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Abstract

The Fourier shell correlation (FSC) is a measure of the similarity between two signals computed over corresponding shells
in the frequency domain and has broad applications in microscopy. In structural biology, the FSC is ubiquitous in methods
for validation, resolution determination, and signal enhancement. Computing the FSC usually requires two independent
measurements of the same underlying signal, which can be limiting for some applications. Here, we analyze and extend
on an approach proposed by Koho et al. [1] to estimate the FSC from a single measurement. In particular, we derive
the necessary conditions required to estimate the FSC from downsampled versions of a single noisy measurement. These
conditions reveal additional corrections which we implement to increase the applicability of the method. We then illustrate
two applications of our approach, first as an estimate of the global resolution from a single 3-D structure and second as a
data-driven method for denoising tomographic reconstructions in electron cryo-tomography. These results provide general
guidelines for computing the FSC from a single measurement and suggest new applications of the FSC in microscopy.

1 Introduction

The Fourier shell correlation (FSC) is defined as the normalized cross-correlation of corresponding shells between two signals
in the frequency domain |2, [3]. In single particle electron cryo-microscopy (cryo-EM), the FSC has become the universal
resolution metric and is used to assess the quality of a 3-D reconstruction [4, [5]. Additional major contributions of the FSC
in cryo-EM include setting hyperparameters of iterative algorithms, as in 3-D refinement of structures [6], and estimation of
the spectral signal-to-noise ratio (SSNR) |7, |8].

A core requirement of the FSC is the availability of two or more independent noisy measurements. In single particle cryo-
EM, this is often achieved by splitting the data into random half sets [4]. However, for other forms of microscopy or data
processing procedures, it is not always possible to apply the same strategy. To bypass the need for multiple measurements,
a novel approach was recently proposed to estimate an FSC-like quantity from a single measurement, which we refer to as
the self FSC (SFSC) [1]. This approach was initially used for image restoration in fluorescence microscopy [1] and has also
been applied to estimating resolution in scanning electron microscopy [9]. The SFSC is implemented by first decimating an
image in real space to produce downsampled images whose correlation with each other is then computed in Fourier space.
While the interpretability of the original FSC has been discussed in |10, |11], the validity of the SFSC as a proxy for the FSC
is more difficult to interpret, since the two downsampled signals are not independent.

In this work, we analyze the SFSC and give sufficient conditions on the statistics of both the signal and the noise under
which the estimator is consistent with the standard FSC. Notably, we show that the assumptions required for the SFSC are
more restrictive than the standard FSC and that use of the SFSC outside the defined conditions can give estimates that
deviate significantly from the FSC. The conditions are easy to check and give practical guidelines to the applicability of the
SFSC.

To demonstrate the validity of the SFSC, we provide two applications in the context of cryo-EM: first as a measure of the
global resolution from a single map, and second as a data-driven method for denoising in electron cryo-tomography (cryo-ET).
In the first application, we show that the resolution predicted by the SFSC from one half-map agrees with the standard FSC
computed from two half maps, provided the conditions on the data described in this work are met. We then use the SFSC
to denoise a reconstructed tomogram from cryo-ET data by applying a Wiener filter. Our approach provides significantly
increased contrast and visibility compared to conventional low-pass filtering. The code used to generate the results in this
work is available at: |github.com/EricVerbeke/self_fourier_shell_correlation.

2 Results

Experimental evidence for the relationship between the correlation of noisy image measurements and the signal-to-noise ratio
in electron microscopy date back to (at least) 1975 [12]. With the advent of the FSC, this relation was developed further
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to describe the decay in data quality with respect to spatial frequency based on a relation to the SSNR, |7]. The SSNR is
a central quantity in computational microscopy and has specific use in cryo-EM for denoising by Wiener filtering [13], and
post-processing (e.g., 3-D structure sharpening) [4].

In this work, we consider the following simple model for estimating the FSC and therefore also the SSNR: we observe a
single noisy measurement y of an underlying signal x:

y=2x+E€. (1)

We discuss the effect of including the contrast transfer function (CTF) in the model in Appendix For the model in eq. ,
we assume that the ground truth signal is drawn from a mean-zero Gaussian distribution  ~ A(0, A) with additive Gaussian
colored noise € ~ N (0, ), where A and ¥ are the covariance matrices of the signal and noise respectively. We further assume
that all entries of & := F{x} and é := F{e}, the discrete Fourier transforms (DFT) of z and ¢, are statistically independent
of each other, and thus have diagonal covariance matrices in the Fourier domain. That is, we have that & ~ N(0, D(\?))
and é ~ N(0, D(0?)), where D(v) € C?*? denotes a diagonal matrix with entries v € C%, and A and o are vectors that are
constant along frequency shells. The real space covariance matrices are therefore A = F*D(A?)F and X = F*D(0?)F, where
F is the normalized DFT matrix and * denotes the conjugate transpose. While the independence assumption on the signal
in the Fourier domain may seem restrictive, it is typical in cryo-EM 3-D reconstruction—corresponding to a weighted L?
regularized problem in the maximum a posteriori formulation [6]; furthermore, it is justified in the “infinitely large” protein
limit under the Wilson statistics model [14} [L5]. The SSNR at spatial frequencies of radius r is then defined as:

SSNR(r) = 5005 2)

Typically, neither A2 or o2 are known a priori and thus must be estimated from data. In practice, the SSNR can be

estimated if two independent and noisy measurements, y; and ys, of the same signal = are available by computing their FSC.

