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4 Abstract

5 The structure of the internal representation of surrounding space, the
6 so-called cognitive map, has long been debated. A Euclidean metric map
7 is the most straight-forward hypothesis, but human navigation has been
8 shown to systematically deviate from the Euclidean ground truth. Vector
9 navigation based on non-metric models can better explain the observed
10 behavior, but also discards useful geometric properties such as fast short-
1 cut estimation and cue integration.

12 Here, we propose another alternative, a Euclidean metric map that is
13 systematically distorted to account for the observed behavior. The map
14 is found by embedding the non-metric model, a labeled graph, into 2D
15 Euclidean coordinates. We compared these two models using human data
16 from Warren et al. (2017), where participants had to navigate and learn
17 a non-Euclidean maze (i.e., with Wormholes) and perform direct short-
18 cuts between different locations. Even though the Euclidean embedding
19 cannot correctly represent the non-Euclidean environment, both models
20 predicted the data equally well. We argue that the so embedded graph
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21 naturally arises from integrating the local position information into a met-
2 ric framework, which makes the model more powerful and robust than the
23 non-metric alternative. It may therefore be a better model for the human
2 cognitive map.
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» 1 Introduction

» 1.1 The cognitive map

s The spatial long-term memory contains representations of places, landmarks
2 and local views. A sequences of navigational actions connecting these repre-
;3 sentations is called a route and animals with such route knowledge are able to
1 navigate between known places by following these routes (Collett et al., 1998;
5 Collett and Collett, 2002; Warren, 2019; Mallot, 2024). If knowledge about
s many different items, places, and routes is integrated and novel routes and
;7 shortcuts can be inferred from previously learned route segments, the represen-
1 tation is called a map (Tolman, 1948; O’Keefe and Nadel, 1978; Gallistel, 1990;
»  Trullier et al., 1997; Mallot, 2024). The cognitive map is thus a form of declar-
w0 ative memory in the sense that it characterizes “knowing what” or “knowing
2 where” as opposed to the non-declarative “knowing how” of routes or guidance
« information (O’Keefe and Nadel, 1978; Squire and Knowlton, 1995).

a3 A cognitive map is the most general form of spatial long-term memory, and
a it is believed that many animals, including humans, have access to this represen-
»s  tation (Gallistel, 1990; Nadel, 2013; Warren, 2019). This is exemplified by the
s existence of neural correlates of position, the place cells (O’Keefe and Nadel,

a 1978; Rolls and O’Mara, 1995; Ekstrom et al., 2003; Yartsev and Ulanovsky,
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s 2013), which encode the position of the animal within the current context via
2 population activity.

50 The intuition of an internal map is relatively straight-forward, because it
51 matches maps encountered in everyday life: In general, such maps may be
s broadly characterized by two frameworks: Euclidean metric maps and topolog-
53 ical graphs. Euclidean metric maps, such as a bird’s eye view of a city or a
s« satellite image, assign unique coordinates to each position that approximate the
ss  real-world geometry by preserving the metric relationships between positions.
ss lopological graphs, such as a subway or bus chart or an instruction manual,
57 describe states and possible actions that lead from one state to another, rather
ss than geometry.

59 The metric framework (Fig. 1C) is considerably better suited to explain
e environments with a Euclidean geometric structure, and, based on the Kantian
st notion of an a priori assumption of absolute external space (Kant, 1781), it has
e often been argued that the cognitive map must likewise be Euclidean metric to
3 capture these properties (O’Keefe and Nadel, 1978; Gallistel, 1990; McNaughton
s et al., 2006; Nadel, 2013). This theory is supported by the existence of grid cells
s in the entorhinal cortex, which are believed to encode metric path integration
s information (Hafting et al., 2005; McNaughton et al., 2006; Peer et al., 2021).
67 The notion of an absolute Euclidean metric may be challenged, e.g., by
¢ pointing out that the intuition of straight lines on a curved surface (or any
o surface that is not a plane) are actually geodesics and not true straight lines
n in an Euclidean sense (Helmholtz (1876); Mallot (2024), cf. Indow (1999)).
n  But even an approximately Euclidean or non-Euclidean metric map may be
22 advantageous, since geometric relationships between places are preserved in a
73 highly efficient manner. That is, distances, routes, and shortcuts can be directly
2 inferred from the map and need not be memorized individually. This property
7 enables metric maps to store an immense amount of data, making them powerful
7 informational tools (Nadel, 2013).

