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Abstract
Lorentz and CPT symmetries may be violated in new physics that emerges at very high energy scale, i.e.,

at the Planck scale. The differential cross section of the Möller scattering, due to Lorentz violation at finite

temperature is calculated. Lorentz-violating effects emerge from an interaction vertex due to a CPT-odd

nonminimal coupling in the covariant derivative. The finite temperature effects are determined using the

Thermo Field Dynamics (TFD) formalism.
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I. INTRODUCTION

The Standard Model (SM) respects the Lorentz and CPT symmetries that are supported by

many experiments. Although the SM has achieved a remarkable phenomenological success there

are still unresolved issues. Such problems emerge in a number of different scenarios, most of them

related to new physics at the Planck scale ∼ 1019 GeV. Small Lorentz and CPT violations emerge

in theories that unify gravity with quantum mechanics such as string theory [1]. There are several

other issues that lead to Lorentz violation such as, loop quantum gravity [2, 3], geometrical effects

such as noncommutativity [4, 5], torsion [6], nonmetricity [7] among others. A theory that allows

incorporation of all Lorentz-violating terms together with the SM and general relativity is the

Standard Model Extension (SME) [8, 9]. The SME is an effective field theory that preserves the

observer Lorentz symmetry, while the particle Lorentz symmetry is violated. This model is divided

into two versions, a minimal extension which has operators with dimensions d ≤ 4 and a nonminimal

version of the SME associated with operators of higher dimensions. Numerous possibilities have

been investigated [10–12].

The SME framework is one way to investigate Lorentz and CPT symmetries violation. A

different way is to modify the interaction vertex adding a new nonminimal coupling term into

the covariant derivative. This new nonminimal coupling term may be CPT-odd or CPT-even.

There are various applications for both terms [13–23]. In this paper the CPT-odd term is chosen

to calculate the Lorentz violation correction to the electron-electron scattering, known as Möller

scattering. Corrections to the electron-electron scattering due to Lorentz violation have been studied

[24]. In this work the Z-boson exchange contribution to the amplitude is considered in addition to

the electromagnetic interaction. In [24] the minimal version of the SME has been used. Here the

nonminimal CPT-odd term is used to calculate Lorentz violation corrections in the electron-electron

scattering. In additon the finite temperature effects are calculated. The Thermo Field Dynamics

(TFD) formalism is used to introduce finite temperature.

TFD formalism is a thermal quantum field theory [25–29] where the statistical average of an

arbitrary operator is interpreted as the expectation value in a thermal vacuum. The thermal

vacuum, defined by |0(β)〉, describes a system in thermal equilibrium, where β = 1
kBT

, with T being

the temperature and kB the Boltzmann constant. This formalism depends on the doubling of the

original Fock space, composed of the original and a fictitious space (tilde space), using Bogoliubov

transformations. The original and tilde space are related by a mapping, tilde conjugation rules. The

physical variables are described by nontilde operators. The Bogoliubov transformation is a rotation
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involving these two spaces. As a consequence the propagator is written in two parts: T = 0 and

T 6= 0 components.

This paper is organized as follows. In section II, a brief introduction to the TFD formalism is

presented. In section III, the Lorentz violating nonminimal coupling is considered. The transition

amplitude at finite temperature is determined. The differential cross section for Möller scattering

with Lorentz-violating parameter at finite temperature is calculated. In section IV, some concluding

remarks are presented.

II. THERMO FIELD DYNAMICS - TFD

Here an introduction to TFD formalism is presented. It is a real time formalism of quantum field

theory at finite temperature where the thermal average of an observable is given by the vacuum

expectation value in an extended Hilbert space. This is achieved by defining a thermal ground state

|0(β)〉. Then the expectation value of an operator A is given as 〈A〉 = 〈0(β)|A|0(β)〉. However

two main ingredients are required to achieve this: (1) doubling of degrees of freedom in the Hilbert

space and (2) the Bogoliubov transformation. The doubling is defined by the tilde (∼) conjugation

rules, where the expanded space is ST = S ⊗ S̃, with S being the standard Hilbert space and S̃

being the fictitious space. The mapping between the tilde Ãi and non-tilde Ai operators is defined

by the following tilde (or dual) conjugation rules:

(AiAj)
∼ = ÃiÃj , (Ãi)

∼ = −ξAi, (1)

(A†i )
∼ = Ãi

†
, (cAi +Aj)

∼ = c∗Ãi + Ãj ,

with ξ = −1 for bosons and ξ = +1 for fermions. The Bogoliubov transformation being a rotation

in the tilde and nontilde variables, thus introducing thermal quantities.