The FSC is defined as:
> Re (i[k]ga[4)

FSC(T) = keSr — <g17g2>7« (3)
S kPR S lglk]z 191019207
kES, kES,

where ; and g are the DFT of y; and s, the overline denotes the complex conjugate, and (-, -), denotes the standard inner
product on C? restricted to the shell S, with || - ||, being the associated norm. We use brackets to denote indexing of a
discrete function and k for the multi-index on a Fourier grid. The link between the FSC and SSNR is made by considering
a related deterministic quantity, denoted EFSC:

E (1,9 A2
EFSC(r) := W d2)e] A
VEl7 12 Eflg2]2]  A*(r) + o2 (r)
where E is the expectation. We note that while E[FSC(r)] # EFSC(r), the estimated quantity has proven to be a useful
proxy for the SSNR. From the EFSC, we see that the SSNR can be estimated as:

(4)

SSNR(r) = % (5)

It is a common practice to replace the EFSC by the empirical FSC eq. computed from two signals to estimate the SSNR.

2.1 Fourier shell correlation from a single measurement

The computation of the standard FSC requires two independent measurements of a signal. In this work, the goal is to
estimate the FSC and SSNR from a single measurement. A solution proposed in [1] is to compute the FSC from downsampled
versions of the same measurement. This approach is originally implemented by first taking a noisy, real-space measurement
and decimating into a checkerboard-like pattern to form half-sized approximations of the original measurement, as shown
in Figure [A2] The FSC between pairs of downsampled signals can then be computed.

Here, we modify the downsampling procedure such that the real-space measurements are split into even and odd terms
along one spatial dimension at a time, thus providing two downsampled versions for each dimension. The FSC is then
computed between each downsampled measurement pair for each dimension and the reported FSC is taken to be the average,
as shown in Figure [I] There are two main advantages of this approach compared to the checkerboard-like splitting pattern.
First, our scheme preserves the Nyquist frequency for each axis except the one split into even and odd terms. Second, we
show in Appendix[A-2] that splitting in a checkerboard-like pattern scales the variance of the noise in the SFSC by 24 where
dim is the number of axes split into even and odd terms. For the 1-D case, a measured signal is decimated by simply splitting
into even and odd terms.
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While this process is always easily computable, it is not clear that the estimate is meaningful. Indeed, the basis of the
connection between the FSC and SSNR is the statistical independence of two measurements. However, in the SFSC case, the
two measurements are simply downsampled versions of the same noisy measurement which are correlated in any practical
scenario. Despite the apparent correlation, we show that under conditions on the statistics of both the signal and the noise,
the SFSC may still be used to estimate the SSNR from the downsampled measurement, which can be used to infer the SSNR
of the original measurement.

4

measured signal

Z

L L 2 7

Fourier shell correlation

1.0

0.8 1

0.6 1

0.4 4

0.2 1

0.0 1

OTO 0?1 0?2 0?3 0?4 0?5
spatial frequency (A~1)
Figure 1: Tlustration of the Fourier shell correlation computed from a downsampled signal (i.e., the SFSC). The measured

signal is split into even and odd voxels for each dimension and the SFSC is computed between the respective pairs. The
reported FSC is taken to be the average of the three pairs.

2.2 Conditions for accurate estimation of the FSC from the SFSC

We present our main analysis for the SFSC here using the one-dimensional case for simplicity, although we show in Ap-
pendix that it naturally extends to higher dimensions. Following the model in eq. (1)), let y be a discrete 1-D mea-
surement of length N, where we assume N is even. The measurment y is then downsampled by splitting it into even index
terms ye[n| = y[2n] and odd index terms y,[n] = y[2n + 1] for n € {0,...,(N/2) — 1}. The DFT of the even and odd term
measurements can be related to the DFT of the original measurement y as follows (see Appendix for derivation):

Jelk] = (2[k] + élk] + 2lk + N/2) + e[k + N/2])/2, (6)

Jolk] = (2[k] + €[k] — &k + N/2] — e[k + N/2])/ (2wy) , (7)

where §. and §, are the DFTs of y. and y,, and wy = exp(—27i/N). We note that if the higher frequency terms are small
(i.e., there is a rapid decay in the power spectrum), then g.[k] and ¢,[k] are approximately equal after a phase shift of g, [k]
by w¥,. Thus, as noted in , when computing the SFSC between downsampled pairs, a phase shift correction must be
included. That is:

<A ~ —27ri<a,k/N>>

y87yOe

SFSC = . T 8
") = e loe 2k, ®)

where a denotes the translation. We discuss the origin and effect of this translation further in Appendix
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Our goal is to show that the SFSC is approximately equal to the FSC such that it can also provide an estimate of the
SSNR as in eq. . Following the same arguments as stated for the EFSC in eq. , we have that:

E |:<ge7goe—27ri(a,k/N)> ]
ESFSC k| = L .
DM = s I E e o ]

Under the standard assumption that the signal and the noise are statistically independent, we then get:

9)

N[k] — A2k + N/2] + o?[k] — o2[k + N /2]
N2[k] + N[k + N/2] + o2[k] + o2[k + N /2]
Thus, in general, the estimates for the EFSC and ESFSC are not the same. However, if we consider the following two
assumptions:

ESFSC;_plk] = (10)

Assumption 1 The Gaussian noise distribution is white, namely o?[k] = 02[0] Vk,
Assumption 2 The power spectrum of the signal decays such that A\2[k] > A\2[k + N/2],

then, we have that:

A% [K]
—_— 11
A2[k] + 202[k] (11)

That is, the ESFSC approximates the EFSC with an additional doubling on the variance of the noise. Given the above
assumptions are met, the ESFSC can be related to the EFSC by:

ESFSCy_p k] ~

2ESFSC(r)
EFSC(r) = T Fsrson (12)

We illustrate the importance of the assumptions on the signal and noise in Figure and how to circumvent these
assumptions in Figure [3| using a synthetic 2-D image as an example. The clean image originates from a projection of the
3-D structure of a human gamma-aminobutyric acid receptor (available as entry EMD-11657 in the electron microscopy data
bank) [16]. Using a typical B-factor decay in cryo-EM [4], we generate each image as z = F~1{# exp(—B||k|?/4V N)}, where
V is the voxel (or pixel) size and B modulates the decay. Here the image size is N x N = 360 x 360 with a pixel size of 0.81A.
Noisy measurements are then produced by adding Gaussian noise. To generate noise which decays with spatial frequency
(i.e., such that Assumption [1] is broken), a B-factor decay may also be applied to the additive noise and is delineated as
Bgsignal and Bpeise When necessary.

