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Self-organized photonic time quasicrystal from a single imposed clock
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A photonic time crystal usually writes a clock into a medium. Here one clock does more than
program the medium: it seeds a quasiperiodic temporal order that the nonlinear medium selects for
itself. In a guided-wave lattice of nonlinear dipoles, a single-tone pump modulates the polarization
sector, while Maxwell-polarization back-action selects two response frequencies whose only resolved
low-order relation is the pump-locked sum condition. Their sum phase locks to the pump and the
complementary phase winds, producing a photonic discrete time quasicrystal with torus-like phase
dynamics and a discrete combination spectrum. Site-resolved measurements show locked-phase
coherence across the measured lattice sites over a finite control-parameter window. These results
establish a route from externally programmed time-varying media to self-organized temporal order

in nonlinear photonic systems.

A photonic time crystal writes a clock into a medium.
In nearly all realizations, that clock is imposed from out-
side: a time-periodic constitutive response couples Flo-
quet harmonics separated by the modulation frequency,
hybridizing frequencies while preserving momentum in
spatially uniform media. This Maxwell-Floquet coupling
opens momentum gaps [IH5]; it also enables parametric
amplification, frequency conversion, and modified emis-
sion and absorption pathways [6HI3]. Yet this success has
defined a boundary: the temporal structure is prescribed
and remains effectively independent of the electromag-
netic state that evolves within it [2] [I4, [I5]. Microwave,
metasurface, and parametric implementations likewise
realize programmed temporal media rather than field-
selected temporal order [16],17]. The medium is therefore
programmed to oscillate, but it does not choose its own
temporal order. Once the driven polarization coordinate
back-acts on the electromagnetic field, this separation be-
tween clock and response is no longer closed. In a non-
linear Maxwell-polarization medium, the imposed clock
fixes only the external discrete time-translation symme-
try; the long-time state can select additional phases that
are not specified by the modulation waveform.

Time crystals distinguish a response that is merely
driven from one that is dynamically selected. In pe-
riodically driven many-body systems, discrete time-
translation symmetry can be broken so that long-time
observables recur with period ¢T', rather than with the
drive period T, with integer ¢ > 1 [I823]. This prin-
ciple has been observed in quantum platforms [24H26],
with related dissipative subharmonic order explored in
optical resonators [27]. Its defining signature is rigidity,
not frequency division alone: the response persists over
a finite parameter range against perturbations that pre-
serve the drive periodicity [28H30]. Photonics also offers a
continuous-time counterpart, in which time-independent
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coherent illumination drives plasmonic metamaterials
into persistent, spatially ordered oscillations, including
continuous space—time crystal states driven by nonre-
ciprocal optical forces [31 [32]. Together, these devel-
opments establish self-organized temporal order as a ro-
bust nonequilibrium phenomenon. The Floquet-photonic
challenge is sharper: can one imposed modulation period
generate an additional temporal phase degree of freedom
through the internal dynamics of a light—matter medium?
Quasiperiodicity is the stringent test of this self-
selection mechanism. A second imposed tone would triv-
ially provide a second frequency; here, no such tone is
supplied. Instead, a medium driven by one clock must
generate an additional internal phase degree of freedom.
Experimentally, this appears as two response frequen-
cies whose only resolved low-order relation with the drive
is the pump-locked sum condition. The relevant finite-
experiment distinction is therefore not a mathematical
proof of irrationality from a finite record, but the exclu-
sion of low-order rational closure that would reduce the
response to a long-period limit cycle. Spatial quasicrys-
tals established that long-range order need not rely on a
primitive lattice period [33, [34], and recent work has ex-
tended this principle to time-quasicrystalline phases [35-
41]. In a Floquet photonic medium, the corresponding
state is neither a conventional subharmonic limit cycle
nor a waveform programmed by quasiperiodic forcing.
It is a two-frequency temporal order in which a pump-
locked sum phase remains rigid while a complementary
phase winds, producing an invariant circle in the strobo-
scopic section, or equivalently a torus in the dynamical
description, rather than a closed finite-period orbit.
Here we demonstrate this photonic counterpart in a
microwave guided-wave lattice of varactor-loaded non-
linear LC resonators. The microwave implementation
is not a lumped-oscillator analogue of a photonic effect,
but a field-resolved Maxwell-polarization medium: the
varactor-loaded resonators provide pumped nonlinear po-
larization coordinates, while the guided electromagnetic
mode hybridizes with them and mediates coupling across
the array. This field-resolved access lets us resolve the in-
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Single-clock mechanism for self-organized temporal order in a Maxwell-polarization lattice. (a) A guided electromag-

netic mode hybridizes with a Lorentz-type nonlinear polarization resonance. Nearest-neighbour polarization coupling, periodic
stiffness modulation at angular frequency 2, and onsite Duffing nonlinearity define a driven lattice whose long-time dynamics
can stabilize either subharmonic or quasiperiodic temporal order. (b—d) DTC sector. A selected carrier from one hybrid band

satisfies the degenerate parametric resonance condition €2 ~

2wq, yielding a period-doubled limit cycle, a two-point section,

and a dominant subharmonic spectral peak. (e—g) DTQC sector. Two selected carriers, drawn from the lower and upper
hybrid bands, satisfy the nondegenerate sum-resonance condition €2 ~ w, +wp. The pump locks their slow sum phase while the
complementary phase winds, so the local attractor is an invariant torus rather than a limit cycle. The corresponding spectrum
contains two self-selected fundamental response frequencies under a single imposed modulation.

gredient usually hidden in optical time-varying media—
the self-consistent back-action between the electromag-
netic field and the driven polarization sector. We iden-
tify the resulting spatially correlated two-frequency re-
sponse as a photonic discrete time quasicrystal (DTQC):
a quasiperiodic Floquet state selected by the medium
rather than programmed into the drive.

We use the term photonic DTQC operationally. The
drive contains a single imposed period T' = 27 /); the
steady state contains two internally selected spectral fun-
damentals; their sum phase remains locked to the pump;
the complementary phase winds rather than locking to
a finite-period orbit; and the locked phase is coherent
across the measured lattice sites over a finite parameter
window. In a finite experiment, quasiperiodicity is estab-
lished by ruling out low-order rational closure within the

spectral resolution and observation time. The time de-
pendence enters through the polarization sector, rather
than through a prescribed e(t) inserted into Maxwell’s
equations, revealing a route from one imposed clock to
self-organized quasiperiodic temporal order through non-
linear Maxwell-polarization back-action.

To make the mechanism explicit, we start from a con-
tinuum Maxwell-Lorentz description of a guided-wave
medium with a resonant nonlinear polarization coordi-
nate P(z,t). The electromagnetic field is closed by

0.E=—pdH,  0.H=—-0(sE+P), (1)

and the polarization sector obeys
P+yP+Q2(t)P+ BP3 —v3d?’P=xE. (2

Here  is the polarization damping rate, 5 the local Duff-



ing nonlinearity, vp the polarization-coupling velocity,
and x the field—polarization coupling. The pump modu-
lates the polarization stiffness,

Q3(t) = wi[l + & cos(Q)], (3)
so the imposed periodicity enters through an internal ma-
terial degree of freedom rather than through a prescribed
e(t) inserted directly into Maxwell’s equations. Here ¢
denotes the effective stiffness-modulation depth of the
Maxwell-polarization model; its relation to the circuit-
level resonator-capacitance modulation is given in Sup-
plementary Section S2.

Equations and are the Maxwell-Lorentz form
of a resonant dispersive photonic medium with a pumped
nonlinear polarization coordinate. In optical and po-
laritonic platforms, P may represent an electronic, ex-
citonic, phononic or polaritonic polarization coordinate,
while Qg (t) or the corresponding oscillator strength can
be tuned by optical or electrical pumping [4, [13] [42].
The cubic term is a Duffing nonlinearity of this po-
larization oscillator; after projection onto the hybrid
Maxwell-polarization branches it produces Kerr-like self-
and cross-nonlinearities, but the underlying response is
resonant and dynamical rather than an instantaneous
Kerr constitutive law. In the experimental microwave
resonator array, n = 1,..., N labels the unit cell, and
the continuum coupling term is implemented by nearest-
neighbour polarization coupling, —v%9?P — g(2P, —
Pot1 — Py_1), with g ~ v%/d? for unit-cell spacing d.
Thus the array should be viewed as a discrete realization
of the continuum Maxwell-polarization medium, rather
than as a separate lumped-oscillator model; the explicit
Langevin convention used to model injected noise is spec-
ified in Supplementary Section S1.

Experimentally, this medium is implemented as a one-
dimensional guided-wave array of N = 12 varactor-
loaded split-ring LC resonators (Supplementary Sec-
tion S4 and Supplementary Fig. [S4.1). A dc bias sets
the varactor operating point, and a common single-tone
radio-frequency pump modulates the resonator capaci-
tance, thereby modulating the effective polarization stiff-
ness. The DTC and DTQC sectors are accessed at mod-
ulation frequencies fioq = 2.98 GHz and 2.47 GHz, re-
spectively. Site-resolved voltages are recorded from se-
lected unit cells, while calibrated broadband noise is in-
jected from one end of the waveguide to tune Sypise. This
microwave implementation therefore provides direct ac-
cess to the field and polarization dynamics that are usu-
ally hidden in optical time-varying media.

Figure (a) summarizes the physical ingredients of
the platform: a Lorentz-type polarization resonance hy-
bridized with a guided electromagnetic mode, nearest-
neighbour polarization coupling, periodic modulation of
the polarization stiffness, and local Duffing nonlinearity.
In the unmodulated linear limit, the Maxwell-Lorentz
problem supports two polariton-like hybrid bands, de-
noted by the lower and upper branches wy, (k) and wy (k)
(Supplementary Section S1). Periodic stiffness modula-

tion then selects near-resonant carrier frequencies from
these bands. In a degenerate channel, a selected carrier
satisfies 2 ~ 2w,, producing a local period-doubled re-
sponse (Fig. bfd)) In a nondegenerate channel, two
selected carriers, w, ~ wr (ko) and w, ~ wy(ky), with
ko denoting the resonant momentum window, satisfy the
sum-resonance condition 2 ~ w, + wy, so that the pump
couples their slow sum phase (Fig. efg)). The former
gives the local DTC channel; the latter gives the local
DTQC channel. Electromagnetic coupling along the ar-
ray then promotes these local phase-locking mechanisms
into spatially correlated temporal order.