7 However, results from navigation experiments often disagree with the Eu-
7 clidean metric map hypothesis: Human performance in shortcut or triangle
7o completion tasks, which are often taken as evidence for an Euclidean repre-

s sentation, is highly unreliable with angular errors of over +90° and angular
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Figure 1: Cognitive map hypotheses. (a) Non-metric topological graph, labeled with distance measure-
ments. The labels are independent of each other and do not need to adhere to the triangle inequality.
(b) Embedded graph from (a). To find a Euclidean embedding, the distance labels need to be adjusted

“

to create a valid configuration, for example by by stretching or compressing the edges or “wiggling” on
the vertices until the difference between map and labels is minimized. As opposed to the non-metric
labeled graph, changes to one label will therefore influence others. (c) Euclidean metric map. Places
are directly assigned coordinates based on their position in the world. Over time, the coordinates may
be refined by repeated measurements and the map will approach the Euclidean ground truth. The same

can be expected from the embedded graph optimization if the labels are refined.

s standard deviations between 25° — 45° (Foo et al., 2005; Ishikawa and Montello,
&2 2006; Chrastil and Warren, 2013; Warren, 2019). The Euclidean metric postu-
ss lates are often violated and angle and distance estimations are systematically
s biased by features of the environment such as landmarks, junctions or region
&s  boundaries (Byrne, 1979; McNamara, 1986; Sadalla and Montello, 1989; Tver-
s sky, 1992; Warren, 2019; Kim and Doeller, 2022), or the number and recency of
& preceding turns (Brunec et al., 2017; Meilinger et al., 2018; Peer et al., 2021).
s In rats, place cells have been shown to stretch and shear following room de-
s formation, while still preserving topological information about the environment
w (O'Keefe and Burgess, 1996; Dabaghian et al., 2014). These results imply that
a1 space is encoded much worse than what a precise metric map would predict.

o As an alternative, the comparatively weaker class of topological graphs is of-
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o3 ten proposed. The environment is expressed through neighborhood or adjacency
o« relations, forming a network of places as graph vertices and paths or actions
s connecting them as edges (Gillner and Mallot, 1998; Kuipers, 1978; Mallot and
o Basten, 2009; Warren, 2019; Peer et al., 2021). The graph may be labeled with
o7 pairwise distance or angle measurements, but this information doesn’t need to
e adhere to the metric postulates and is therefore not metric (Fig. 1A). Still,
o shortcuts and novel routes can be derived via vector addition of the labels along
wo paths in the graph; indeed, Warren et al. (2017) suggest vector addition based
w1 on labeled graphs best explains human performance in navigation experiments.
102 Nevertheless, poor navigational performance, biases, and large errors are not
103 enough to completely rule out a Euclidean metric representation because the
14 map may be systematically biased or distorted to large degrees while still be-
s ing metric (Warren, 2019). Overall, the distance errors in metrically embedded
ws  maps will be smaller than in labeled graphs where distance labels are indepen-
w7 dent. Metric embedding is thus a means for efficiently exploiting all available

10 distance information.

w 1.2 Distorted maps and non-Euclidean environments

wo  Each individual cognitive representation will generally be different due to ac-
m  quisition order, biases, and accumulation of measurement errors. One possible
2 advantage of map-like representations in spatial memory is the mutual refine-
us  ment of (possibly conflicting) local position information over time: As the agent
s explores the environment, it will repeatedly obtain distance and angle measure-
us  ments of connections between the known places or graph states.

116 With a topological graph, repeated measurements of the same information
u7  could be used to create more precise labels by averaging. However, the labels
us  will always remain independent of labels corresponding to adjacent connections
o and, in a triangle, might persistently violate the triangle inequality which defines
o a mathematical metric (Fig. 1a). In the following, we therefore refer to this
11 representation as the non-metric labeled graph.