Given both assumptions on the data are met, and that the correction for the scaling of the variance in eq. is applied,
we show in Figure [2h that the SFSC accurately estimates the FSC. If the noise is not white Gaussian, but instead decays with
spatial frequency, the SFSC is unreliable and overestimates the FSC (Figure ) However if the noise is white Gaussian, but
the power spectrum of the signal does not have rapid decay, then the SFSC underestimates the FSC (Figure [2¢). Finally,
if neither assumption is met, the SFSC fails to approximate the FSC and tends to give an overestimate (Figur). These
results underpin the behavior of the SFSC, whether or not it should be applied, and motivate the improvements to the
algorithm described in the following sections which circumvent the assumptions.

2.3 Accounting for colored noise in the SFSC

Microscopy images are often contaminated by colored Gaussian noise. Specifically, in cryo-EM, noise is often modeled by
a covariance matrix that is diagonal in the Fourier domain, but with entries that vary [17]. In this case, Assumption [1]is
violated. From eq. , the ESFSC approximates the EFSC only in the case of white Gaussian noise and should not be
expected to match otherwise. However, in the scenario where the noise is not white but its distribution can be estimated, we
can first whiten the measurement prior to computing the SFSC. Suppose that the Fourier transform of the noise distribution
is € ~ N(0, D(c?)). We define the Fourier transform of the whitened noisy measurement g, as:

G = W25, (13)

where W = D(0?). By construction, the noise in ¢, is white:
Jo =W 25+ W2 =&, + &, (14)
where &, = W~1/2% and &, = W~1/2¢, and Covl[é,] = Cov[W ~1/2¢] = W=1/2WW~-1/2 = [. While this transform changes

the signal, the SSNR of the new signal is the same as the original one. Noise whitening of data has statistical justifications
which are described in [1§].
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Assumption 1 valid Assumption 1 not valid
Fourier shell correlation Fourier shell correlation

2 104
1.0
el os - 0.8 1
© 0s
>
02
N 0.0 06-
[ 50 A
O -0.2
9
q 0.4 1
S
S
3 i 0.2-
<
— FSC — FSC
] —— sFsc 0.07 — sFsc
T T T T T T T signai=100A Broise=5042 T T T T T T T
00 01 02 03 04 05 06 00 01 02 03 04 05 06
spatial frequency (A1) spatial frequency (A1)

Fourier shell correlation Fourier shell correlation

Assumption 2 not valid

— FSC
—— SFSC

— FSC
1 —— sFsc

00 01 5 06 00 01 02 03 04, 05 06
spatial frequency (A1)

02 03 04 0
spatial frequency (A1)
Figure 2: Conditions on the statistics of the signal and noise under which the SFSC accurately estimates the FSC. Each
panel shows the image, power spectrum and associated SFSC for a signal that satisfies or fails to satisfy both Assumption [I]
and Assumption 2 The SNR was set to 15 for each image with additive Gaussian noise that decays with spatial frequency
when specified. The FSC was computed for each case using two synthetic images generated with the same parameters but
independent noise. (a) Bsignar = 100A27 Bioise = OA2. Both assumptions are met and the SFSC accurately estimates
the FSC. (b) Bsigna = 1002&27 Birovise = 50A%. The noise is not white Gaussian and the SFSC overestimates the FSC.
(¢) Bsignat = OAQ, Broise = OAQ. The noise is white Gaussian but the signal does not have rapid decay. The SFSC

underestimates the FSC. (d) Bsigna = 20A2, Broise = 10A”. Neither assumption is met and the SFSC fails to estimate
the FSC. This figure demonstrates that the naive SFSC provides an accurate estimate of the FSC only if Assumption
and Assumption El are met.

To demonstrate the effect of colored noise on the SFSC, we generated an image with a noise spectrum that decays following
exp(—Bl||k||?/AVN), with B = 504%. We show in Figure |3c that after applying a whitening transform, we can recover the
FSC from the SFSC. While this procedure can always be done if the noise level can be estimated, we note that it also leads to
a simpler scheme for estimating the SSNR. Specifically, if the noise variance can be estimated, the ratio of the noise variance
subtracted from the power spectrum to the noise variance is, in expectation, also equal to the SSNR. In fact, this is always
possible and yields approximately equivalent results to the standard FSC. The noise level is typically computed as part of
the cryo-EM reconstruction process and could be used for a more direct measure of the SSNR without the need of the FSC.
We demonstrate this simpler approach for estimating the SSNR in Appendix

2.4 SFSC for measurements with slow decaying spectrum

Assumption [2] requires that there is rapid decay in the power spectrum of the underlying signal. If this is not the case,
we can introduce an additional correction to the SFSC. We propose the following approach: upsample the measurement by
zero-padding in Fourier space to increase the length of the measurement to N = 2N , then subtract off the noise level from
the numerator. The effect of the zero-padding is to set the high frequency terms to zero, and thus their variance is also zero
(i.e., N[k + N /2] = 6%[k + N /2] := 0). Returning to eq. @) we see:

E [(fe, Joe 2™ RN T— g N2[k] — N[k + N /2] + 0°[k] — o[k + N /2] — v, N2[k] + 02 [k] — 4y 15)
VE[el2IEllgoe27@FN2] X2k + A2[k+ N/2] + 02K + o2k + N/2]  N[k]+0%[k]
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Figure 3: Corrections required for the SFSC to accurately estimate the FSC. The image and corresponding power spectrum
in each column were generated with a specified SNR and a B-factor on both the signal and noise to exemplify each case.
The FSC was computed for each case using two synthetic images generated with the same parameters but independent
noise. (a) Phase shift correction, SNR = 105, Bsignar = 150A2, Boise = OAQ. If the phase shift induced by downsampling
is not corrected, the 2-D SFSC reduces to Jy, a scaled zeroth order Bessel function of the first kind (see Appendix [A.4]).