A branch-resolved normal form makes the two lock-
ing channels explicit. We project the driven Maxwell—
polarization dynamics onto the selected near-resonant
carrier sectors and retain the slow action-angle variables
Ja,n and 0, ,, where a = a, b labels the selected carrier
sector and n labels the unit cell. The coefficients below
are effective slow-Hamiltonian parameters obtained after
hybrid-branch projection and rotating-wave averaging
(Supplementary Section S2). Damping, noise, and non-
linear saturation are included separately in the driven-
dissipative slow-flow dynamics; their role is to convert the
resonant manifolds of the Hamiltonian normal form into
attracting states. The stroboscopically averaged Hamil-
tonian is

,’L_L:Z[Z {A Jan-i-MJin f Jancos( Gan)
n a=a,b
- K,

2
Ja,nJa,n+1 Cos(éa,n - a n+1 } + AabJa an n

— Gab/ Ja,an,n Cos(éa,n + éb;ﬂ)] .
(4)

Here A, are rotating-frame detunings, A, and Ay are
the Kerr-like self- and cross-nonlinearities generated by
the Duffing polarization response, and K, sets the spa-
tial phase stiffness along the array. The h, terms are
intrabranch 2:1 locking terms: they pin 26, , and gener-
ate the two symmetry-related subharmonic sectors of a
DTC. By contrast, in the nondegenerate DTQC branch,
the intrabranch 2:1 terms are off resonant and are omit-
ted from the branch-reduced Hamiltonian; the retained
interbranch pump channel g, pins only the slow sum
phase ©4 ,, = 04, + 0, while leaving the complemen-
tary phase free to wind. In the full driven-dissipative
Maxwell-polarization dynamics, damping and nonlinear
saturation convert these locking manifolds into the at-
tracting limit cycle and attracting invariant torus shown
in Fig. Direct time-domain integrations of the cor-
responding full time-domain model confirm the same
normal-form picture: the degenerate channel gives a two-
point stroboscopic section, whereas the nondegenerate
channel gives an extended stroboscopic manifold with
bounded sum phase © 4 = 6,46, and continuously wind-

ing complementary phase ©_ = 6, — 6, (Supplementary
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FIG. 2.  Collective DTC order in the degenerate reference sector. (a-g) Simulation. (a) Numerical phase diagram in the

(D, ) plane, showing a finite DTC window. (b,c) At moderate noise, D = 0.1, the DTC order parameter exhibits hysteresis
as ¢ is swept, and the rotating-frame phase 6 /7 remains bounded within the ordered regime. (d) The switching rate I' shows
approximately activated dependence on 1/D. (e,f) At higher noise, D = 0.7, the onset broadens into a crossover and the phase
trace shows frequent stochastic switching. (g) Effective activation barrier E4 as a function of the number of coupled unit
cells N. (h-m) Experiment. (h) Measured phase diagram in the (Shoise, P4) plane, showing a finite DTC window. (i-k) At
low injected noise, Snoise = —95.34 dBm/Hz, the DTC response shows an abrupt onset, stable period-doubled oscillations, and
phase alignment across the measured sites. (I,m) At higher injected noise, Snoise = —89.34 dBm/Hz, the onset broadens into a
smooth crossover.

Section S3). Equation @ therefore places the DTC and
DTQC mechanisms on the same Maxwell-polarization
footing.

Equation @ is therefore not a phenomenological fit-
ting ansatz, but the lowest-order normal form allowed
by the single-clock Floquet symmetry after projection
onto the selected Maxwell-polarization branches. In the
rotating-wave description, a phase term survives the pe-
riod average only when it is neutral modulo the drive fre-
quency 2. The degenerate resonance 2 ~ 2w,, yields the
intrabranch locking terms proportional to h,, whereas
the nondegenerate sum resonance €2 ~ w, + wy yields the
interbranch term proportional to gq,. A single imposed
clock can pin the sum phase, but it supplies no indepen-
dent low-order term that pins the complementary phase.
The sum-resonant channel therefore naturally supports a
torus-like response at lowest order, unless an additional
commensurability, symmetry constraint, or branch sup-

pression collapses it into a limit cycle.

At the level of a frozen-action phase reduction, the
same normal form gives a useful leading-order estimate
for the deterministic sum-locking tongue (Supplementary
Section S3). We consider a spatially coherent DTQC
state with finite saturated branch actions Jy, J, > 0, ne-
glect off-resonant intrabranch 2:1 locking terms in the
nondegenerate sum-resonant sector, and absorb uniform
spatial-stiffness shifts into the rotating-frame detunings.
The nonlinear-shifted branch-sum detuning is then

A = Ay + Ay + Moo dy + Mo Ty + Aoy (Jo + o). (5)
The sum phase then obeys an Adler-type equation,
0, = AEH Wi cos(©4 — ©g) +

w, = loul \F ﬁ (6)
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FIG. 3. Collective DTQC order from a single imposed modulation in the nondegenerate sum-resonant sector. (a) Numerical
phase diagram in the (D, d) plane, reconstructed from the sum-phase memory order parameter Mg, , showing a finite DTQC
window. (b,c) In the DTQC regime, the coupled array exhibits unit-cell-resolved quasiperiodic motion and a discrete steady-
state spectrum with two clearly resolved peaks at w1 and ws. (d) The sum phase remains locked for extended intervals,
interrupted by occasional noise-induced slips. (e,f) At low noise (D = 0.1), the DTQC indicator shows hysteresis consistent
with a first-order-like transition, whereas at higher noise (D = 0.9) it evolves through a smooth crossover. (g) The effective
activation barrier F 4, extracted from rare ©4-slip statistics in the noisy simulations, increases with the number of coupled unit
cells N, indicating collective stabilization of the ordered quasiperiodic state. (h) Experimental phase diagram in the (Shoise, Pa)
plane, reconstructed from the spectral proxy MDI’;(SC, showing a finite DTQC window. (i,j) Measured voltages and steady-state
spectrum at the marked operating point in (h) support a spatially correlated quasiperiodic response across the measured sites
and show two clearly resolved peaks at w1 and w2. (k) Experimental phase reconstruction at the representative operating point,
showing the locked sum phase and the unpinned complementary phase. (1,m) Noise-dependent experimental DTQC line cuts:

at lower injected noise, Snoise = —93.34 dBm/Hz, the DTQC indicator exhibits a sharper onset, whereas at higher injected
noise, Snoise = —83.34dBm/Hz, it evolves through a smooth crossover. (n) The measured-site coherence |Zg\f)(t)’ remains

above the 95% finite-site random-phase baseline and agrees with the simulations.

where ©( absorbs the phase convention of the pump cou-
pling, and W, denotes the reduced sum-phase locking
bandwidth. Thus, within this frozen-action phase reduc-
tion, a deterministic sum-locked solution requires

A < W, (7)

This estimate captures the leading-order sum-locking
tongue of the normal form. The observed DTQC win-
dow further requires stable nonlinear saturation of both
branch actions, transverse stability of the torus, sup-
pression of low-order complementary-phase locking, and

sufficient robustness against noise-induced slips and de-
phasing. These requirements are tested below through
the finite DTQC window, activation-barrier scaling,
measured-site coherence, and low-order quasiperiodicity
diagnostics.

We first use the degenerate 2:1 channel as a periodic
reference sector. Its role is to calibrate collective subhar-
monic locking in the same Maxwell-polarization lattice
before we test the more stringent sum-resonant DTQC
channel. Figure[2]shows that this channel forms a collec-
tive DT'C response in both simulation and experiment. In



simulations, we characterize the ordered phase through
the site-set-averaged complex phase memory

1 .
Sy = — iApn(t)
20 = 5 X 62, 0
nes
where Ap,(t) = @n(t) — ©n(tref). Here ty¢ is the first

time point of the post-transient analysis window, S de-
notes the site set used in the corresponding analysis, and
Ns = |S]. In the DTC sector, ¢, = 04, where 0, , is
the rotating-frame phase of the resonant hybrid branch.
The corresponding late-time phase-memory order param-
eter is M; = ‘<Z(§f)(t)>t’ This quantity identifies a
finite ordered window in the (D,d) plane (Fig. 2fa)).
Within this window the rotating-frame phase remains
bounded and the response is 2T-periodic; outside it,
phase slips and dephasing suppress the phase memory.
Low-noise line cuts show a hysteretic onset with rare ac-
tivated switching, whereas stronger noise broadens the
onset into a crossover (Fig. 2(b—f)). The effective acti-
vation barrier extracted from phase-slip statistics grows
with the number of coupled cells before saturating, con-
sistent with collective stabilization by short-range cou-
pling (Fig. 2(g)) [43,44]. The phase-slip counting proce-
dure is described in Supplementary Section S3.

The experiment shows the same noise-controlled
reference-sector phenomenology. As a function of drive
power P; and injected noise spectral density Speise, the
measured phase diagram reveals a finite DTC window
(Fig. [2[h)). At lower injected noise, increasing Py pro-
duces a threshold-like onset of stable 27T-periodic volt-
age oscillations together with phase alignment across the
measured sites (Fig. [2fi-k)); at higher injected noise,
the onset broadens into a smooth crossover (Fig. [21,m)).
These results establish the degenerate channel as a collec-
tive, noise-robust subharmonic reference state. We now
turn to the sum-resonant channel, where the same sin-
gle imposed modulation supports a spatially correlated
quasiperiodic response whose local attractor is an invari-
ant torus rather than a limit cycle.