122 Additional precision can only be gained if repeated measurements of one

123 connection will also improve estimates along other connections in the graph.
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e This may for example be achieved by metric embedding (Fig. 1b). Since the
125 acquisition of spatial memory is not complete after a single pass through the
s environment but relies on the consolidation of many local measurements, metric
12z embedding seems to be a natural method for continuous integration of local in-
s formation. In this sense, cue integration might be the main reason for organizing
129 spatial representations in a metric framework.

130 If the measured labels are not perfect, Euclidean metric embedding can only
11 approximate the true Euclidean metric relations and will result in a distorted
12 depiction. The so embedded graph could therefore be an alternative metric
133 explanation for the large deviations in human navigation, as opposed to the
1+ non-metric labeled graph.

135 In regular environments, differences between a non-metric labeled graph, an
s embedded graph, and a Euclidean metric map will be minimal, because the
1z models are likely to approach the same underlying ground truth as measure-
s ments are refined. Therefore, cases need to be considered in which the models
10 would make different predictions. With the advent of immersive virtual reality a
1o unique opportunity has opened up to present non-Euclidean environments, thus
w  dissociating presented metric information from the underlying true Euclidean
w2 positions (Zetzsche et al., 2009; Kluss et al., 2015; Warren et al., 2017; Wid-
s dowson and Wang, 2023). The non-Euclidean manipulations have been shown
s to heavily influence navigation but are usually not noticed by the subjects (Zet-

s zsche et al., 2009; Warren et al., 2017).

w 1.3 Evidence from wormhole experiments

w7 In the following, we focus on a specific example, Warren et al. (2017), because
us the experiment offers an excellent setup to investigate the hypotheses with re-
us  spect to systematic distortion and the data are available online.

150 Warren et al. (2017) presented participants with a non-Euclidean environ-
151 ment and argued that, if the cognitive map is Euclidean metric, participants
12 should have greater difficulties in learning the non-Euclidean environment com-
153 pared to control, because mismatches between the cognitive map and the envi-

152 ronment should occur. On the other hand, a non-metric graph should have no
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155 such issues.

156 Using head-mounted display virtual reality, Warren et al. created a hedge
157 maze augmented with two invisible wormholes. The wormholes functioned as in-
153 stant seamless teleportation and 90° rotation between different parts of the maze
150 while participants continued to walk normally in the real-life room, therefore
10 creating a mismatch between maze position and path integration information.
w1 Interestingly, only one participant reported noticing any kind of spatial anomaly
12 in the maze.

163 Participants had to memorize object positions within the maze and were
164 later asked to walk direct shortcuts between them. For this, the participants
s were moved to a starting object and had time to orient themselves. Then, the
16 walls of the maze disappeared and the participants had to walk to the presumed
17 position of a target object. The initial angles of the subjects’ trajectories were
s measured and used as directional estimates to compare the non-metric labeled
1o graph and undistorted Euclidean map models.

170 Warren et al. found that directional estimates were heavily distorted towards
i the wormholes. This is predicted by vector addition along the shortest path on
12 alabeled graph but not by straight lines in Euclidean ground truth coordinates.
3 The authors thus rejected the Euclidean map hypothesis in favor of the non-
s metric labeled graph, arguing that only a non-Euclidean structure could explain
s the observed results (Warren et al., 2017; Warren, 2019). A distorted Euclidean
e map was briefly considered but rejected on the basis that such a map “must
w7 still satisfy the metric postulates [...] in the inertial coordinate system” (Warren
ws et al., 2017). However, the metric embedding is not a simple averaging of the
o path integration coordinates (Warren’s “inertial coordinates”) but the result of
10 a optimization that also takes into account the other connections in the graph.
w1 The representation of a goal will therefore not necessarily end up in the middle
12 between the path integration vectors obtained along two different paths, but
183 may be closer to one or the other.

184 We reexamined the data used in Warren et al. (2017) with respect to the
15 possibility of a distorted Euclidean map. In the following, we show that such a
185 map can be found by first creating a non-metric labeled graph for the maze and

17 then embedding the graph into 2D Euclidean coordinates. This is achieved by
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18 the minimization of the angle and distance differences between graph and map,
s following the method described in Hiitbner and Mallot (2007); Mallot (2024)
wo for the embedding of view graphs. In an ordinary Euclidean environment, the
11 embedding will recover the ground truth coordinates, but in a non-Euclidean
12 environment, a residual error between embedding and local measurements must
13 remain. Because of this error, the models should make different predictions, and
1we  may be distinguished by comparing their predictions to experimental data. That
105 18, shortcuts derived from the embedded graph should fall somewhere between
s the shortcuts from the other two models.