(b) Correction for the scaled variance, SNR = 15, Bsignat = 100A27 Bioise = OAQ. Both assumptions on the signal and
noise are met. The SFSC estimates the FSC according to eq. after adjusting for the scaled variance. (c¢) Whitening

transform, SNR = 15, Byignal = IOOAQ, Bioise = 50A2. After applying a whitening transform, the SFSC estimates the FSC.
(d) Upsampling, SNR = 10, Bsignai = 10A2, Bioise = OAQ. If the signal does not have rapid decay but has been whitened,
the SFSC estimates the FSC only after upsampling. These correcting factors extend the applicability of the SFSC.

where 7, is a value we have chosen. The above equation equals the desired EFSC in eq. when we set v, = iaz[k].
Importantly, this procedure only works after a whitening transform of the original measurement since the variance of the
noise is known. We show in Figure 3ld that upsampling a whitened measurement with a slow decaying power spectrum
recovers the expected correlation curve. The effect of upsampling, and more generally frequency filtering prior to computing
the SFSC, is discussed in Appendix [A6]

2.5 Estimating resolution from a single cryo-EM map

For a conventional 3-D reconstruction pipeline in single particle cryo-EM, the data are split into random half sets to generate
two independent half maps which are used to compute the FSC. To verify the assumptions and corrections introduced in
this work, we show that the global resolution can be estimated from a single cryo-EM half map using the SFSC. We use the
3-D structures of a 20S proteasome (EMD-24822 [19]), a 70S ribosome (EMD-13234 [20]) and two small membrane proteins
(EMD-27648 [21], EMD-20278 [22]) as examples.

After 3-D reconstruction, we do not expect the noise to be white, but instead to increase proportionally to ||| due to the
Fourier slice theorem, whereas the signal will show a strong exponential decay due to the B-factor. Thus, after whitening,
our method applies. However, deposited maps usually have masking in either the volume or images which impact the noise
statistics. Here we use the the noise in the corners of the reconstructions to estimate the noise distribution, but this assumes
no masking was used. Otherwise, the noise in the corners and center will display different statistics. Specifically, we use
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the region outside a sphere which encompasses the molecular structure to estimate the noise by computing the spherically
averaged power spectrum, defined as PS(y)(r) := |, s, li( (&N |?dk (see Figure |A . We then apply the whitening transform
and upsample procedure before computing the SFSC. The resolution reported using the standard FSC and the resolution
calculated from the SFSC at a threshold of 1/7 [4] are approximately equal (Figure Ela—c) except for the case where there is
a non-unifom noise distribution (Figure [4d). We attribute the deviation of the SFSC from one at the low frequencies to the
difficulty in accurately estimating the noise using ad hoc methods. These results suggest that the SFSC provides a viable
alternative for estimating resolution in cryo-EM and could be used in the absence of half maps.

a Fourier shell correlation b Fourier shell correlation

— FSC4.4 4 I — FSC474A

—— SFSC (half 1) 4.4 A "-‘ A\ —— SFSC (half1) 4.7 A
|
SFSC (half 2) 4.5 & ! *\ SFSC (half 2) 4.7 A
AN
\w
\\
R
S

- T S

T e ) "‘,-‘Ydl

0.00 0.05 0.10 0.15 020 025 0.30
spatial frequency (A1)

spatlal frequency (A 1)

Fourier shell correlation

— FSC3.84
—— SFSC (half 1) 3.8 A
SFSC (half 2) 3.8 4

R R e A

spatlal frequency (A 1)

Figure 4: Global resolution estimates from single maps.

Fourier shell correlation

oy — FSC3.34
\ —— SFSC (half 1)
SFSC (half 2)

spatlal frequency (A L

The SFSC is computed for each half map after applying the

noise whitening and upsampling procedure. The noise is estimated by computing the spherically averaged power spectrum
from the region outside a sphere encompassing the structure. The SFSC is approximately equal to the standard FSC for
(a) EMD-24822 (grid points = 360°, voxel size = 1.05A), (b) EMD-13234 (grid points = 336°, voxel size = 1.7A) and (c)
EMD-27648 (grid points = 4163, voxel size = 0.83A), but fails for (d) EMD-20278 (grid points = 2883, voxel size = 0.83A)
due to the non-uniform noise which can be seen in the central slice images.
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2.6 Denoising a reconstructed tomogram

Having established the necessary assumptions and corrections under which the SFSC provides an estimate of the SSNR,
we next demonstrate an application to denoising tomographic reconstructions from cryo-ET data. In a typical cryo-ET tilt
series data collection scheme, projection images are measured at +60° in several degree increments. The recorded frames
at each tilt are then motion corrected, aligned and a reconstruction technique is used to generate the 3-D tomogram. Due
to the low electron beam dose required for imaging biological samples, the SSNR in cryo-ET data is low [23], and so there
is a need for denoising methods [24]. Additionally, unlike in single particle cryo-EM, there are no related measurements to
boost the SSNR, by averaging. Thus, cryo-ET provides an ideal use case for the SFSC. Alternative approaches for estimating
the resolution in cryo-ET such as computing the FSC from reconstructions of the even and odd images in a tilt series are
described in [25].

Considering the model for a noisy measurement in eq. , the minimum mean square error estimator for x given y under
the Gaussian assumptions is known as the Wiener filter, and is widely used in cryo-EM [13, 26| [27]. The Wiener filter is
defined as:

N 1 N
Twr(r) = 1_'_719(7")~ (16)
SSNR(r)

In cryo-ET, a common practice is to provide an ad hoc SSNR for Wiener filtering, or simply to use a low-pass filter. However,
given the relationship between the EFSC and SSNR in eq. , and that the SFSC can estimate the FSC, we show that
the SFSC provides a simple, data-driven method for applying a Wiener filter. Combining eq. with eq. , we get that
Zwr(r) = SFSC(r) - §(r). Effectively, each shell in Fourier space for measurement y is weighted according to the correlation
profile from the SFSC. The idea of self-Wiener filtering has already been suggested in the context of signal processing and is
described in [28].