For bosons, Bogoliubov transformation are

ap = u′(β)ap(β) + v′(β)ã†p(β), (2)

a†p = u′(β)a†p(β) + v′(β)ãp(β), (3)

ãp = u′(β)ãp(β) + v′(β)a†p(β), (4)

ã†p = u′(β)ã†p(β) + v′(β)ap(β), (5)

where u′(β) = cosh θ(β) and v′(β) = sinh θ(β), with a†p and ap being creation and annihilation
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operators respectively. Algebraic rules for thermal operators are[
a(k, β), a†(p, β)

]
= δ3(k − p),[

ã(k, β), ã†(p, β)
]

= δ3(k − p), (6)

and other commutation relations are null.

For fermions, the Bogoliubov transformations are

cp = u(β)cp(β) + v(β)c̃†p(β), (7)

c†p = u(β)c†p(β) + v(β)c̃p(β), (8)

c̃p = u(β)c̃p(β)− v(β)c†p(β), (9)

c̃†p = u(β)c̃†p(β)− v(β)cp(β), (10)

where u(β) = cos θ(β) and v(β) = sin θ(β), with c†p and cp being creation and annihilation operators

respectively. Here algebraic rules are{
c(k, β), c†(p, β)

}
= δ3(k − p),{

c̃(k, β), c̃†(p, β)
}

= δ3(k − p), (11)

and other anti-commutation relations are null.

An important note, the propagator in TFD formalism is written in two parts: one describes the

flat space-time contribution and the other displays the thermal effect.

III. LORENTZ-VIOLATING CORRECTIONS TO MÖLLER SCATTERING AT FINITE

TEMPERATURE

Our interest is to calculate the differential cross section for the process, e−(p1)e
−(p2) →

e−(p3)e
−(p4), at finite temperature. This process is represented in the FIG. 1.

FIG. 1: Möller Scattering
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The lagrangian that describes the Möller scattering is given by

L = −1

4
FµνF

µν + ψ̄ (iγµDµ −m)ψ − 1

2ξ
(∂µA

µ)2 . (12)

To investigate the Lorentz violation in this scattering an alternative procedure is used. It consists of

modifying just the SME interaction part via a non-minimal coupling using the covariant derivative,

i.e.,

Dµ = ∂µ + ieAµ + igbνF̃µν , (13)

with e, g and bµ being the electron charge, a coupling constant and a constant four vector, respec-

tively. F̃µν = 1
2εµναρF

αρ is the dual electromagnetic tensor with ε0123 = 1 and Fαρ = ∂αAρ−∂ρAα.

The new interaction breaks the Lorentz and CPT symmetries. The interaction lagrangian is given

by

LI = −eψ̄γµψAµ − gbνψ̄γµψ∂αAρεµναρ. (14)

The second term represents the new interaction produced by the nonminimal coupling that leads to

Lorentz violation, while the first term is the usual QED interaction. These vertices are represented

as

• → V µ = −ieγµ (15)

× → gVρ = −gbνγµqαεµναρ, (16)

where qα is the momentum operator. The diagrams in FIG. 1 represent the usual QED when the

vertex V µ is used and the Lorentz violation corrections are represented by gVρ vertex. The total

contribution is the sum of all diagrams.

In order to calculate the differential cross section for Möller scattering the transition amplitude,

M(β) = 〈f, β|Ŝ(2)|i, β〉, (17)

is determined. Here Ŝ(2) is the second order term of the Ŝ-matrix that is defined as

Ŝ =
∞∑
n=0

(−i)n

n!