We do not identify the DTQC regime from a two-peak
spectrum alone. Instead, we require a hierarchy of signa-
tures that separates a self-selected quasiperiodic Floquet
state from ordinary frequency conversion or weak long-
period locking. First, the pump is single-tone, while the
steady state contains two response fundamentals. Sec-
ond, the sum phase is locked to the pump and the comple-
mentary phase winds. Third, the locked phase is coherent
across the measured sites over a finite control-parameter
window. Finally, low-order commensurability and recur-
rence diagnostics rule out collapse into a finite-period
orbit within the experimental resolution.

Unlike the DTC reference, the sum-resonant response
is not characterized by a single subharmonic period. In-
stead, the pump locks only the branch-sum phase, 0, =
6, + 0y, while the complementary phase, ©_ = 6, — O,
continues to wind. The corresponding local attractor is
therefore a two-frequency torus rather than a limit cy-

cle. Electromagnetic coupling promotes this torus into
a spatially correlated quasiperiodic response. We iden-
tify this coupled, finite-window regime as the DTQC sec-
tor of the driven Maxwell-polarization lattice. To locate
this regime numerically, we use the effective modulation
depth § and the dimensionless simulation noise intensity
D as control parameters. In the DTQC sector, the phase
variable entering Eq. is ¢p, = ©4 ,, so that the cor-
responding sum-phase memory order parameter is

Mo, = |(25) 1), ©)

This quantity remains large when the sum phase stays
locked over long times and is suppressed by O -slips and
dephasing outside the ordered regime. For direct com-
parison with experiment, we additionally evaluate the
spectral proxy Mproc = (AlkaSk) 1/2, where Aﬁ’kz are
the peak levels of the two dominant response components
in the steady-state local spectrum (Supplementary Sec-
tion S4). Because this quantity becomes large only when
both fundamentals are simultaneously present, it pro-
vides an experimentally accessible indicator of the same
DTQC window.

The resulting numerical phase diagram reveals a finite
DTQC window in the (D,d) plane (Fig. §(a)). Within
this window, the unit-cell-resolved dynamics exhibits
long-lived quasiperiodic motion (Fig. [3(b)), the steady-
state spectrum contains two clearly separated peaks at
the self-selected frequencies w; and wo (Fig. 3fc)), and
the sum-phase trace remains locked over long inter-
vals, interrupted only by occasional noise-induced slips
(Fig. d)) Under a single periodic pump, the system
therefore selects a frequency split in the sum-resonant
channel, rather than reproducing a quasiperiodic wave-
form programmed into the drive.

The DTQC window shows the same noise-controlled
phenomenology as the DTC reference, but with a softer
locking scale. At D = 0.1, the DTQC indicator ex-
hibits hysteresis as § is swept (Fig. [3|(e)), consistent with
first-order-like switching on accessible timescales. At
D = 0.9, the corresponding line cut evolves smoothly into
the quasiperiodic phase (Fig. f))7 indicating a mnoise-
broadened crossover. Rare ©_-slip statistics yield an ef-
fective activation barrier F 4, which grows with the num-
ber of coupled cells before saturating (Fig. g))7 consis-
tent with collective stabilization by short-range coupling
(Supplementary Section S3). Compared with the DTC
reference sector (Fig. g))7 the DTQC barrier is smaller,
consistent with the softer locking structure of a torus: the
pump pins only the sum phase, while the complementary
phase remains free to wind.

Experimentally, the DTQC is accessed through site-
resolved voltages and their steady-state spectra. Recon-
structing the phase diagram in the (Syoise, Ps) plane from
the spectral proxy Mpyrq e reveals a finite DTQC window
(Fig. [3(h)). Within this window, the measured voltages
remain correlated across the simultaneously recorded
sites (Fig.[3(i)), and the corresponding spectrum exhibits



two clearly resolved peaks at wy and wq (Fig. J)) Be-
cause the pump is single-tone, these two fundamentals
are not externally supplied as separate tones; they are se-
lected by the driven lattice in the sum-resonant channel.
This is the central control built into the experiment: no
second temporal lattice vector is supplied by the source,
yet two phases are required to describe the steady state.
Phase reconstruction using response-frequency-resolved
analytic signals further shows a locked sum phase and
complementary-phase winding at a representative oper-
ating point (Fig. k)) Noise-dependent experimental
line cuts support the same picture: at lower injected
noise, Shoise = —93.34 dBm/Hz, the DTQC indicator
shows a sharper onset as Py is varied (Fig. [3(1)), whereas
at higher injected noise, Speise = —83.34 dBm/Hz, the
onset broadens into a smooth crossover (Fig. B(m)), con-
sistent with the high-noise numerical regime. Details of
the measured-site set and the representative-site recon-
struction are given in Supplementary Section S4.

For the simultaneously recorded measured-site set M,
the corresponding time-resolved measured-site coherence
of the locked sum phase is simply |Zg\j)(t)’ Here M is
the simultaneously recorded site set and Ny = |M].
Both the measured and simulated coherences remain
above the finite-site random-phase baseline (Fig. n)),
showing that the DTQC response is spatially correlated
across the measured sites rather than confined to a single
local two-frequency oscillator. Supplementary Section S4
provides pairwise, distance-resolved, and subset-robust
analyses showing that the coherence is distributed across
site pairs and is not dominated by one measured channel
or by a particular subset choice.

Because an infinite-time irrational frequency ratio can-
not be proven from a finite experimental trace, Fig.
uses the appropriate finite-resolution criterion: it tests
whether any low-order rational relation, other than the
imposed sum resonance, closes the orbit within the ob-
servation window (Supplementary Section S4). The low-
order relation map in Fig. a) asks whether the ex-
tracted frequencies w;y and we satisfy any additional
small-integer relation with the drive beyond the expected
sum-resonant condition. Within the experimental fre-
quency resolution, the only near-commensurate structure
is the trivial family generated by w; + ws ~ €, whereas
other low-order candidates remain clearly detuned.

Consistently, the measured steady-state spectrum in
Fig. b) is organized by the same two extracted fun-
damentals and their combination lines. This construc-
tion does not introduce extra fitting frequencies: the
displayed lines are generated from the same (w1,ws2)
pair used for phase reconstruction. In the half-pump
rotating two-phase representation at the representative
site ng = 7, the reconstructed trajectory winds on the
phase torus (é1,n,, $2,n,), consistent with a locked sum
phase and an unpinned complementary phase (Fig. c))
The recurrence diagnostic in Fig. [4{d) shows finite-time
near returns of this winding trajectory, while the low-
order relation map in Fig. (a) excludes an additional
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FIG. 4. Quasiperiodicity of the experimental DTQC
state in spectrum, two-phase reconstruction, and recurrence.
(a) Low-order relation map constructed from the extracted
spectral pair (wi1,ws2), showing the minimized mismatch
ming ez [liwr + laws — 13Q]/Q over low-order integers (I1,12).
The low-mismatch diagonal corresponds to trivial multiples of
the expected sum-resonant condition w1 +ws ~ €2, while other
low-order candidates remain strongly detuned. (b) Measured
steady-state spectrum at the same operating point, overlaid
with combination lines generated from the extracted funda-
mentals w; and wz. (c) Reconstructed two-phase trajectory at
the representative site no = 7, plotted on the half-pump rotat-
ing phase torus (@1,ng, ®2,n0), Showing a winding trajectory
set by the locked sum phase and the unpinned complementary
phase. (d) Recurrence diagnostic of the same reconstructed
two-phase trajectory, showing finite-time near returns with-
out evidence for an additional low-order closure beyond the
pump-locked sum relation.

low-order closure beyond the pump-locked sum rela-
tion. Taken together with the locked-sum-phase recon-
struction and measured-site coherence shown in Fig.
these diagnostics rule out the experimentally relevant
alternatives—single-branch frequency conversion, low-
order long-period locking, and an incoherent local oscil-
lator response—and support the DTQC interpretation.
In our driven Maxwell-polarization lattice, temporal
order is selected by nonlinear light—-matter back-action.
Near the nondegenerate sum resonance of two selected
hybrid carriers, a single-tone pump generates two self-
selected response frequencies: their sum phase is locked
to the pump while the complementary phase winds. The
resulting state is a spatially correlated photonic dis-
crete time quasicrystal, supported by a two-frequency
combination spectrum, torus-like two-phase dynamics,
measured-site coherence and low-order commensurabil-
ity diagnostics. The same platform also supports DTCs
at the corresponding degenerate resonances, providing a
periodic reference sector. Thus one Maxwell-polarization
lattice realizes both a limit-cycle time crystal and a torus-
like time quasicrystal, selected by different symmetry-
allowed resonance channels of the same imposed clock.



More broadly, this work suggests a route to self-
organized temporal photonic matter, in which the time
structure of a medium is not fully prescribed by an ex-
ternal modulation but selected by nonlinear light—-matter
dynamics. The present microwave implementation pro-
vides field-resolved access to the Maxwell-polarization
mechanism, while analogous ingredients—resonant po-
larization coordinates, tunable stiffness or oscillator
strength, controlled loss and nonlinear saturation—
appear in optical and polaritonic platforms such as
epsilon-near-zero transparent conducting oxides, semi-
conductor metasurfaces and mid-infrared polaritonic
Drude-Lorentz media [4] 13 [42]. Extending the DTQC
state to such platforms will require many-cycle modula-
tion with controlled dissipation and saturation, but the
normal-form mechanism demonstrated here establishes

how a single imposed clock can lock one collective phase
while leaving an internally selected complementary phase
to wind, thereby producing quasiperiodic temporal order
not encoded in the drive.
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S1. MAXWELL-LORENTZ EQUATIONS OF MOTION AND HYBRID CARRIER BASIS
A. Maxwell-polarization equations

We consider a one-dimensional Maxwell-Lorentz medium with a nonlinear polarization coordinate P(z,t). We
introduce a guided-wave coordinate ®(z,t) such that the local electric field is the generalized velocity

E(z,t) = ®(z,t). (S1)
The displacement field is
D(z,t) = ep E(2,t) + P(z,1), (S2)
and the corresponding displacement-like canonical momentum density is

Q(z,t) — P(z,t).