197 However, we found that both models, the non-metric labeled graph and its
18 Fuclidean metric embedding, were able to predict the data equally well. Because
19 the embedded graph is a valid Euclidean map, it is better suited for shortcut
200 generation and especially cue integration than the non-metric alternative. We
201 therefore refute the claim by Warren et al. (2017) that their findings cannot be
22 explained by a Euclidean metric map, and argue for the embedded graph as a

203 better alternative explanation.

« 2 Materials and methods

x»s 2.1 Data acquisition

26 The data used here are figures, measurements and results from Warren et al.
27 (2017). The anonymized per-subject measurements are available as supple-
208 mentary material online in the Brown University Digital Repository (http:
200 //dx.doi.org/10.7301/Z0JSINCS5, retrieved in November 2022). The relevant
20 datasets contain measurements of the direction of individual shortcuts between
an object pairs in the wormhole maze, given as angular difference between the esti-
22 mate and the straight line direction in Euclidean ground truth coordinates. We
213 estimated these coordinates from pixel positions based on Fig. 2B in Warren
2e et al. (2017) (Fig. 3A), and transformed the subject estimates into global angles
25 (i.e., increasing counterclockwise from the positive x-axis or east). The layout

26 of the maze and example subject estimates are shown in Fig. 2.
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Figure 2: Maze and shortcut data. (a) Layout of the wormhole maze, redrawn from Warren et al.
(2017). The yellow arrows show wormhole position and magnitude. Touching one end of the arrow
instantly and seamlessly teleported subjects to the other end. (b, c¢) Example directional estimates
for object pairs from the “Route-finding and shortcuts” dataset (experiment 1 in Warren et al. (2017))
and the “Rips and folds” dataset (experiment 2 in Warren et al. (2017)). The thin arrows show the
Euclidean ground truth direction between objects, the short dotted lines the corresponding subject
estimates, and the thick solid line the average subject estimate. The length of the estimates has been

normalized and does not reflect walked distance. In (c), the colors indicate different goals.

27 Warren et al. (2017) measured direction estimates in two separate exper-
28 iments, one to investigate shortcuts (Dataset “Route-finding and shortcuts”,
20 see Fig. 2B) and one to investigate the ordinal reversal of landmark positions
20 (Dataset “Rips and folds”, see Fig. 2C). “Route-finding and shortcuts” con-
a1 tains directional estimates of 10 subjects (5M, 5F) for four pairs of objects for
22 a total of 10 x 4 x 2 (bidirectional) = 80 measurements. “Rips and folds” con-
23 tains directional estimates of 11 subjects (9M, 2F) for eight starting locations
24 and three targets each for a total of 11 x 8 x 3 = 264 measurements. For the
25  purpose of this study, both datasets were treated the same but were evaluated
26 separately; this was done for direct comparison and to avoid bias because some
27 subjects may have participated in both studies. For further information about
28 the participants, hardware, and experimental setup please refer to Warren et al.

20 (2017).
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Maze with vertex positions b Graph derived from (a)

7 3|0yWIoM

8]

Figure 3: Graph creation. (a) Vertex positions in the maze. Their pixel coordinates were considered the

Euclidean ground truth for the model. The maze was partitioned into straight segments and corners,

and one vertex was placed per corner. Two vertices, 12 and 35, were only used in a control graph without

wormholes. (b) The corresponding topological graph with edges through wormholes (red dotted lines).

The graph was then labeled with local distance and angle measurements based on the ground truth,

except for the wormhole edges, which were manually adjusted to reflect the locally distorted topology

instead. Note that the distance along the wormhole edges is shortened but not zero.
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2.2 Graph and map setup

Plausible Euclidean embeddings were found in two steps: First, a topological
graph of the maze was created and labeled with the veridical distances and
angles. This graph was also used to derive predictions for the non-metric la-
beled graph hypothesis, i.e., vector addition of the labels along the shortest
paths. Next, the graph was embedded into 2D Euclidean coordinates by itera-
tive minimization of a stress function (Hiibner and Mallot, 2007; Mallot, 2024)
describing the difference between the coordinates and the local labels.