∫
dx1dx2 · · · dxnT

[
L̂I(x1)L̂I(x2) · · · L̂I(xn)

]
, (18)

where T is the time ordering operator and L̂I(x) = LI(x) − L̃I(x) describes the interaction. Here

LI(x) and L̃I(x) are interaction lagrangian in usual and tilde Hilbert space respectively. The

thermal states are

|i, β〉 = c†p1(β)d†p2(β)|0(β)〉,

|f, β〉 = cp3(β)dp4(β)|0(β)〉, (19)
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with
(
c†pj (β), d†pj (β)

)
and

(
cpj (β), dpj (β)

)
being the creation and annihilation operators respec-

tively. Then the transition amplitude becomes

M(β) =
(−i)2

2!

∫
d4x d4y〈f, β|(LILI − L̃IL̃I)|i, β〉,

= (M1(β) +M2(β) +M3(β))−
(
M̃1(β) + M̃2(β) + M̃3(β)

)
(20)

where

M1(β) = −e
2

2

∫
d4x d4y 〈f, β|ψ̄(x)γµψ(x)ψ̄(y)γνψ(y)Aµ(x)Aν(y)|i, β〉, (21)

M2(β) = −egbνεµνσρ
∫
d4x d4y〈f, β|ψ̄(x)γωψ(x)ψ̄(y)γµψ(y)Aω(x)∂σAρ(y)|i, β〉, (22)

M3(β) = −1

2
g2bνbρεµνασεωρδγ

∫
d4x d4y〈f, β|ψ̄(x)γµψ(x)ψ̄(y)γωψ(y)∂αAσ(x)∂δAγ(y)|i, β〉.(23)

An important note, theM3(β) contribution will be ignored since it is proportional to second order

of Lorentz-violating parameter. Let’s consider to the lowest order in this parameter. There are

similar equations for the transition amplitude that include tilde operators. The fermion field is

written as

ψ(x) =

∫
dpNp

[
cpu(p)e−ipx + d†pv(p)eipx

]
, (24)

where cp and dp are annihilation operators for electrons and positrons, respectively, Np is the

normalization constant while u(p) and v(p) are Dirac spinors. There are two Feynman diagrams

that describe the Möller scattering, the t-channel and the u-channel, as represented in Fig. 1. For

simplicity, consider

M1(β) =Mt
1(β) +Mu

1 (β), (25)

where Mt
1(β) and Mu

1 (β) are contributions due to the t-channel and the u-channel diagrams,

respectively. Then using eq. (24) and Bogoliubov transformations we get

M1(β) = −e
2

2
Np

∫
d4x d4y

∫
d4p(u2 − v2)2

[
ū(p2)γ

µu(p1)ū(p4)γ
νu(p3)e

ix(p1−p2)eiy(p3−p4)

− ū(p2)γ
µu(p3)ū(p4)γ

νu(p1)e
ix(p2−p3)eiy(p4−p1)

]
〈0(β)|TAµ(x)Aν(y)|0(β)〉. (26)

The photon propagator at finite temperature is defined as

〈0(β)|TAµ(x)Aν(y)|0(β)〉 = i

∫
d4q

(2π)4
e−iq(x−y)∆µν(q, β), (27)
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with ∆µν(q, β) ≡ ∆
(0)
µν (q) + ∆

(β)
µν (q), where ∆

(0)
µν (q) and ∆

(β)
µν (q) are zero and finite temperature

components respectively. Explicitly these are

∆(0)
µν (q) =

ηµν
q2

 1 0

0 −1

 , (28)

∆(β)
µν (q) = −2πiδ(q2)

eβq0 − 1

 1 eβq0/2

eβq0/2 1

 ηµν .