Here we show in Figure [5| that applying a Wiener filter from the computed SFSC improves the visibility of a reconstructed
tomogram. The data in this example is C. elegans tissue from EMD-4869 [29]. In order to accurately estimate the SSNR,
we know from Assumption [1] that the noise must be white Gaussian. To estimate the noise variance for a subsection of
the tomogram, we select a slice above the region of interest. We then compute the SFSC and apply the Wiener filter
in eq. . The resulting denoised section of the tomogram shows enhanced contrast over the original and a low-pass filtered
version. Specifically, the ribosomes and membrane edges stand out from the background. We additionally consider CTF
effects and compare our approach to the noise learning method cryo-CARE [30] using a different data set (EMD-15056 [31])
in Appendix These results demonstrate that the SFSC can provide a simple, data-driven and parameter-free filter for
improving the visualization of tomograms.

3 Discussion

In this work, we derive a set of conditions and corrections required for accurately computing the Fourier shell correlation
from downsampled versions of a single noisy measurement. We demonstrate that we are able to estimate the global resolution
from a single map and denoise a reconstructed tomogram using the SFSC. Our approach is broadly applicable and allows
for estimation of the SSNR if it is not possible to collect replicate measurements or use prior information. Furthermore,
our approach does not require instrument specific calibration as described in [1]. The corrections we introduce in this work
extend the applicability of the SFSC but also suggest a simpler path to estimating the SSNR provided an estimate of the
noise can be obtained. We show that the same logic applies for any data processing pipeline in cryo-EM that estimates
the noise or computes half maps (see Appendix . If the noise cannot be accurately estimated or is non-uniform, then
the SFSC should not be expected to work. While we estimate the noise with ad hoc methods here, using more accurate
approaches typically employed in cryo-EM data processing pipelines could improve the SFSC and associated Wiener filter.

Although the SFSC is not always applicable, there are many situations that can benefit from having an estimate of the
SSNR from a single measurement. For example, in single particle cryo-EM, there are a growing number of methods which
generate 3-D structures from manifold embeddings and do not produce independent half maps with which to compute the
standard FSC [32-34]. Thus there is a need for alternative methods to estimate signal and noise statistics. In principle, the
SEFSC could also be used to circumvent splitting data into half sets during 3-D reconstruction. This has the potential to lead
to improved reconstructions due to an increase in SSNR from using the full data set. One additional application of the SFSC
to single particle cryo-EM could be to both denoise and estimate the resolution of 2-D class averages.

Other useful applications of the SFSC could include validation of SSNR enhancement after modification by neural network
based approaches [35]. Similarly, the SFSC could provide an alternate measurement of the SSNR for noise learning based
methods [30L 36, [37]. While the noise learning approaches give impressive results for denoising tomograms (see Figure ,
the benefit of the Wiener filter presented here is that it is fast to compute, requires no parameter tuning, and does not require
extra storage (e.g., from reconstructing tomograms using odd and even frames). Further analysis of the SFSC for use with
cryo-ET could also account for the missing wedge as well as directional and local resolution effects.
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Figure 5: Denoising a reconstructed tomogram using the SFSC. (a) Slice of a reconstructed tomogram of C. elegans tissue
from EMD-4869 (N x N = 928 x 928, pixel size = 13.7A). (b) Region of interest from a subsection of the tomogram
(N x N =464 x 464). (c) Slice of the tomogram selected vertically above the region of interest containing background noise.
(d) Slice from the region of interest after applying a Wiener filter. (e) Conventional low-pass filter of the subsection at 66A
determined using the 1/7 threshold of the SFSC. Both the Wiener filtered and low-pass filtered images are displayed at a
threshold of +2 standard deviations of the pixel values. (f) SFSC computed from the tomogram subsection. (g) Spherically
averaged power spectrum of the region of interest slice and the background noise slice. The Wiener filter computed from the
SFSC provides significantly increased contrast compared to a low-pass filtering approach.

4 Methods

4.1 Main algorithm

The algorithm presented in this work consists of 3 main steps and 3 preprocessing steps, depending on the properties of
the measured signal. The main steps are parameter-free and can be written succinctly as: 1) for each dimension, split
the measured signal into even and odd index terms along that dimension, 2) for each pair of downsampled measurements,
compute the SFSC, and 3) average the SFSC from all pairs.

4.2 Data preprocessing

Prior to computing the main algorithm, the user should first discern if Assumption [I| and Assumption [2| are met. This can
be checked by plotting the spherically averaged power spectrum. If both assumptions are met, the power spectrum at the
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latter half of spatial frequencies should appear approximately constant. However, if the required assumptions are not met,
the preprocessing steps described in this work should be applied. These steps can be applied regardless of the signal and
noise properties as long as an estimate of the noise variance can be obtained. The preprocessing steps are: 1) estimate the
the noise variance, 2) whiten the measured signal, 3) upsample the whitened signal.

4.3 Estimating the noise variance

Several strategies exist to estimate the noise variance from data. This estimate is required for computing the SFSC if the
noise is not white Gaussian. For the case of estimating the noise variance from a half map of a 3-D reconstruction in cryo-EM,
we use an ad hoc approach by taking the region outside a sphere encompassing the molecular structure. For example, with
EMD-24822, we use a spherical mask with radius = 115A. The noise variance is then estimated by computing the spherically
averaged power spectrum of the noise region.

4.4 Denoising

To estimate the noise variance for a reconstructed 3-D tomogram, we use a slice of the tomogram above the region of interest.
Although the noise slice does not reflect the true 3-D noise profile, and more accurate methods can be used, we show that it
is a suitable estimate for whitening based on the results of Wiener filtering. When applying the Wiener filter, we find that
an additional low-pass filter at the spatial frequency corresponding to the 1/7 threshold from the SFSC can subtly enhance
the contrast.