In general, the creation of the topological graph is a non-trivial problem
with a possibly infinite set of solutions consisting of any number of vertices,
edges and measurements along the maze. Therefore, good solutions have to be
guessed. Because the wormhole maze consisted of well-defined straight segments
and corners, we created the graph by placing one vertex per corner and one edge

per straight segment (Fig. 3B). Formally, we define the graph G = {V, E} as a

10
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2 set of n vertices V = {vy, ..., v, } corresponding to places in the maze and edges
us  E = {e;j,¢€jk, ...} describing maze arms connecting the places v; to v; and v; to
246 V.

247 The algorithm for metric embedding is based on local distance and turning
2 information only, without the assumption of a global reference direction (e.g.,
20 north). It is therefore based on triplets of neighboring places T' = {(4, j, k) }, i.e.,
20 places that can be visited in sequence. For each triplet, the distances d;;, d;
1 and the turning angle o, were measured and added as labels to the topological
22 graph. d;; and dj; describe the distances between places 4, j and j,k and ;i
»3  the heading change at j when moving from ¢ to k. All labels were taken from
»4  the required egomotion steps such that labels around wormholes differed from
»s  the Euclidean ones. The same labeled graph was used for datasets from all
6 subjects.

257 From the graph, a 2D Euclidean embedding X = {(x1,...,X,)} of the n
s vertices was derived by minimizing the following stress function: The algorithm
20 considers all measured triplets of neighboring places T = {(i,j,k)} and their
20 related distance and angle measurements (d;;, djk, vij,). Each place may appear
1 many times as part of different triplets, and forward-backward movements of
22 the form (4, j,7) are also considered (with o;;z = 180°). The stress function can

263 then be written as

f(x1,.xp) =
D Ml = %) - (x5 — %)) — digdjrcosa)*+ (1)
(i,4,k)eT

AQ[((XJ' — Xi) ® (Xj — Xk)) — dijdjksinaijk]z.

26 here, () denotes the dot product and (®) the third component of the cross prod-
25 uct, (a®Db) := arbs — agby, which is twice the area of the triangle (i, 7, k). The
26 constants A1, Ay can be used to weigh the components based on their variances
27 (Mallot, 2024); we chose Ay = Ay = 1.

268 Finding an embedding that minimizes this stress function is a nonlinear opti-
x%0 mization problem. Solutions may for example be found with iterative numerical
o0 approximations like Newton’s method. We used the quasi-Newton method Se-

on quential Least Squares Programming (SLSQP), as implemented in the SciPy

11
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o 1.10 optimize Python library (Virtanen et al., 2020), credited to (Kraft, 1988).
273 The resulting embedding will be a Euclidean metric map of the graph’s
o vertices with an arbitrary global orientation, but it is not a complete distorted
ars map of the wormhole maze in the sense that it only assigns coordinates to the
s vertices but not to other places. The distorted position of other places may be
o7 found by adding them as additional vertices to the graph before embedding or
s by interpolation. Nevertheless, the embedding is sufficient to derive directional

79 predictions.

x» 2.3 Model comparison and data analysis

s Next, the non-metric labeled graph and its Euclidean embedding were used to
x  derive predictions about shortcut directions between object pairs. For the non-
23 metric labeled graph, predictions were obtained by finding the shortest path
2 between start and target object using Dijkstra’s algorithm, as implemented in
25 the NetworkX 3.0 Python library (Hagberg et al., 2008). Along the path, the
2 angles and distances were summed up to a vector, and the global direction of
27 the resultant vector relative to the ground truth coordinates was considered the
xs  final shortcut prediction. In the embedded graph, shortcuts were simply the
29 straight lines from start to target objects.

200 The predictions of the two graph models were compared to the subject data
20 and the prediction error was measured. Because the embedded graph has no
22 defined reference direction, subject estimates had to be considered relative to
23 a local reference. We used the respective local angle between the starting arm
20 and measurement or prediction, which is reference direction-independent.