Taking u(β) = cos θ(β) and v(β) = sin θ(β) we get (u2 − v2)2 = tanh2(β|q0|2 ), where q0 = ω, and

using the definition of the four-dimensional delta function,∫
d4x d4y e−ix(p1−p3+q)e−iy(p2−p4−q) = δ4(p1 − p3 + q)δ4(p2 − p4 − q), (29)

the transition amplitude after carrying out the q integral becomes

M1(β) = −ie2
[
ū(p2)γ

µu(p1)∆
′(p1 − p2, β)ū(p4)γµu(p3) tanh2

(β|(p1 − p2)0|
2

)
− ū(p2)γ

νu(p3)∆
′(p3 − p2, β)ū(p4)γνu(p1) tanh2

(β|(p3 − p2)0|
2

)]
, (30)

where Np = 2 has been used. The propagator is

∆′µν(q) ≡ ∆′(q) ηµν (31)

with

∆′(q) =
1

q2

 1 0

0 −1

− 2πiδ(q2)

eβ(q)0 − 1

 1 eβ(q)0/2

eβ(q)0/2 1

 . (32)

The remaining delta function, then has the overall four-momentum conservation, is taken out. In

addition the center of mass is considered so that

p1 = (E, ~p), p2 = (E,−~p),

p3 = (E, ~p′) and p4 = (E,−~p′), (33)

where |~p|2 = |~p′|2 = E2, ~p · ~p′ = E2 cos θ and s = (2E)2 = E2
CM , we get |(p1− p2)0| = |(p3− p2)0| =

ECM . Then

M1(β) = −ie2
[
ū(p2)γ

µu(p1)∆
′(p1 − p2, β)ū(p4)γµu(p3)

− ū(p2)γ
νu(p3)∆

′(p3 − p2, β)ū(p4)γνu(p1)
]
tanh2

(βECM
2

)
. (34)
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In a similar way, the linear term in the Lorentz violating parameter, becomes

M2(β) = egbνεµνσρ

[
(p1 − p2)σū(p2)γ

ρu(p1)ū(p4)γ
µu(p3)∆

′(p1 − p2, β)

− (p3 − p2)σū(p2)γ
ρu(p3)ū(p4)γ

µu(p1)∆
′(p1 + p2)

]
tanh2

(βECM
2

)
. (35)

The differential cross section is given by(
dσ

dΩ

)
β

=
1

64π2E2
CM

· 1

4

∑
spins

|M(β)|2. (36)

Now an average over the spin of the incoming particles and sun over the spin of the outgoing

particles is taken. Then the square transition amplitude is determined∣∣M(β)
∣∣2= ∣∣M1(β) +M2(β)

∣∣2. (37)

In addition the relation

ū(p2)γαu(p1)ū(p1)γ
αu(p2) = tr [γαu(p1)ū(p1)γ

αu(p2)ū(p2)] (38)

and the completeness relations: ∑
u(pi)ū(pi) = /pi +m (39)

with i = 1, 2, 3, 4 are used. Now the electron mass is ignored since the momenta are large, i.e., the

ultrarelativistic limit (p2 >> m2) is used.

The differential cross section, eq. (36), at finite temperature for a time-like four vector bν = (b, 0)

becomes (
dσ

dΩ

)
β

=
1

256π2s

{
e4

[
−8 cos θ + 12 cos 2θ + 8 cos 3θ + cos 4θ + 115

2(cos θ + 1)2
+ C1(β)

]

+ 8e2g2E4b2
[
cos 2θ + 7 + C2(β)

]}
tanh2

(βECM
2

)
, (40)

where

C1(β) ≡ 32E4
{

∆2(p1 − p2)(cos θ + 1)2 + 4 [∆(p1 − p2) + ∆(p3 − p2)]2 sin4 θ/2

+ 4∆2(p3 − p2)
}

(41)

C2(β) ≡ 16E4
{

∆2(p1 − p2)(cos 2θ + 3) + 4∆2(p3 − p2) cos4 θ/2
}

(42)

with

∆(q) = − 2πiδ(q2)

eβ(q)0 − 1

 1 eβ(q)0/2

eβ(q)0/2 1

 . (43)

8



This result shows that corrections for Möller scattering due to Lorentz violation at finite tem-

perature are altered. Even if the Lorentz symmetry is conserved, there are corrections due to

temperature for the usual result for electron-electron scattering.