Data Availability

All data sets used in this work are available from the Electron Microscopy Data Bank [38]. The entries used are EMD-
11657, EMD-24822, EMD-13234, EMD-27648 and EMD-20278 for molecular structures, and EMD-4869 and EMD-15056 for

reconstructed tomograms.

Code Availability

The source code used to produce the results and figures in this work is available at github.com/EricVerbeke/self_fourier_
shell_correlation. The SFSC will be made available as a tool in the software package ASPIRE [39).
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A Appendix
A.1 Applicability of the SFSC to CTF modified signals

Microscopy images are typically corrupted by imaging artifacts. In cryo-EM, this is modeled by the contrast transfer function
(CTF) which is the Fourier transform of the point spread function of the microscope. We therefore discuss the effects of
these modifications on the estimation of the FSC by SFSC. Often, the forward model may be written as:

(17)

where 2 is the Fourier transform of the underlying signal, ¢ is the CTF effect, and ¢ is the Fourier transform of the corrupted
observation. Given two images of the same signal affected by the same CTF, the FSC can be readily used to estimate the
SSNR, but it should be noted that it will be an estimate of the SSNR. for the corrupted signal # = F~1{¢- 2}, and not the
clean signal z. Similarly, the SFSC can also be used to estimate the SSNR of the corrupted signal assuming the measurement
follows the properties assumption [1| and assumption [2l We illustrate this with two simulated examples. The first example is
for a typical CTF in cryo-EM images, described by:

j=é-iteé

CTF(¢) = V1 — w2sin(—7mAz||€]]? + Cs/\3||§H4ﬂ'/2 — ) — weos(—mAz||€]|? + C’s)\3||£||47r/2 —a), (18)

with w = 0.1, A = 2.51 pm, z = 2.8 ym, Cs = 2.0 pm, and o = 0.87. The second example is for a CTF that resembles a tilt
series image in cryo-ET (see Appendix , described by:

CTE(€) = sina + ¢]/2), (19)

with @ = 3/4 and z = 5. We generate noisy, CTF corrupted images following eq. (17). The FSC, SFSC and spherically
averaged power spectrum are then computed for each image Figure As expected, the oscillations of the CTF modulate
the correlation profile in both the FSC and SFSC. Importantly, the SFSC still approximates the FSC well. In these scenarios,
the traditional resolution value obtained from a threshold may not be meaningful as we expect the FSC to oscillate. Most
importantly, while the CTF may change the reported resolution value, the Wiener filter computed using the SFSC of a CTF
modified signal is still a statistically optimal filter for denoising.

We note that if the CTF is not radially symmetric, then the CTF corrupted signal should not be expected to satisfy
radially symmetric assumptions. In this case, both the FSC and SFSC are poor estimators of the SSNR. However, when
applied to reconstructions from a collection of CTF corrupted images with a random and uniform distribution of poses, the
reconstructions will have approximately radially symmetric noise and variance even if the images do not.
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Figure Al: Effect of the CTF on the FSC and SFSC. Clean image is a projection of EMD-11657 (N x N = 360 x

360, pixel size = 0.812A). Additive Gaussian noise was generated with SNR = 15 and B,,pise = 10A2. (a) Results for image
formed using CTF in eq. (18). (b) Results for image formed using CTF in eq. (L9). Also plotted is the absolute value of the
radial CTF.
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A.2 Comparison of downsampling methods

The foundation of the SFSC is that a real space measurement can be downsampled by decimation to generate multiple
approximations of the measurement whose correlation can then be computed in Fourier space. In our proposed downsampling
scheme (see Figure , the number of measurements to be compared is equal to the spatial dimensions of the signal (e.g., 3

pairs for a 3-D signal). In the procedure proposed by Koho et al. H there are (Zd;n) pairs to be compared. There are two
main disadvantages of splitting in a checkerboard-like pattern compared to only splitting along one dimension at a time, as
proposed in this work. First, the variance of the noise in the downsampled measurements is scaled by 24™, where dim is the
number of dimensions split across. This relation is derived in the following section. Second, the Nyquist frequency will be
reduced to half of the original. We demonstrate both of these effects using the 2-D case of an image in Figure [A2]

1x split 2x split Fourier shell correlation

— FSC
SFSC 1x split
= SFSC 2x split

Ayt

—0.2

0.0 0.1 0.2 0.3 0.4 0.5 0.6
spatial frequency (A1)

Figure A2: SFSC computed from an image downsampled by splitting along 1 and 2 dimensions. The pixel diagram depicts
one pair out of two for the 1x split and one pair out of six for the 2x split. The input image used for the FSC and SFSC
is from Figure [3B. The SFSC from the 1x split image is reported as the average of both pairs. The SFSC from the 2x split
image is reported as the average of the six combinations and is plotted with an error envelope representing the standard
deviation of the SFSC from all combinations.
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A.3 General relation between FSC and SFSC

To relate the SFSC to the FSC, we need to relate the DFT of the decimated signals to the DFT of the original signal. We
first show this relation for a signal split along one dimension, as advocated in this work, and then provide an example for a
signal split along two dimensions, as done for images in the original splitting scheme by Koho et al. [1], to demonstrate how
it extends to a signal split along multiple dimensions.