Q(z,t) = D(2,t) = e ®(2,t) + P(2,t),  E(z,t) = . (S3)
b
For a source-free one-dimensional guided mode with transverse fields, Maxwell’s equations reduce to
0,E(z,t) = —pu 0 H(z,t), 0. H(z,t) = —0:D(z,t) = —0:Q(z,1). (S4)

Using £ = ® in the first equation gives 0;(9,® + pH) = 0. For the oscillatory fields considered here, we set the
time-independent integration constant to zero and obtain

H(zt) = —%@@(z,t). (S5)
Substitution into the second Maxwell equation gives
Q(z,t) = %83@(2,15). (S6)
Equations and provide the first-order guided-wave sector, with the physical fields recovered through
E = Q;P7 H:-%@qu (S7)

The polarization is modeled as a nonlinear Lorentz oscillator driven by the local electric field,
. . ) 1
P4+ ~yP 4+ Q)P + BP? —vh0?P = YE + —F(2,1). (S8)

Here 7 is the polarization damping rate, 8 is the Duffing nonlinearity, vp is the polarization-coupling velocity, x is the
field—polarization coupling, and F' is an effective Langevin force. The parameter m fixes the canonical normalization
of the polarization momentum and the corresponding normalization of the Langevin force term. Since P is normalized
as the polarization entering D = g, E + P, we use the convention I = mP and my = 1. This is a normalization
convention for the chosen polarization coordinate, not an additional physical constraint.

The imposed periodic drive modulates the polarization stiffness,

9 9 2
Q5(t) = wj [1 + d cos(Q2)], T = o (S9)

Thus the explicit time dependence enters through an internal material coordinate rather than through a prescribed
instantaneous &(t).

For the discrete dipole lattice used to connect with the experimental array, z, = nd and P, (t) = P(z,,t). With
the standard central-difference convention,

2
v
—U%@EP(zn,t) —>g(2Pn_Pn+1_Pn,1), g:d—g

Accordingly, Eq. becomes

.. . 1
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where E,,(t) is the guided electromagnetic field evaluated at the n-th unit cell, not an externally prescribed waveform.
The discrete equation is therefore a lattice realization of the same Maxwell-polarization medium, rather than a
separate lumped-oscillator model.

For stochastic time-domain simulations, we use the lattice-level Langevin convention directly. The continuum
Maxwell-polarization equations above serve as the deterministic parent model, while the noise used to construct the
numerical phase diagrams is applied to the discrete polarization coordinates. In dimensional variables we write

(F,(t)) =0, (Fr(£)Fin(t")) = 2myDphys Onmd(t — t'). (S11)

Here Dpys is an effective dimensional noise scale conjugate to the polarization coordinate. It should not be identified
directly with the measured microwave noise spectral density Spoise, because the latter is the externally injected
broadband noise before projection through the waveguide, coupling network, and resonator response.

For the numerical phase diagrams we use dimensionless variables

T = wst, pn = P,/ Ps.

In the Maxwell-Lorentz normalization used here, we choose

Wy = Wo, P* = 0 5
18
so that the Duffing coefficient in the dimensionless polarization equation is reduced to its sign. Defining
Fa(t)
fnlm) = mP.w?’
Eq. (S11)) becomes
= - y
(faM) (7)) = 29D Sumd (T = 7'), 7= —. (s12)
with
p=Dobvs g pe 0

(S13)

Dy ST

Thus D is the dimensionless simulation noise intensity used in the numerical phase diagrams, whereas Spoise is the
experimentally calibrated microwave noise spectral density. No equilibrium fluctuation—dissipation relation is assumed
for the externally injected noise.

B. First-order state-space form

For the linear hybrid-carrier and Floquet branch-selection calculations, we use the homogeneous continuum model
in k-space. With

B(z,t) = Oy (t)e*, Q(z,t) = Qi(t)e™, P(z,t) = Py(t)e™, (S14)
the polarization stiffness becomes
Q2(t) = Q2(t) + vBk2.

Defining IT = mP and using the canonical normalization convention my = 1, we collect the variables as

a(k,t) = (S15)

H oo &

The linearized dynamics is

Jalk.t) = M(k,Da(k,t), (S16)
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with
- 1 1 -
0 — —— 0
Ep Ep
k2
- 0 0
M(k,t) = H 1 (S17)
0 0 0 —
m
1 1
0 — —mQ2(t)— — —
I 5 MO ]
The physical fields are recovered through
- P ik
PO Sl SR AL (S18)
€b H

The Duffing nonlinearity is local in real space and appears in k-space as the convolution [P3];. We therefore use
Eq. (S17)) only for the linear hybrid-carrier and Floquet branch-selection calculations; nonlinear saturation and stochas-
tic dynamics are treated in the real-space lattice simulations.

C. Unmodulated hybrid carriers

The branch decomposition used below is defined by the unmodulated linear Maxwell-polarization problem. We set
0 =0, 8=0, F =0, and temporarily neglect damping. Harmonic solutions then satisfy

[wz — wfvg(k)] [wz - wfes(k)} = wng, (S19)
with
k2 X 1
w\?vg(k) = Ev wfes(k) = w(2) + ’U12:;k2, wf; = ;b = mié‘b (820)

The last equality follows from the canonical normalization convention my = 1. Equation (S19) gives two positive-
frequency hybrid branches,

1
k) = 5 |2 (R) + Wl (8) + 02 F ) (w2 () + () + 2] — A () (B) (521)

where the minus sign gives the lower band wy, (k) and the plus sign gives the upper band wy(k). In the weak-
hybridization limit, the lower and upper bands reduce to the lower and upper of the two uncoupled dispersions,

wi (k) — min{wy, (k) wis(k)},  wi(k) = max{wiy (k) wi (k) }- (522)
On a discrete lattice, the corresponding bare dispersions are replaced by

4 kd kd
2 _ 2 2 _ 2 .
W (k) = e sin < 5 ) , Wies (k) = wj + 4gsin ( 5 > ) (S23)

with g = v%/d? in the central-difference convention used in Eq. (S10). The hybridization structure of Eq. (S19) is
unchanged after replacing the bare dispersions by Eq. (S23).

D. Resonance conditions and selected carrier sectors

The driven normal form uses the unmodulated hybrid bands as carrier branches. We denote the lower and upper
positive-frequency branches obtained in Eq. (S21]) by

WL(k), WU(k).

These bands are hybrid Maxwell-polarization modes: their electromagnetic and polarization contents vary with k,
but the resonance conditions used below depend only on the carrier frequencies.
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FIG. S1.1. Unmodulated hybrid dispersion and resonance channels. (a,b) Positive-frequency hybrid branches wr, (k)
and wy (k) obtained from the unmodulated Maxwell-Lorentz model in the continuum and discrete-lattice descriptions. Dashed
curves show the uncoupled guided-wave and polarization dispersions. Markers indicate representative degenerate 2:1 and
nondegenerate sum-resonant conditions used to define the DTC and DTQC carrier sectors.

Here ky denotes the resonant Bloch wave number, or the center of the narrow momentum window selected by the
corresponding Floquet instability in a finite lattice. The two resonance classes central to the driven problem are first
expressed at the level of these unmodulated bands. A degenerate 2:1 channel selects one band when

0 ~ 2w, (ko), v e {L,U}. (S24)

This condition gives the single-branch DTC channels. By contrast, the nondegenerate sum-resonant channel selects
one carrier from each band when

Q ~ wy, (ko) + wu (ko). (S25)

For a spatially uniform temporal modulation, momentum is conserved; in a real-field representation, Eq. corre-
sponds to pairing opposite-momentum components kg with the same band frequencies.

In the branch-reduced slow Hamiltonian used in the main text, the symbols a and b denote the selected near-resonant
carrier sectors, not the full unmodulated bands. Thus, for the DTQC operating point,

We =~ wL(k‘o), Wp = wU(k‘o), (826)

whereas wy, y(k) denote the underlying unmodulated hybrid bands. The effective coefficients of the slow Hamiltonian
are obtained by projecting the driven lattice dynamics onto these selected carrier sectors and retaining the near-
resonant terms.

S2. CIRCUIT REALIZATION AND PROJECTED SLOW HAMILTONIAN

The experimental lattice is represented by a flux—charge circuit model. This formulation gives the element-level
dictionary between the capacitances, inductances, varactor modulation, nonlinear charge response, and the projected
slow-Hamiltonian coefficients used in the branch decomposition. We start from a bus node capacitively coupled to
a nonlinear resonator node and then project the weakly time-dependent quadratic channels onto the hybrid carrier
basis defined in Sec.

A. Flux—charge circuit model
Each unit cell contains a bus node with flux ®,,(¢) and a resonator node with flux ¥, (¢t). The corresponding node
voltages are
%,n = (i)na th,n = liJn~ (827)

The bus node is shunted by a capacitance Cp, the bus and resonator nodes are coupled by a capacitance Cy, and the
resonator node contains a time-modulated nonlinear capacitance. The resonator charge energy is written as

o CT,O
"~ 146, cos(Q)’

2 4
Arn Qrn

r(Grnt) = )
Urlarni) = 5670 10t

(S28)

Cr.n(t)
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The inductive network is separated into a guided bus sector and a resonator sector. The bus sector consists of the
on-site shunt inductors L, and nearest-neighbour series inductors Lo, giving the discrete-gradient energy in Eq. (S31J).
The resonator sector consists of the resonator self-inductors L, and a weak nearest-neighbour inductive coupling M.
We define

M
k. = f%’ (529)
and, to leading order in M/L, < 1,
_ 1
L;'=(LI+ ML) '~ 7 1= kLo, (S30)

where Lo is the second-difference discrete Laplacian.