An important note, in the Born approximation, the interaction potential may be calculated by

using the Fourier transform of the scattering amplitude, i.e.,

V (r) =
1

(2π)3

∫
M(β) eip·xd3p, (44)

withM(β) being the total scattering amplitude given in eq. (20). In the non-relativistic limit some

studies have been carried out about electron-electron interaction potential [30-32]. Our result, eq.

(40), has been obtained in the ultra-relativistic limit, i.e. p2 >> m2. However using the non-

relativistic limit (i.e., p2 << m2), in eq. (36), a different cross section at finite temperature and

with Lorentz violating term is obtained. This result may be compared with the non-relativistic and

Lorentz invariant differential cross section at zero temperature that is given as(
dσ

dΩ

)
= e4

4E2

[
(1− cos2 θ) + 1

1+cos2 θ
− 1

(1−cos θ)2

]
, (45)

where E is the total kinetic energy. In our case the potential is altered directly by Lorentz violation

and temperature effects.

In addition the result obtained here may be compared with the non-relativistic result, eq. (45).

Let’s consider the following comparisons: (i) b = 0 and T 6= 0 - In this case there are corrections

due to temperature effects that become relevant in the high temperature limit since the estimates

defined in eq. (43) become large. Then the dependent temperature part becomes dominant. This

result leads to a new motivation - what are the modifications due to Lorentz violation at high

temperature for electron-electron scattering? Then these estimates will give us a reasonable idea of

the role of SME parameters at finite temperatures. (ii) b 6= 0 and T = 0 - When the temperature

is small the differential cross section is modified only by Lorentz-violating parameter. Thus, while

small, Lorentz violating terms do not contradict any experimental measurements of the Möller

scattering at zero temperature. However there is a motivation to perform such study at finite

temperature. Although Möller scattering at high energy has been investigated in experiments but

these are still at zero temperature. There is certainly no investigation at extremely high energy

with non-zero temperature that may indicate any role for Lorentz violation.
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IV. CONCLUSION

Lorentz and CPT symmetries are foundations of SM and General Relativity (GR). However vio-

lations of these symmetries could emerge in a new physics beyond the SM, at the Planck scale. The

SME is an effective field theory that contain of SM, GR and all Lorentz- and CPT- violating oper-

ators. In parallel to SME exist an alternative procedure that consists in modifying the interaction

part using a nonminimal coupling via covariant derivative. In this paper the nonminimal coupling

term, CPT-odd term, is used to calculate the Lorentz-violating corrections to Möller scattering

at finite temperature. Finite temperature effects are introduced using the TFD formalism. Our

results show that Lorentz-violating operators at finite temperature contribute to the differential

cross section of the electron-electron scattering. This is important since there is no investigation

at extremely high energy with non-zero temperature for this scattering. Here a theoretical study

is developed such that relevant effects may arise for processes at very high energies. These results

may modify the results that are anticipated for astrophysical processes. In addition, it is shown

that the differential scattering cross section for Möller scattering depends on temperature. The

cross section also changes with Lorentz violation. Then this result may be useful to understand the

role of Lorentz violation term depending on temperature. The interior of stars is a region where

there is variation of the temperature, then stars may be used to test this result. At present this

result is of theoretical interest and does not provide a direct way to measure an upper limit on the

magnitude of the Lorentz-violating nonminimal coupling. Constraints on Lorentz-violating param-

eter can be obtained if measurements at finite temperature are realized in the future. Although

corrections due to squared Lorentz-violating parameters avoid the reach to stronger upper bounds,

there are ways to constrain Lorentz violation. The dependence of the cross section on second order

Lorentz- violating parameters has been obtained also in other scatterings. For Bhabha scatter-

ing and for pair annihilation in the presence of a CPT-odd non-minimal coupling [18, 19] and for

electron-positron scattering with non-minimal CPT-even coupling term [20]. Good upper bounds

for Lorentz-violating parameters have been obtained using experimental data from reference [33].
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