Let 2 be a 1-D signal of length N. The DFT of  is defined as &[k] = 0" #[n]wi¥, where wy = exp(—2mi/N). The
signal x can be split into even index terms x.[n] = z[2n] and odd index terms z,[n] = z[2n + 1] for n € {0,..., (N/2) — 1}.
We want to relate &.[k] and &,[k], the DFTs of z. and z,, to the DFT of the original signal Z[k]. The relation can be seen
by splitting the DFT of z into the sum of the even and odd terms:

| |
ik = > zl2njwd® + Y af2n + 1wl
n=0 n=0
2
$-1 31 (20)
= z[2n](WiF)? + Wk z[2n 4 1)(wiF)?.
n=0 n=0
Next, we use that w3, = exp(—2mi/(N/2)) = wy/2 to get:
41 J1
z[k] = Z x[?n]w’&% + wh Z x[2n + 1]0.;}{,’}2. (21)
n=0 n=0
Applying the definition of the DFT to the right side of the equation yields:
B[k] = e [k] + whido[k]. (22)

Importantly, k = 0,...,N — 1, and &, and &, are N/2 periodicﬂ We can then independently relate &.[k] and &,[k] to Z[k]
as follows:

Felk] = (2[k] + &[k + N/2])/2 (23)
&olk] = (£[k] — &k + N/2])/ (2w)) - (24)

Equation and eq. form the framework of our analysis presented in Section and describe the relation between
the DFTs of a 2-D or 3-D measurement that has been split into alternating voxels along one dimension.

The analysis above holds for a signal split along multiple dimensions as well, since the DF'T can be applied along subsequent
dimensions. Specifically, we are referring here to the checkerboard-like splitting pattern from [1]. Suppose now that z is a
2-D signal (i.e., an image). If the signal z is split into even and odd index terms along both dimensions, then we have that:

Teelkr, ko] = (2[k1, ko] + &[k1 + N/2, ko] + 2[k1, k2 + N/2] + Z[k1 + N/2, ko + N/2]) /4 (25)
Foolkr, ko] = (#lkr, ko] — &k + N/2, ko] = @lkn, ks + N/2) + @lky + N/2, ks + N/2))/ (w42, (26)

where e denotes even and o denotes odd indexing for each dimension of x, and k; and ko are the frequency indexes of . In
the case of a noisy measurement, we are interested in the relation between the SFSC from the downsampled measurements
using this splitting scheme and the SSNR. Following the arguments presented in Section if both assumptions on the
signal and noise are met, then:

ESFSCy py(r) == E [(Je.cs ooe” ™M) |

] VE[[[9e.c 2T E[[[§o,0e =27 (@:F/N)[|2] 27)
A(r)

2 (r) +402(r)

For the general case of decimating into even and odd terms over multiple dimensions, we see that:

A(r)
A2(r) 4 24img2 ()’

ESFSC(r) =

I This well known recursive identity is at the core of the fast Fourier transform algorithm.
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Thus, when splitting along multiple dimensions, there is a scaling of 2¥™ on the noise variance compared to a scaling of 2

from splitting once as proposed in this work. From eq. , the relation between the EFSC and ESFSC split over multiple
dimensions is: 94 BSFSC(r)
im r

EFSC(r) = . 29

(") = T @em — 1) BSFSC() (29)

We show in Figure that the SFSC will yield an underestimate of the FSC if the correction in eq. is not applied. For

the 2-D case in Figure , the SFSC was computed using our splitting scheme. Thus eq. is equal to eq. .
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A.4 FSC with a phase shifted input

We consider the effect of a translation between real space signals when computing the FSC. A translation is naturally induced
between pairs of decimated measurements when computing the SFSC and must be corrected. For example, as noted in [1],
when an image is decimated in a checkerboard-like pattern, each downsampled image pair is offset by a single pixel in each
dimension. Here we show that if the power spectrum of the signal is approximately spherically symmetric, a translation
between the inputs to the SFSC, and more generally the FSC, leads to a signal-independent quantity unique for the 1-D,
2-D and 3-D case.

Continuing with the 2-D case, the decimated images represent the same area as the original image, but with half the
length for each split dimension. This leads to an effective pixel size of twice the original. With respect to the original image,
we expect the translation between the downsampled image pairs to be:

y2(p) = y1(p — a), (30)

where a = [1/2,0]7 for an image split along one dimension, or a = [1/2,1/2]T for an image split along two. A translation
of 1/2 reflects the increase in pixel size. If the power spectrum of the image decays fast, then the adjacent pixels are indeed
correlated. Here we consider the signal to be continuous, with its Fourier transform defined as (&) = [ y(p) exp(—27i (£, p))dp,
where £ is the frequency variable. A translation in real space is equivalent to a phase shift in Fourier space. It follows that:

92(§) = Fly2(p)} = Flyi(p — @)} = §:1(§) exp(2mi(a, §)). (31)

That is, we expect the spectrum of image y» to be approximately equal to the spectrum of image y; multiplied by a phase
shift. The continuous analogue of the FSC can be expressed as:

J Re (71€)2()) d
FSC(r) = : (32)
I3 ©F de [ 1326 de
From eq. , 71 and g are approximately equal after a phase shift. We can then rewrite the FSC as:
J Re (3@ (€)e*mi(9)) dg
FSC(r) = (33)

T 0@ Rde [ in(©)errieafzag.

If the power spectrum of y is approximately spherically symmetric, then we then have that:

(O [ et dg Jem e 1 [ onitee
FSC(r) = _ _1 7. e, 50
Izh(é)P\/f dg [ |e2mi(a£)|2 dg V2m2m 27r/

For the 2-D case, the inner product can be written as: (a,&) = ||a||||£]| cos(¢) = ||a||r cos(¢). Since the integral is over the
ring, we can reparametrize ¢, the angle between a and &, so that cos(¢) = sin(f). We then get that:

FSCo p(r) = % /0 % e2millallrsin(®) g, (35)
In this form, the FSC is equivalent to a scaled zeroth order Bessel function of the first kind, Jy(g), defined as:
R
Jolg) = o /0 e'1sin(9) g, (36)

Comparing eq. to eq. , we see that FSCo_1y(r) = Jo(27||al|r). We show in Figure [3A that failing to account for the
induced phase shift in a 2-D image reduces the SFSC to eq. which no longer matches the FSC. For the 3-D case, under
the similar assumption of a spherically symmetric power spectrum, evaluating the integral in eq. yields:

sin(27||al|r)