We use a first-order flux—charge representation. Here ®, and U, are, respectively, the bus flux and resonator
flux in the n-th unit cell. The branch charges gon, ¢gn, and ¢, denote the charges on the bus capacitance Cy,
the bus-resonator coupling capacitor C,, and the resonator varactor branch, respectively. The orientation of g, ,, is

chosen from the bus node to the resonator node, so that its first-order term is gg »(®, — ¥,). The Lagrangian is then

2 2
: q0,n 3 T qgn 7
= n(bn_ - n (I)n_\Ijn - = rn\Iln_ r(Grnst
L Enﬁ %o, TR ) 20, T Ur(gr.n;t)
7 (Pap1 —Pn)?] 1o
— — 4+ ——— | — V'L V. S31
zn: [2LS BTy 90 T (S31)

The canonical charges conjugate to ®,, and ¥,, are therefore

QO,n =qo,n + qg,n> Qr,n = qr,n — qg,n- (832)

The independent circuit parameters entering Eqgs. (S28)), (S29)), and (S31) are summarized in Table The primed
capacitances and effective modulation depths used below are derived from these bare circuit quantities.

TABLE S1. Circuit parameters and modulation settings used in the flux—charge formulation. The listed capaci-
tances, inductances, coupling elements, nonlinearity scale, and drive settings define the circuit Hamiltonian in Sec. Fixed
entries are device parameters, whereas €2 and d,- are selected for each operating branch. These quantities determine the effective
capacitances, modulation depths, hybridization, Kerr coefficient, and phase stiffnesses entering the projected slow Hamiltonian.

Symbol Meaning Value Unit
Co Bus-node shunt capacitance to ground 2.140 x 10~10 F
Cy Bus-resonator coupling capacitance 2.459 x 10~10 F
Cro Unmodulated linear resonator capacitance 1.070 x 1010 F

Cr~nL Nonlinear-capacitance scale of the quartic resonator charge energy 1.225 x 10730 F C2?
Q Modulation frequency of the resonator capacitance Branch-selected rad/s
Or Bare resonator-capacitance modulation depth in Swept 1

Cr,p(t) = Cr0/[1 + 67 cos(Qt)]
L On-site bus shunt inductance 8.239 x 1011 H
Lo Nearest-neighbour bus series inductance 4.120 x 10~12 H
L, Resonator self-inductance 8.239 x 1011 H
M Weak nearest-neighbour inductive coupling in the resonator sector 4.120 x 10~12 H

B. Reduced capacitive Hamiltonian

Eliminating the internal capacitor charges gives the quadratic capacitive Hamiltonian

He(t) = 53 [Qon Qu] Cit () [ggﬂ | (533)

n
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At zero modulation, define

Ag = CoChro + Cy(Co+ Chryp). (S34)
The static effective capacitances are
i_Cg—i-Cr,o L_CO""CQ i_& (835)
Cy, N T Cr AT O A
Thus
H(O) _ Z Q%n + 72“,71 + QO,nQr,n (836)
c ~ 20} 2C! Cy '
The nonlinear capacitor gives
4
dr.n
Hyi, = e 7NL . (837)
To leading order in the weak-loading expansion,
Cro(Co+C C,C.,
qrn = Qrn + C0Qo,n, ap = Mv Go = =222, (S38)
' ’ ' Ag Ag
so that
4
(e% ™ n + n
HNL ~ Z ( OQ ,40 f](;QO, ) ) (839)
C. Weak modulation and reduced circuit Hamiltonian
Expanding the inverse-capacitance matrix to first order in ¢, gives
1
A0 > = [1+ 6, cos(Qt)],
1 1 ,
A0 ~ & [14 4, cos(Qt)],
g g
1 1 ,
0 ~ & [1+ & cos(2t)], (S40)
0 0
where
Cr0(Co + C, Cr0Cy
5 =5, S0t C) iind (S41)

Ao 0T T AN(Cy + Cro)’

The symbol §, denotes the bare resonator-capacitance modulation depth applied in the circuit. The quantities &/
and 4, are the corresponding effective inverse-capacitance modulation depths after eliminating the internal capacitor
charges. Because the resonator stiffness is proportional to the inverse capacitance, the Maxwell-Lorentz stiffness-
modulation depth § used in the main text should be interpreted as an effective modulation depth after this circuit
reduction. When the resonator-sector stiffness modulation is used as the reference, we identify

8 = ot = 0. (S42)
The reduced circuit Hamiltonian becomes

2
Hcirc(t) = Z QO,n

72”,n + QO,nQr,n
20!
n

2C; C;

(1 + & cos Q) + ( ) (1 + 6/ cos Qt)

2 o - ®,)? 1
n+(nH n) +7WI?W+2f

a0Qr.n + C0Qom)*
2L, 2L ’

* 4C, N1

> (S43)

This Hamiltonian is the experimentally implemented discrete counterpart of the Maxwell-polarization model in
Sec. The bus coordinate ®,, represents the guided-wave sector, while the resonator coordinate ¥, provides
the dynamical polarization sector.
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D. Two-sector slow variables

We introduce narrow-band action-angle variables in a frame rotating at ©/2. Let wy, and w, denote the selected
unmodulated bus-like and resonator-like carrier frequencies. The corresponding complex amplitudes are

s 5 ~ Qt
Co,n = JO,neiwo'na Cln = Jl,neizel'na eé,n = eé,n - 7 (544)
The unmodulated number-conserving onsite quadratic sector is
i7(2) * * AWg,‘ _G/2 Co,n
an - Z [CO,’H, cl,n] |:G/2 A Cl,n ) (845)
with
Q Q
Awg = Wwg — 5, A= Wy — 5 (846)

The coupling scale G is inherited from the static bus—resonator capacitive coupling.

The weak modulation of the quadratic capacitive terms produces an effective bus-sector parametric coefficient Ay,
a resonator-sector coefficient h, and a modulation-induced inter-sector coefficient G. The quadratic pump sector can
be written as

= hw ~ h ~
H}Si)mp = Z |:2gJ0,n COS (200,n) + EJL” cos (291,n>:|
-Gy Z VJo.nd1n cos (égm + éln) (547)
The onsite nonlinearity and spatial phase stiffnesses are summarized by
Hgers = » ayE (S48)
err — 9 1,n

and

Hiye = — Z Kywer/JonJo,nt1 cOS (éO,n - éO,n—i—l)

- Z K\/ Jl’njl’nJrl COS (élm — é1’n+1). (849)

E. Hybrid basis and unified slow Hamiltonian

The unmodulated quadratic sector in Eq. (S45) is diagonalized by the real rotation
i G
{Co,n] _ [ cos s1n1/1] [cam] 7 tan(20) = (S50

Cin —sinY cosY| |cpn Ayg — A’

In this projected slow description, a and b label the two selected near-resonant carrier sectors drawn from the lower
and upper hybrid bands. We define

Con = \/Tame Peon o c{a,b}. (S51)

Ay + A Awe — A\? /G2
S I C = 5

The hybrid detunings are

with hybrid carrier frequencies

(S53)
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Projecting the quadratic pump sector onto the hybrid basis gives

A,y = Z Z %Ja,n COS(Qéa,n) = 9ab\/ Ja,nJb,n COS (éa,n + 9b,n) ; (S54)

n a=a,b
where

ha = hyg cos® 1 + hsin® ¢ + G sin(2¢),
hy = huwg sin? ¢ + hcos? 1) — G4 sin(29)),

Jab = % sin(24) + G4 cos(2v). (S55)
The Kerr and stiffness coefficients become
Age = Asin* o, App = A cos® 1, Agp = 2A sin® ¢ cos? 1), (S56)
and
K, = Kygcos® ¢ + K sin® 1), Ky = Kygsin® 1 + K cos? 9. (S57)

Off-diagonal gradient couplings are higher order in the narrow-band projection and are neglected at this order.
Collecting the projected terms gives the slow Hamiltonian used in the branch decomposition

7-_[ = Z |:AO‘JO‘7” + Aga']g,n] + Z AabJa,an,n

n,a=a,b
- Z Ka \V Joz;nJa;nJrl Cos(éam - éa7n+1>
n,a=a,b
B _ s _
+ ) azza b 7Ja’" cos (29a$n) — Jab ; V' JanJbn COS (9,1’” + Hb’n). (S58)

The reduction is controlled when the envelope dynamics is slow on the carrier scale, so that

|Aa|a Kou hou gab\/jaAaaj7 Aabj < Q. (859)

In this regime, nonsecular terms average out over many drive periods, and off-diagonal branch-gradient couplings are
higher order in the narrow-band projection.

S3. BRANCH DECOMPOSITION: DEGENERATE DTC CHANNELS AND NONDEGENERATE DTQC
CHANNEL

The unified slow Hamiltonian in Eq. contains the quadratic pump channels relevant to the driven lattice:
two intrabranch degenerate locking terms proportional to h, and hp, and one interbranch sum-phase locking term
proportional to g.5. For the branch-reduced slow Hamiltonian, we use a and b to denote the two selected near-
resonant carriers drawn from the lower and upper bands, respectively. Thus, in the DTQC channel, w, ~ wr,(ko)
and wy, >~ wy(ko), while wy, 7 (k) denote the underlying unmodulated bands. These terms define the branch taxonomy
used in the main text:

DTC, : Q ~ 2w,, DTCy : Q ~ 2wy, DTQC : Q ~ wy + wy. (S60)

A. Linear Floquet branch landscape

The same resonance conditions appear in the time-periodic linearized dynamics as parametric-instability channels.
At the level of the underlying unmodulated hybrid bands, degenerate pumping produces instability intervals near

2w, (k) ~ Q, v e {L,U}, (S61)
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whereas the nondegenerate channel produces instability tongues near
wr (k) + wy (k) ~ Q. (S62)

The former corresponds to excitation of a single hybrid band near half the pump frequency, whereas the latter
corresponds to simultaneous excitation of one carrier from each band, with their sum phase locked to the drive.