205 For each model, the mean prediction errors and between-subject angular de-
26 viation were calculated for the group, and the within-subject angular deviation
27 separately for each participant. The errors were compared with the two-sample
208 Watson-Williams F-test for circular data (Batschelet, 1981), as implemented in
200 the PyCircStat Python library (Berens and Sinz, 2022). The null hypothesis as-
s0 sumes that the samples come from underlying distributions with the same mean
sn (Batschelet, 1981), i.e., that the models explain the subject data equally well;

sz note that this does not mean that the models make the same prediction. Co-

12
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Embedding 1 d Distorted Euclidean maze
corresponding to embedding 1

Q
(2]

Unembedded graph

(o2

Wormbhole 1

Embedding 2
(not used)

Figure 4: Embedded graph. (a, b) References for comparison. The unembedded graph (as in Fig. 3)
and an another embedding which was also found by the optimization method. The second embedding
performed worse on the subject data and was not further used. (b) The embedded graph, i.e., the
labeled graph with the vertices at coordinates that minimize the difference between map and labels. The
orientation of the embeddings is arbitrary; here, they were rotated so that the edge (2, 3) is horizontal.
The red dotted lines show the edges that pass through wormholes. (d) Sketch of the distorted wormhole
maze according to the embedding in (c). Edges that cross each other in the embedded graph could for

example be realized through multi-level paths.

;3 hen’s d was used as a measure for effect size. All statistical tests were two-tailed

s34 with oo = 0.05.

= 3 Results

w 3.1 Embeddings

so7 The numerical optimization method may find different local minima. Which so-
;s lution is found depends on the starting point in the solution space, i.e., the initial
w0 vertex positions X = {(x1,...,xp,)}. We restarted the optimization procedure
a0 1000 times with random initial vertex positions X ~ Uz(0,20) and found two
au  local minima with stress values f(X;) = 450.68 (Fig. 4c) and f(X5) = 367.36
a2 (Fig. 4b). In the following, we report results from the first embedding, which

13
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a3 resulted in better fits to the subject data.

2 3.2 Dataset 1: Route-finding and shortcuts

sis We derived shortcut predictions from the non-metric labeled and embedded
sis  graph models and compared the predictions to human shortcut estimates from
sz Warren et al. (2017), dataset “Route-finding and shortcuts” (Fig. 5A-C). The
sis  resulting angular prediction error was measured. Rayleigh tests on error di-
a0 rection revealed non-uniform distributions, z(10) = 9.59,p < .001 for the non-
2o metric labeled graph and z(10) = 9.57,p < .001 for the embedding.

321 The non-metric labeled graph model showed an average angular error of
2 —12.4° with an angular deviation (AD) of 11.76° and the embedding an average
w3 error of —15.26°, AD = 11.98°. This difference was not significant (F(1,18) =
2 0.2,p = .63) with a small effect size (d = .22). ILe., the shortcut directions
35 derived from the graph model were not significantly closer to the subject data
16 than the shortcut directions derived from the embedding or vice versa.

327 The within-subject angular deviation of the errors was fairly high but also
w8 similar for both models, with an average of 29.75° for the graph model and 32.15°
2o for the embedding. Statistical comparison (F(1,18) = 0.6,p = .42,d = .51)

10 again revealed no significant difference.

= 3.3 Dataset 2: Rips and folds

s For the purpose of this study, the “Rips and folds” dataset was treated the same
si3 as the “Route-finding and shortcuts” dataset, with the only difference being the
s« number of participants (11 vs. 10 in dataset 1) and estimates per participant
1 (24 vs. 8 in dataset 1). The datasets were analyzed separately for the sake of
33 comparison.

