and
the almost-sure satisfaction problem separately.

As future work, some interesting problems to study include the combination of satisfying
a window mean payoff α surely (resp. almost surely) and a window mean payoff β with some
threshold probability p, or a combination of sure, almost sure, and threshold probability
satisfaction, or even a combination of satisfaction with different threshold probabilities, that
is, α1 with probability p1 and α2 with probability p2. It would also be interesting to see if
some of these techniques can be used for the study of other finitary objectives like finitary
parity or Streett conditions. Finally, various combinations of sure, almost-sure, and threshold
probability satisfaction can also be studied for classical parity (some of which exist in [5]
and [3]) and classical mean-payoff objectives.
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A Appendix: Additional algorithms and results

Algorithm 5 SureAttr(M, T )

In: An MDP M = ((V, E), (V⃝, V♢),P, w) and a target set T ⊆ V

Out: SureAttr(T ), the sure-attractor of T

1: X ← T

2: for all v ∈ V⃝ do
3: if N+(v) ∩ T ̸= ∅ then ▷ at least one out-neighbour in T

4: X ← X ∪ {v}
5: for all v ∈ V♢ do
6: if N+(v) ⊆ T then ▷ all out-neighbours in T

7: X ← X ∪ {v}
8: if X \ T = ∅ then
9: return T

10: else
11: return SureAttr(M, X)

Algorithm 6 SureSafe(M, T )

In: An MDP M = ((V, E), (V⃝, V♢),P, w) and a safe set T ⊆ V

Out: The winning region for sure-Safe(T ) in M
1: X ← ∅
2: for all v ∈ V♢ do
3: if N+(v) ∩ (V \ T ) ̸= ∅ then ▷ at least one out-neighbour in V \ T

4: X ← X ∪ {v}
5: for all v ∈ V⃝ do
6: if N+(v) ⊆ V \ T then ▷ all out-neighbours in V \ T

7: X ← X ∪ {v}
8: if X = ∅ then
9: return T

10: else
11: return SureSafe(M, T \X)

▶ Theorem 31. Algorithm 7 computes the winning region for sure-BWMP(α)-almost-sure-
BWMP(β) in M.

▶ Theorem 32. Algorithm 8 computes the winning region for sure-DirBWMP(α)-almost-
sure-Büchi(T ).

▶ Theorem 33. Algorithm 9 computes the winning region for sure-DirBWMP(α)-positive-
Reach(T ) in M.
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Algorithm 7 SureAlmostSureBWMP(M, α, β)

In: An MDP M = ((V, E), (V⃝, V♢),P, w), sure threshold α, and almost-sure threshold β

Out: The winning region for sure-BWMP(α)-almost-sure-BWMP(β) in M
1: WSα ← SureBWMP(M, α)
2: WSβ ← SureBWMP(M[WSα], β)
3: W ←WSβ

4: repeat
5: P ← X<1

>0(M[WSα], W )
6: Wsdab ← SureDirBWMPASBüchi(M⌈WSα \W ⌉, α, P )
7: W ←W ∪Wsdab
8: W ← SureAttr(M[WSα], W )
9: until Wsdab = ∅

10: return W

Algorithm 8 SureDirBWMPASBüchi(M, α, T )

In: An MDP M = ((V, E), (V⃝, V♢),P, w), threshold α, and target set T

Out: The winning region for sure-DirBWMP(α)-almost-sure-Büchi(T ) in M
1: Wsdpr ← SureDirFWMPPosReach(M, α, T )
2: if V = Wsdpr then
3: return V

4: else
5: S ← SureSafe(M, Wsdpr)
6: return SureDirBWMPASBüchi(M[S], α, T ∩ S)
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Algorithm 9 SureDirBWMPPosReach(M, α, T )

In: An MDP M = ((V, E), (V⃝, V♢),P, w), threshold α, and target set T

Out: The winning region for sure-DirBWMP(α)-positive-Reach(T ) in M
1: WSDα ← SureDirBWMP(M, α)
2: M←M[WSDα], T ← T ∩WSDα

3: R← T, Eg, Eb ← ∅
4: while {e = (s, t) ∈ E | s ∈ V \ T, t ∈ R, and e ∈ E \ (Eg ∪ Eb)} ̸= ∅ do
5: if IsGoodEdge(e, Eg) then
6: Eg ← Eg ∪ {e}, R← R ∪ {s}, Eb ← ∅
7: else
8: Eb ← Eb ∪ {e}
9: return R

10: procedure IsGoodEdge(e = (s, t), Eg)
11: Construct MDP M′

e in the following way:
12: V ← the set of vertices in M
13: R̃← {ṽ | v ∈ R}
14: The set of vertices of M′

e is V ∪ R̃ ∪ {ŝ}.
The kind of each vertex is preserved from M.

15: E ← the set of edges in M
16: Ẽg ← {(ũ, ṽ) | u, v ∈ R, (u, v) ∈ Eg)}
17: Ẽ♢ ← {(ũ, v) | u ∈ (R \ T ) ∩ V♢, v ∈ V, (u, v) ∈ E \ Eg)}
18: Ê♢ ← if s ∈ V⃝ then ∅ else {(ŝ, v) | (s, v) ∈ E and v ̸= t}
19: The set of edges of M′

e is E ∪ Ẽg ∪ Ẽ♢ ∪ {(ŝ, t̃)} ∪ Ê♢.
The probability and payoff of each edge is preserved from M.

20: Me ← For all v ∈ T , identify ṽ with v in M′
e

21: return true iff ŝ is winning for sure-DirBWMP(α) in Me

Algorithm 10 SureLimitSureBWMP(M, α, β)

In: An MDP M = ((V, E), (V⃝, V♢),P, w), sure threshold α, and limit-sure threshold β

Out: The winning region for sure-BWMP(α)-limit-sure-BWMP(β) in M
1: WSα ← SureBWMP(M, α)
2: WASβ ← AlmostSureBWMP(M[WSα], β)
3: return WASβ
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