FSC3_D (7“) = y (37)

27 ||al|r
which is equivalent to a scaled and normalized sinc function. Finally, in the 1-D case, without accounting for the translation,
we simply have that the FSC reduces to exp(—2mik/N). Apart from describing a necessary correction needed for computing
the SFSC, these results emphasize that the inputs to the FSC must be carefully aligned. Otherwise, the output from the FSC
might not reflect the signal to noise ratio, but rather the deterministic and signal-independent functions described above.
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A.5 Estimation of the SSNR without the FSC

In Section [2:2] we describe the assumptions under which the SFSC provides an estimate of the FSC. For some scenarios, if
both Assumption and Assumption hold, we can estimate o2, the variance of the noise, directly from the high frequencies
of the power spectrum. In particular, this is true for high frequency shells when the signal spectrum has decayed and the
noise level dominates the power spectrum (i.e., the SSNR is small). If the spherically averaged power spectrum does not
appear flat at high frequencies, the noise variance cannot be estimated from the power spectrum and a different approach
is needed. Estimating the noise is a standard part of the cryo-EM pipeline and is essential for the whitening transform
described in Section 23] In this work we show the noise variance can be estimated from regions of noise or the difference of
half maps from 3-D reconstructions. If one has access to the noise variance, the following simpler and more direct approach
can be used to obtain the SSNR:
PS(y)(r) —o%(r)  N(r)+0°(r) —a®(r) _ N(r)

SSNR(r) ~ 20 ~ 20 = 20’ (38)

from which the EFSC can also be computed as:

SSNR(r)
EFSC(r) = T SSNR()" (39)
We show in Figurethat the SFSC from a half map and the FSC determined using a noise region of the half map for eq.
are approximately equal. We additionally show that if two half maps have been computed, the SSNR, and therefore the
FSC, can be estimated just as well from the difference of half maps. Thus, this property is not intrinsic to just the SFSC.
Nonetheless, the FSC still has the advantage of being scale invariant and can be applied even when there is ambiguity in the
scale between the two measurements.

central slice half 1 difference map central slice
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Figure A3: Comparison of the FSC from half maps and the SSNR estimated from measurement noise. The FSC and SSNR
are computed from EMD-24822 by four different methods and show similar profiles.
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A.6 Remarks on frequency filtering for the SFSC

To avoid aliasing when downsampling a signal, the standard approach is to first low-pass filter the original signal [40].
However, frequency filtering should not be applied when computing the SFSC as both the low and high frequency terms of
the original signal are needed to correctly estimate the FSC. This can be directly seen in the DFTs of the downsampled
signals which are modified by +(&[k + N/2] + é[k + N/2]), the higher frequency terms. If an ideal low-pass filter was applied
to the original signal such that all frequencies k > N/4 are set to zero, the resulting SFSC would equal 1 at all frequencies,
regardless of the SSNR. Similarly, if the original signal was high-pass filtered such that all frequencies k < N/4 are set to
zero, the SFSC would equal —1 at all frequencies. Thus, in order to accurately estimate the FSC from the SFSC, frequency
filtering of the original signal should be avoided. The upsampling procedure in Section used to compute the SFSC for
measurements without decaying power spectrum effectively creates a low-pass filter. However, since the measurement must
first be whitened for the upsampling procedure to work, we can compensate for the necessary high frequency noise terms
since the variance of the noise has been set to 1.
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w A.7T Noise estimation from reconstructed volumes
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Figure A4: Central slices of the raw half maps, the regions containing only noise, and their corresponding power spectrum
(below each image) for the four structures in Figure
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A.8 CTF and denoising for tomograms

In Figure we visualize the CTF from a tilt series image and the tomographic reconstruction of EMD-15056 . The
power spectrum of the full size tilt series image clearly displays Thon rings. However, the downsampled image used for
reconstruction only shows one zero crossing of the CTF. The Wiener filter denoised tomogram and a comparison to the
cryo-CARE denoised tomogram is shown in Figure [A6]

tilt series image power spectrum c spherically averaged power spectrum

10° 4

108

0.;)0 0.‘02 0.;)4 0.2)6 04;)8 0.‘10 0.‘12 0.‘14
spatial frequency (A1)
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(4x downsampled) ! T 1] .

109 4
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Figure A5: CTF visualization for tilt series and reconstruction. (a) Motion corrected tilt series image from EMPIAR-11058
(N x N = 3712x 3712, pixel size = 3.52A). (b) Power spectrum of tilt series image. (c) Spherically averaged power spectrum
of tilt series image. (d) Tilt series image in (a) downsampled 4x as done in the reconstruction pipeline. (e) Power spectrum
of the downsampled tilt series image. (f) Spherically averaged power spectrum of the downsampled tilt series image. (g)
Central slice of the reconstructed tomogram. (h) Power spectrum of a central slice of the reconstructed tomogram. (i)
Spherically averaged power spectrum of the reconstructed tomogram central slice. The tilt series image and downsampled
version used for reconstruction clearly show the CTF. However the CTF effects are less visible in the reconstructed tomogram.
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Figure A6: Comparison of denoising methods for a subsection of the tomogram EMD-15056 . (a) Slice of the recon-
structed tomogram (N x N = 928 x 928, pixel size = 14.1A). (b) Region of interest from a subsection of the tomogram
(N x N = 500 x 500). (c) Low-pass filter of the subsection at 72A, corresponding to the 1/7 threshold in the SFSC. (d) Slice
from the region of interest after applying a Wiener filter. (e) Slice from the region of interest denoised using cryo-CARE.
Images in (c-e) are displayed at a threshold of +2 standard deviations of the pixel values. (f) SFSC computed from the
tomogram subsection. (g) Spherically averaged power spectrum of the region of interest slice and the background noise
slice. While the Wiener filter improves contrast for features like membrane edges and ribosomes, cryo-CARE excels at both
suppressing background and enhancing relevant high frequency information.
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