Figure [S1.1] defines the Maxwell-Lorentz lower and upper hybrid bands, whereas Fig. [S3.1] shows how the cor-
responding instability channels are selected in the driven circuit realization. The two dispersions need not appear
identical because the circuit guided-wave sector is a discrete LC network with a finite cutoff frequency; its bare
dispersion bends near the Brillouin-zone edge instead of following an unbounded continuum light line. This cutoff
modifies the hybridized band shapes and the resonant momentum windows while preserving the same lower/upper
band structure. Panels (b—e) further include Floquet folding modulo §2, so they display quasifrequencies Im(u)/€2 and
growth rates Re(u)/€ rather than the physical carrier frequency itself.

The selected carrier frequencies w, and w, used in the branch-reduced slow Hamiltonian are the near-resonant
values drawn from these lower and upper bands. In the DTQC channel, for example, w, ~ wr, (ko) and wy, ~ wy (ko).

—_— =W e i - It
.L ' U. Blareglulde? wa\lle dlfperslwon b 10 [

a 2.0 - _y T T 1.0 — T T T T T T T T
08 T 08 o
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< S04t || € 04
5 =0 Eo = ]
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L C 8 —— 001 L
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Q M D i
f-]) I R, Q. S U £-0.01 \/
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FIG. S3.1. Floquet branch selection in the circuit realization. (a) Unmodulated lower and upper hybrid bands wr, (k)
and wuy (k) of the discrete guided-wave-resonator circuit model. The dotted curves show the bare guided-wave dispersions of the
LC network, whose finite cutoff bends the branches at high momentum. (b,c) Floquet quasifrequencies Im(y)/Q folded into the
Floquet zone for the degenerate DTC and nondegenerate DTQC pumping conditions. Red segments and dashed vertical lines
mark the selected near-resonant momentum windows. (d,e) Corresponding growth rates Re(u)/Q. Positive growth identifies
parametrically unstable modes: the degenerate channels are selected near 2w, (k) ~ , with v € {L, U}, while the nondegenerate
DTQC channel is selected near wr, (k) + wu(k) ~ Q. The selected near-resonant carrier frequencies from these windows are
denoted by w, and wyp in the branch-reduced slow Hamiltonian.

B. Branch I-A: DTC, from Q ~ 2w,

The first degenerate channel is obtained by tuning the drive near the parametric resonance of hybrid branch a,
Q=2w, + Ay q, |Ag 4| < wy. (S63)

Equivalently, the rotating-frame detuning
Ay = wg — % (S64)
is small. If the complementary branch is off resonant,
|Ap| > {Kb, hy, gab\/}_}7 (S65)

branch b can be eliminated to leading order. The effective Hamiltonian is

ﬁDTc,a = Z [AaJam + %Jgn + %Jam cos (2§an)] — Z Ko/ Jandan+1 cos(éa,n — §a7n+1). (S66)

n
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The term proportional to h, pins 29~a’n and produces two symmetry-related subharmonic phase sectors. In the driven-
dissipative dynamics, damping and nonlinear saturation convert this parametric instability into a period-doubled
attractor.

C. Branch I-B: DTC,; from Q ~ 2w,

The second degenerate channel is obtained by tuning the drive near the parametric resonance of hybrid branch b,

Q=2wy + Agy, [Agp| < wp. (S67)
The rotating-frame detuning
Ap = wp — % (S68)
is then small. If branch a is off resonant,
Aal > { Ko, has 9V T} (569)

the slow Hamiltonian reduces to
Apy

Hprop = Z [Abe,n + TJZ’Q*” + %Jb,n cos (29~b,n>:| — Z K/ Iy ndbny1 cOS <§b,n - éb,n+1)~ (S70)
n

n

In the weak-mixing limit, branch b is predominantly resonator-like, with wy, — w, hy — h, Ky — K, and Ay, — A.
This is the branch most directly connected to the polarization-sector period-doubling mechanism.

D. Branch II: DTQC from Q ~ w, + wyp

The DTQC branch is selected by the nondegenerate sum resonance
Q >~ w, + wp. (S71)
In the Q/2 rotating frame, this is equivalent to
Ay + Ap ~ 0. (S72)

Near this condition, the dominant resonant pump channel is the interbranch term proportional to g,;. The intrabranch
2:1 terms proportional to h, and h; are off resonant in this nondegenerate sum-resonant branch and are therefore
omitted from the branch-reduced DTQC Hamiltonian. If an additional low-order commensurability brought either
intrabranch term into resonance, it would provide an extra phase-locking channel and could collapse the torus into a

finite-period orbit. The effective two-branch Hamiltonian is
_ A App
HDTQC = Z l:AaJa,n + Abe,n + %J(in + TJb%n + AabJa,an,n

- Z Ka Ja,nJa,n+l Cos (éam - éa,n+1)

— Z Ky/Jy.nJp,n+1 cOS (éb,n — éb,nJrl)
n

— Yab Z Ja,an,n Cos (éa,n + éb,n) . (873)
The last term pins the slow sum phase
®+,n = éa,n + éb,n, (874)
while the complementary phase
O =0un— 0Oy, (S75)

is not directly pinned by the pump. Consequently, the local nonlinear attractor is a two-frequency torus rather than a
period-doubled limit cycle. In the coupled lattice, the spatial stiffness terms promote coherent locking of © ,, across
sites while allowing ©_ ,, to wind, producing the DTQC response discussed in the main text.
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E. Frozen-action phase reduction and deterministic sum-locking tongue

This subsection derives the phase-reduced locking estimate used in the main text. The purpose of the estimate
is limited: it identifies the deterministic sum-phase locking tongue of the branch-reduced normal form. It is not an
exact phase boundary of the full driven-dissipative Maxwell-polarization lattice.

We first suppress the site index and retain the local part of Eq. ,

— A A .
Fioe = Dado + Dody + =52 + %J,? + Aapdady — gap/Jadocos©4,  O4 =0, + by, (S76)
This expression assumes the nondegenerate sum-resonant sector, so the intrabranch 2:1 locking terms are off resonant
or small compared with the retained sum-resonant channel. Uniform contributions from the spatial stiffness are
absorbed into the renormalized rotating-frame detunings A,,.

Hamilton’s equations give

- . J]

0, = Ao+ Aaay + Map Ty — % Ji cos O,

5 Jab Ja

Op = Ap + AppJp + AgpJq — 7 7 coS @+. (877)
b

Adding the two equations yields

N a J Ja
O4 = Ag 4+ Ap+ Agada + Ay + Aap(Jo + Jp) — % <,/J” + ,/J> cosO,. (S78)
a b

For a spatially coherent saturated state with finite actions J, = J, > 0 and .J, = J, > 0, this becomes the frozen-action
Adler-type equation

Op =A% W, cos(Oy —Op) + -+, (S79)
with

AT = Ay + Ay + Aaada + Ao Ty + A (o + T), (S80)

|gab | jb ja
H/ = —_— —_ . 1
T2 ..\ (S81)

The phase offset Oy absorbs the sign and phase convention of the pump-induced coupling. The notation W, is used
to emphasize that this quantity is a locking bandwidth in the reduced phase equation, not a damping rate. The local
restoring rate near a stable fixed point is proportional to

A~ W2 - (A, (s82)

up to dissipative and saturation-dependent renormalizations.
A deterministic sum-locked fixed point of Eq. (S79) can exist only when

and

AT < W (583)

This condition is necessary at the level of the frozen-action deterministic phase reduction. It is not sufficient for a
DTQC state. The full DTQC window additionally requires stable nonlinear saturation of both branch actions, trans-
verse stability of the resulting torus, spatial coherence of the locked sum phase, absence of low-order complementary-
phase locking, and a restoring rate or slip barrier large enough to overcome noise-induced dephasing. These additional
requirements are precisely the quantities tested in the numerical and experimental diagnostics in the main text.

The apparent divergence of W, as J, — 0 or .J, — 0 is a coordinate singularity of the action-angle phase reduction.

The underlying coupling energy |gqs|\/JoJ» vanishes when either branch amplitude vanishes. Therefore Eqs. (S79))-
(S83)) are used only in the saturated two-branch regime with finite J, and Jp.
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F. Slow-flow equations and noise projection

The deterministic branch-reduced dynamics follows from Hamilton’s equations,

OH < OH
- ~ = o . 4
Ja,n 890[’“ ) ea,n aJam 5 € {CL, b} (S8 )

Damping and noise are obtained by projecting the polarization-sector Langevin dynamics onto the slow variables.
In the numerical implementation, this projection is represented by effective branch-resolved damping and calibrated
slow-noise terms,

ja,n - - 27-[ - ng])(‘]@,n - Jcsxs,n) + gC(x{)L(t)7
: O
Bon =~ + €0 (1),
" o + &an(t) (S85)

The effective noise strength appearing in the numerical phase diagrams is denoted by D. It is the dimensionless slow-
variable noise scale obtained by nondimensionalizing the lattice-level Langevin convention in Eq. , as summarized
in Egs. and .

The activation-barrier analysis used in Figs. d,g) and (g) is performed from rare phase-slip statistics in the noisy
slow-flow simulations. In the DTC sector, the pinned variable is 2§a, so slips are identified from 7 jumps of the
continuously lifted resonant rotating-frame phase 6,. In the DTQC sector, slips are identified from 27 jumps of the
continuously lifted locked sum phase ©. Short-time fluctuations are removed before slip counting. The switching
rate I is estimated from the number of completed slips divided by the total post-transient exposure time. For each
N, the effective activation barrier E 4 is extracted from a linear fit of InT" versus 1/D over the rare-slip regime.