337 We again compared prediction errors of the non-metric labeled graph model
13 and its Euclidean embedding (Fig. 5D-F). Rayleigh test on error direction
1 revealed non-uniform distributions, z(11) = 10.78,p < .001 for the non-metric
s labeled graph and z(11) = 10.77,p < .001 for the embedded graph. The non-
s metric labeled graph showed an average angular error of 5.68°, AD = 8.12°,

s and the embedded graph an error of 2.37°, AD = 9.35°. This difference was

14
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Figure 5: Results. (a-c): Dataset “route-finding and shortcuts”, (d-f): Dataset “rips and folds”. (a)
Shortcut predictions of the non-metric labeled graph (dotted lines) and average subject estimates (solid
lines), plotted on ground truth coordinates. The gray vertices show how the graph would continue on
routes through wormbholes. (b) Shortcut predictions of the embedded graph, lines as in (a). The subject
estimates were rotated to match the local orientation of the originating maze arm. (c) Distribution of
the prediction error. The difference between the models is not significant, i.e., they predict the data
equally well. (d) Example shortcut predictions (dotted lines) and subject estimates (solid lines) for
three of the 24 object pairs in the “rips and folds” dataset. (e) Shortcut predictions of the embedded
graph for the same object pairs as in (d). (f) Distribution of the prediction error. The difference

between the models is also not significant on this dataset.
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s again not significant (F(1,20) = 0.72, p = .41) with a small effect size (d = .39).
s Within-subject angular deviation of the errors was also high, with an average
us  of 42.36° for the non-metric labeled graph model and 33.77° for the embedding.
us This difference was trending towards significance (F'(1,20) = 4.07,p = .057)
s with a large effect (d = .85).

348 Although dataset 2 contained many more measurements than dataset 1,
a9 there was still no significant difference between the prediction errors, i.e., the
0 models again predicted the data equally well, with the embedding possibly cap-

st turing the within-subject variation better.

w» 4 Discussion

3 Using subject data from Warren et al. (2017), we compared two cognitive map
s« models, the non-metric labeled graph and the embedded graph. We found both
35 models predicted the data equally well, i.e., both models made prediction errors
s with a similar magnitude and distribution. The embedding may possibly be
7 somewhat better at predicting the within-subject angular deviation in the rips
s and folds dataset, but the results did not pass the selected significance threshold
s at a = .05. Given the data, we therefore found insufficient evidence to reject
0 the null hypothesis.

361 Due to the non-Euclidean property of the environment, a perfect Euclidean
w2 embedding does not exist and a difference between the models must remain. It
3 1s therefore surprising that it did not lead to significantly different prediction
34 EITOTS.

365 In the original study, subjects explored the environment by walking contin-
s uous paths and thereby obtained information not only about the place-to-place
7 distances and turns but also about the overall connectivity of the network. The
s conclusions drawn in Warren et al. (2017) imply that this network information is
0 not used for the shortcut task, which is thought to be solved by vector addition
s along the direct path only. Here, we showed that the behavioral data are also
sn consistent with the idea of consolidating both distance and network information
s in a metrically embedded graph. We thus refute the conclusion in Warren et al.

ws (2017): it is not necessary to discard Euclidean metric properties and to reduce

16
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s the representation to a non-metric framework in order to explain the observed
ss  behavior.

376 The main difference between the vector navigation in the labeled graph and
sz the embedded graph suggested here lies in the treatment of repeated distance
s and angle measurements during prolonged navigation. Repeated measurements
s might simply be used to improve the estimates of distances and angles for indi-
s vidual labels without exploiting the constraints that these measurements impose
s on adjacent labels and indeed on the entire graph. Metric embedding, in con-
s trast, allows to make use of these constraints such that improved estimates of
3 one edge will lead to better distance and angle estimates everywhere. In this
s« view, the main advantage of having a metrically embedded representation of
5 Space is not so much its resemblance to a geographic map, but the possibility to
s integrate local and repeated measurements into a consolidated structure. The
sr result is still a graph, but with metrically embedded vertices from which direc-
s tions can be derived directly without the “mental path integration” procedure
10 suggested by Warren et al. (2017).

390 Note that even an optimal metric embedding is not necessarily equivalent
s to the Euclidean ground truth; cognitive space is not natural space and the
s internal representation may still be systematically distorted, even under normal
33 Euclidean circumstances. This might explain poor navigational performance
s« even after prolonged exposure to the environment (e.g., Ishikawa and Montello
35 (2006)).