For the DTQC branch, the useful phase variables are © ,, and ©_ ,,. From Eq. , the sum-resonant coupling
contributes

Ja,n|gab = —Yab/ Ja,an,n sin ®+,na jb,n|gab = —Jab/ Ja,an,7z sin @+,7za (886)

and

5 Gab Ja,n
= —— COs ®+ n, 9[,7” Gab = *7 Jb
n

)

cos Oy . (S87)

These equations make explicit that the pump acts on the sum phase, while the complementary phase remains the
winding phase of the quasiperiodic motion.

G. Validation against the full time-domain model

The branch-reduced Hamiltonians are validated by comparison with direct time-domain integration of the full
Maxwell-Lorentz equations. The comparison is performed at a representative probe site by extracting the branch
actions and slow phases from the full time-domain signal and comparing them with the corresponding slow-flow
variables. Figure shows that the reduced variables reproduce the slow envelopes and phases of the full dynamics
in the two degenerate DTC channels and in the nondegenerate DTQC channel. The agreement supports using
Eq. 7 Eq. , and Eq. as the branch-resolved normal forms in the remainder of the analysis.

Branch I consists of the two degenerate parametric resonance channels DTC, and DTCy, realized near 2 ~ 2w, and
Q ~ 2wy, respectively. Branch II is the nondegenerate sum-resonant DTQC channel, realized near €2 ~ w, 4+ wp. In the
weak-mixing limit, these hybrid-branch conditions reduce continuously to the corresponding bare-sector conditions.

S4. EXPERIMENTAL IMPLEMENTATION
A. Experimental platform, measurement setup, and noise injection

To implement the unit cell of the nonlinear LC resonator, a metallic split-ring resonator (SRR) was patterned
onto a printed circuit board (Fig. [S4.1p). Each unit cell incorporates a varactor diode (SMV1247, Skyworks), whose
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FIG. S3.2. Validation of branch-reduced slow-flow dynamics. Black traces show quantities extracted from direct
numerical integration of the full circuit equations of motion, while red traces show the corresponding branch-reduced slow-flow
results. The time axis is normalized by the drive period T' = 27/§. (a,b) DTC,: action J, and slow phase 0,. (c,d) DTCy:
action J, and slow phase 6. (e,f) DTQC: actions (J,, J;) and the slow sum phase (6, +60;) /7. Insets show normalized spectra of
the corresponding probe signal, confirming the single-frequency DTC response and the two-frequency DTQC response captured
by the branch-reduced normal forms.

capacitance can be modulated by applying a DC-biased AC voltage across it. As a result, the resonant characteristics
of the unit cell undergo time-periodic modulation. In the experiment, a DC bias voltage of 2.6 V is applied. The
discrete time-crystalline (DTC) phase is observed at Q = 27 finoq With fimoa = 2.98 GHz, while the discrete time-
quasicrystalline (DTQC) phase is observed at = 27 fi,04 With fioq = 2.47 GHz.

To construct a one-dimensional array of coupled nonlinear L.C resonators, 12 unit cells were placed inside a waveguide
(Fig.[S4.1p). The complete experimental setup is shown in Fig. [S4.1¢. The driving signal (AC voltage) is generated
by a signal generator (N5171B, Keysight) and amplified by a radio-frequency amplifier (RUM43020-10, RFHIC). The
amplified AC voltage is then DC-biased using a bias tee and subsequently distributed through a two-way splitter,
followed by a six-way splitter. Additional two-way splitters are inserted just before the resonator array, with each
splitter enabling individual signal measurement from a corresponding unit cell. To prevent unwanted DC current flow,
a DC block is inserted at one end of the two-way splitter. Additionally, a low-pass filter (LPF) is placed before the
oscilloscope (DPO 70804, Tektronix) or spectrum analyzer (E4404B, Agilent) to suppress reflections of the driving
signal. The radio-frequency modulation distributed by the splitter network is the only coherent external temporal
drive. Fixed cable delays and splitter phases correspond to static phase offsets of the same global tone and do not
introduce an additional modulation frequency.

Noise is injected from one end of the waveguide using a noise source module (PE85N1012, Pasternack), which
generates broadband noise in the 10 MHz to 3 GHz range. This noise is further amplified by a high-power amplifier
(ZHL-10W-202-S+, Mini-Circuits). A variable attenuator (PE7422, Pasternack) is used to control the noise intensity
injected into the system. Fig. [S4.2] shows the power spectrum of the noise source measured before entering the
waveguide, with a 30 dB variable attenuator applied. The amplifier operates over a frequency range of 10 MHz to
2 GHz, within which the power level is approximately —93.34 dBm/Hz. This value is used in the main text as a
reference for characterizing the noise power spectral density. The injected noise is broadband and phase-incoherent; it
does not supply a coherent temporal lattice vector or a second imposed clock. Its role is to seed fluctuations and tune
phase-slip statistics, while the response frequencies and the locked sum phase are selected by the driven nonlinear
lattice.

B. Signal processing and reconstruction of experimental DTQC observables

The experimental DTQC observables in Fig. ifk,n) are reconstructed from the measured cell-resolved voltage
traces V,(t). The measured-site set is the simultaneously recorded four-channel set M = {7,8,9,10}, with Ny, =
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FIG. S4.1. Experimental platform: modulated nonlinear LC-resonator array in a waveguide. (a) Schematic of a
one-dimensional array of N = 12 coupled nonlinear LC resonators embedded in a waveguide. (b) Geometry of a single unit
cell incorporating a varactor diode that enables time-periodic modulation of the capacitance via an AC drive voltage applied
on top of a DC bias. The unit-cell dimensions are h; = 40 mm, he = 1 mm, hs = 3 mm, hy = 10 mm, w; = 105 mm,
and wy = 27.5 mm. (c) Block diagram of the experimental measurement setup used to drive the modulation and record the
waveguide response.
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FIG. S4.2. Characterization of the injected noise spectrum. Power spectral density of the external noise source measured
before injection into the waveguide, using a 30 dB attenuator. The mean level over the 10 MHz—2 GHz band is approximately
—93.34 dBm/Hz, which is used as the reference noise power spectral density in the experiments.

M| = 4, and the representative-site phase reconstruction in Fig. 3(k) is shown for np = 7. The DTQC data are
analyzed at the modulation frequency fimod = 2/2m = 2.47 GHz, using the original oscilloscope time grid at 25 GSa/s.

For each measured site n, we compute the steady-state voltage spectrum and identify the two dominant peaks
associated with the DTQC response using a fixed peak-selection criterion applied uniformly across the measured data
set.
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For the experimental phase diagram, the spectral proxy is evaluated from the two peak heights
1/2
k 4pk
MiffGe = (AP A5°) . (s88)

Here AP* denotes the peak height of the steady-state voltage spectrum in the fixed frequency window assigned to the

j-th DTQC response component. The same peak windows and peak-extraction procedure are applied to all operating

points in the (Speise, Pi) scan. We use the peak levels directly and apply the same fixed-window extraction protocol

to every operating point, so that M]SDPTQZQC consistently tracks the joint appearance of the two DTQC response peaks.
When the spectra are displayed in logarithmic power units, the displayed proxy is written as

PP¥[dBm] + PY*[dBm]
2 b)

MpracldBm] = (S89)

which is the logarithmic representation of the geometric mean of the corresponding linear peak powers.

Throughout the phase reconstruction and quasiperiodicity analysis we use angular frequencies. At the representative
operating point marked in Fig. h) and shown in Fig. ifk), the selected response frequencies and the imposed
modulation frequency are

Q
UL 0966 GHz, =2 =150 GHz, - = 2.47 GHz. (S90)
2 2w 2w

The selected pair (w1,ws) defines the two narrow-band voltage components used for phase extraction and for the
quasiperiodicity diagnostics in Fig. The numerical values in Eq. are rounded for display; the phase recon-
struction and low-order diagnostics use the extracted frequencies before rounding.

From the two corresponding narrow-band voltage components, we construct analytic signals

AP =vOW +iH[VOW], =12 (s91)
where H denotes the Hilbert transform. We write
Aglj)(t) = Rj,n(t)e"qﬁj’"(t)7 R;n(t) >0, (S92)

with ¢ ,,(t) chosen continuously over the post-transient analysis window. To use the same rotating-frame convention
as the branch-reduced normal form, we define

Ot

in() =jn(H) — 5 F=12 (S93)

For the representative site ng = 7, the reconstructed sum phase is defined modulo 27 as

O+n0 (1) = D1 (£) + P, () (mod 21), (594)

and the complementary phase is kept as a continuous winding coordinate,

O o (1) = D1, (£) = P2,no (8). (595)

Equivalently,

®+7TL0 (t) = ¢1,n0 (t) + ¢2,n0 (t) -0 (mOd 27T)7 @—J’Lo (t) = ¢1,n0 (t) - ¢2,n0 (t) (896)

The sum phase ©, ,, diagnoses locking of the two-frequency response to the imposed pump, whereas ©_ ,, is the
winding phase of the unpinned complementary degree of freedom. Figure k) is obtained by plotting these two
quantities for the representative-site voltage trace used in Fig. i,j).

The two-phase trajectory shown in Fig. c) and the recurrence diagnostic in Fig. d) are reconstructed from the
same representative-site signal using the same half-pump rotating phase coordinates (¢1,n,, qNSQ,nO). Their quantitative
definitions are given in Sec. [S4C}

The measured-site coherence shown in Fig. n) is the measured-site specialization of the main-text complex phase
memory, evaluated from the locked sum phase,

1 i
z50(t) = T 2 @0 B (1) = O4u(1) = O ulter)  (mod 27, (S97)
nem
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Here t,¢f is the first time point of the post-transient analysis window, and the plotted scalar coherence is ‘Z(@j\f)(t)’.

Because a finite number of sites gives a nonzero coherence even for random phases, we compare |Z((9/\f) (t)| with a finite-

site random-phase reference computed for the same Ny = 4. The 95% baseline is obtained from 4000 independent
random-phase realizations, and the plotted null reference is the 95th percentile of the resulting finite-site distribution.

For comparison with simulations, we evaluate the same complex phase memory Z(@‘i) (t) in an N = 12 coupled
array, both over the full array and over the representative four-site subset S = M = {7,8,9,10}. The same number of
random-phase realizations (4000) is used for the finite-site null baseline, and the time-averaged quantities are extracted
after a burn-in window of 507". Thus the measured voltages and spectrum in Fig. i,j), the representative-site phase
reconstruction in Fig. k), the measured-site coherence in Fig. n), and the quasiperiodicity diagnostics in Fig.
are all defined from a common signal-processing pipeline.

C. Quantitative quasiperiodicity diagnostics for the experimental DTQC state

The quasiperiodicity diagnostics in Fig. [4] are evaluated at the same representative operating point and from the
same selected angular-frequency pair (wy,ws) used for the phase reconstruction and measured-site coherence analysis
in Sec. These diagnostics test whether the observed two-frequency response is consistent with a quasiperiodic
DTQC state, rather than with simple low-order locking to the single imposed modulation.

We first test small-integer relations among the two response frequencies and the imposed modulation frequency.
For each integer pair (l1,l2), we define the normalized low-order mismatch

. Jlwr + laws — 139
n .

I3€EZ Q (898)

Equivalently, I3 is chosen as the nearest integer to (lyjw; + lows)/2. In the relation map shown in Fig. [4(a), the
integer pair (I1,ls) is restricted to a finite low-order window, excluding the trivial zero vector. For Fig. |4[a), we
use |l1],|la] < Lmax with Lpnax = 8. The low-mismatch diagonal corresponds to integer multiples of the expected
sum-resonant, condition

w1 +we ~Q, (599)

whereas additional low-order frequency locking would appear as other isolated low-mismatch points away from this
sum-resonant family. Within the experimental frequency resolution, no such additional low-order relation is observed.

The combination-line overlay in Fig. b) is constructed from the same two extracted angular frequencies. Candidate
spectral lines are generated as

Winon = MW7 + MW, m,n € Z, (5100)

and only positive frequencies inside the plotted spectral window are retained. In practice, the displayed set is restricted
to low-order combinations. For Fig. b), we retain combinations satisfying |m| + |n| < Mpax with Myax = 4. This
construction does not introduce additional fitting frequencies; it tests whether the measured spectrum is organized
by the same two fundamentals used in the phase reconstruction.

For the two-phase reconstruction in Fig. c), we use the half-pump rotating phases modulo 27,

(&1,% (t) mod 27, ¢ n, (t) mod 27r) € T?, (S101)

where qgjm is defined in Eq. (S93)). This two-phase representation is not the full Hamiltonian phase space of the driven
lattice; rather, it is a signal-level projection of the measured voltage response onto the two extracted DTQC compo-
nents in the same half-pump rotating convention used for the branch-reduced normal form. The same coordinates are
used for the recurrence diagnostic in Fig. d).

Finally, we quantify recurrence of the reconstructed two-phase trajectory by computing a minimum return distance
on the half-pump rotating phase torus. For a time lag 7, we define

. 1 ~ ~ - - 1/2
uin(r) = i~ [ (D100 (04 7), G100 (1)) + (a4 7). 20| (S102)

where W, is the post-transient analysis window for which both ¢ and ¢ 4 7 lie inside the measured trace, and

dx(6, ') = min |6 — ¢/ + 2mm]. (5103)
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is the wrapped phase distance on the circle. For Fig. d), lags shorter than 7. = 107" are excluded to avoid trivial
continuity-induced returns. A strictly low-order periodic orbit would exhibit near-zero return distances at its closure
time. By contrast, the experimental trajectory shows only finite-time near returns over the accessible observation
window, without low-order exact closure. This recurrence diagnostic does not constitute a mathematical proof of
irrationality, but it provides a quantitative finite-time test against a simple weak-locking interpretation.

Taken together, the low-order integer-relation test, the two-frequency combination spectrum, the half-pump rotat-
ing two-phase reconstruction, and the recurrence analysis support the interpretation of the observed response as a
quasiperiodic DTQC state rather than a low-order frequency-locked periodic orbit.

D. Pairwise, distance-resolved, and subset-robust spatial coherence of the experimental DTQC state

The time-resolved measured-site coherence |Z(@A+/‘)(t)| used in the main text provides a compact summary of the
measured-site phase memory of the locked sum phase. To resolve the spatial structure of that coherence more directly,
we additionally evaluate pairwise and distance-resolved correlators on the same simultaneously recorded measured-site
set M = {7,8,9,10}, and test the robustness of the resulting coherence against subset choice.

Using the reconstructed site-resolved sum phases © ,,(t), we define the pairwise locked-phase coherence

Cij = ’<ei[e+,i<t>f@+,j (t>]> , (S104)

t
which quantifies the degree to which the locked DTQC phase remains aligned between measured sites ¢ and j. We
then define the distance-dependent coherence

C(r) = (Ciyj) (S105)

li—jl=r’
obtained by averaging over all measured-site pairs with separation r.

Figure (a) shows the resulting pairwise coherence matrix C;; for the experimental DTQC operating point.
The off-diagonal elements remain uniformly large across the measured-site set, indicating that the locked sum phase
is not correlated only within a single channel pair. For comparison, we construct separate null references for the
scalar instantaneous coherence and for the pairwise time-averaged coherence. For |Z(@/\f)(t) |7 the null reference is the
finite-site random-phasor distribution with N = 4, as described in Sec. For the pairwise quantity C;;, the null
reference is generated from independent random phase time series with the same number of samples and the same
analysis window as the experimental trace. Equivalently, phase-shuffled surrogate traces may be used to preserve the
single-site temporal statistics while destroying inter-site phase correlations. In this reference, the diagonal elements
remain trivially unity, while the off-diagonal entries represent the 95th-percentile pairwise surrogate thresholds.

The corresponding distance-dependent coherence C(r) is shown in Fig. [S4.3[(b). Over the accessible separations in
the measured-site set, the experimental DTQC coherence remains well above the 95% random-phase reference. In this
way, C;; and C(r) complement the scalar diagnostic |Z(@/\f) (t)’: the latter provides a compact measured-site coherence
measure, whereas the former show explicitly that the observed DTQC phase alignment is spatially shared across the
simultaneously recorded measured sites rather than arising from averaging alone.

To test robustness with respect to subset choice, we further repeat the analysis for all three-site subsets of M,
which for the present four-site measured set is equivalent to a leave-one-out analysis. For each subset S, we evaluate
the time-averaged measured-site coherence

=(S8) _ S
cs) = (|z8)®

>t , (S106)

the mean off-diagonal pairwise coherence

offdiag,(5) _ (S)
ng = <Cij >i;ﬁj7 (S107)

and the fraction of times for which ‘Z(@‘? (t)‘ exceeds the 95% finite-site random-phase baseline. As shown in

Fig.[S4.3|(c), all three quantities remain uniformly large across the tested subsets. This confirms that the measured-site
coherence reported in the main text is not dominated by a single measured site or by a particular three-site choice,
but is robust across the simultaneously recorded measured-site set. For each three-site subset S, the 95% finite-site

random-phase baseline used for ‘Zéi) (t)‘ is recomputed using Ng = 3, rather than reusing the four-site baseline of

the full measured set.
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FIG. S4.3. Pairwise, distance-resolved, and subset-robust spatial coherence of the experimental DTQC state.
(a) Pairwise locked-phase coherence matrix C;; evaluated on the simultaneously recorded measured-site set M = {7,8,9,10}
(left), together with the corresponding 95% pairwise random-phase surrogate reference constructed using the same analysis
window (right). The experimental DTQC state exhibits uniformly large off-diagonal coherence across the measured sites,
whereas the surrogate reference retains only the trivial diagonal self-correlation and much smaller off-diagonal thresholds. (b)
Distance-dependent coherence C(r), obtained by averaging C;; over all measured-site pairs with separation r. The measured
DTQC coherence remains well above the corresponding 95% pairwise surrogate reference over the accessible separations. (c)
Subset robustness of the measured-site coherence, evaluated over all three-site subsets of M. Shown are the time-averaged

—offdiag
J

measured-site coherence Egi) = <|Z(<9'S+) (t)|> ,» the mean off-diagonal pairwise coherence C; , and the fraction of times for

which |Z(@S+) ()| exceeds the 95% finite-site random-phase baseline recomputed for Ns = 3. All three metrics remain uniformly

large across the tested subsets, showing that the observed coherence is not dominated by a single measured channel or by a
particular subset choice.



	Self-organized photonic time quasicrystal from a single imposed clock
	Abstract
	Acknowledgements
	References
	Maxwell–Lorentz equations of motion and hybrid carrier basis
	Maxwell–polarization equations
	First-order state-space form
	Unmodulated hybrid carriers
	Resonance conditions and selected carrier sectors

	Circuit realization and projected slow Hamiltonian
	Flux–charge circuit model
	Reduced capacitive Hamiltonian
	Weak modulation and reduced circuit Hamiltonian
	Two-sector slow variables
	Hybrid basis and unified slow Hamiltonian

	Branch decomposition: degenerate DTC channels and nondegenerate DTQC channel
	Linear Floquet branch landscape
	Branch I-A: DTCa from 2a
	Branch I-B: DTCb from 2b
	Branch II: DTQC from a+b
	Frozen-action phase reduction and deterministic sum-locking tongue
	Slow-flow equations and noise projection
	Validation against the full time-domain model

	Experimental Implementation
	Experimental platform, measurement setup, and noise injection
	Signal processing and reconstruction of experimental DTQC observables
	Quantitative quasiperiodicity diagnostics for the experimental DTQC state
	Pairwise, distance-resolved, and subset-robust spatial coherence of the experimental DTQC state