306 Non-metric topological and metrically embedded information may also coex-
se7 ist. Combined models have previously been proposed, for example for different
ws  levels of spatial hierarchy (Couclelis et al., 1987; Meilinger, 2008), where the lo-
s cal Euclidean structure of individual places or regions is known but higher-level
w0 relations between different regions are encoded as a graph. For example, a local
w01 plaza may be well-represented by a Euclidean metric map, but directions to
a2 other places within the city may only be memorized as a sequence of turns. In
w03 the context of this present study, this relates to the problem of what constitutes
wa & vertex of the graph. In our simulation, we placed vertices at all corners of the
w5 maze, but other choices are possible. A neural network model assuming metric

w6 Trepresentations within small regions and categorical knowledge of these regions

17
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w7 themselves has been presented by Baumann and Mallot (2023).

408 Topological and metric information may also be used under different envi-
w0 ronmental constraints or at different stages of exploration and familiarization
a0 (Peer et al., 2021). Initially, the environment may be encoded in terms of ad-
a1 jacency relations and individual routes, which then over time is consolidated in
a2 an encompassing map as the amount of information increases. This scenario
a3 is supported by reports that grid cell firing fields are initially anchored by the
aa  walls of individual compartments, but with experience extend across boundaries
a5 to encompass a larger space (Carpenter et al., 2015; Wernle et al., 2018). The
s embedding algorithm presented here may also be considered a support, because
a7 it describes a transformation of local position information under topological

s constraints into a Euclidean metric map.

«» Compliance with Ethical Standards

20 Disclosure of potential conflicts of interest: The authors declare no con-

" flicts of interest.
2 Data availability statement: Data will be made available upon request.

23 Author contribution: TB Conceptualization, Formal analysis, Software, Writ-

42 ing; HAM Conceptualization, Writing.

o5  Funding information: The research reported in this paper was carried out at

a2 the Department of Biology of the University of Tiibingen. This research
a7 did not receive any specific grant from funding agencies in the public,
a2 commercial, or non-profit sectors.

~» References

a0 Edward Batschelet. Circular Statistics in Biology. Academic Press Inc., New

e York, NY USA, 1981.

s Tristan Baumann and Hanspeter A Mallot. Gateway identity and spatial remap-

18


https://doi.org/10.1101/2023.06.09.544331
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.06.09.544331; this version posted June 9, 2023. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made

433

434

435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

available under aCC-BY-NC 4.0 International license.

ping in a combined grid and place cell attractor. Neural Networks, 157:226—
239, 2023.

Phillipp Berens and Fabian Sinz. Pycircstat: circular statistics with python.
https://github.com/circstat/pycircstat, 2022. Accessed: 2023-03-02.

Iva K Brunec, Amir-Homayoun Javadi, Fiona EL Zisch, and Hugo J Spiers.
Contracted time and expanded space: The impact of circumnavigation on

judgements of space and time. Cognition, 166:425-432, 2017.

Roger W Byrne. Memory for urban geography. The Quarterly Journal of Fx-
perimental Psychology, 31(1):147-154, 1979.

Francis Carpenter, Daniel Manson, Kate Jeffery, Neil Burgess, and Caswell
Barry. Grid cells form a global representation of connected environments.

Current Biology, 25(9):1176-1182, 2015.

Elizabeth R Chrastil and William H Warren. Active and passive spatial learning
in human navigation: acquisition of survey knowledge. Journal of experimen-

tal psychology: learning, memory, and cognition, 39(5):1520, 2013.

Matthew Collett, Thomas S Collett, Sonja Bisch, and Riidigerioe Wehner. Local
and global vectors in desert ant navigation. Nature, 394(6690):269-272, 1998.

Thomas S Collett and Matthew Collett. Memory use in insect visual navigation.

Nature Reviews Neuroscience, 3(7):542-552, 2002.

Helen Couclelis, Reginald G Golledge, Nathan Gale, and Waldo Tobler. Explor-
ing the anchor-point hypothesis of spatial cognition. Journal of environmental

psychology, 7(2):99-122, 1987.

Yuri Dabaghian, Vicky L Brandt, and Loren M Frank. Reconceiving the hip-
pocampal map as a topological template. FElife, 3:e03476, 2014.

Arne D Ekstrom, Michael J Kahana, Jeremy B Caplan, Tony A Fields, Eve A
Isham, Ehren L. Newman, and Itzhak Fried. Cellular networks underlying
human spatial navigation. Nature, 425(6954):184—188, 2003.

19


https://github.com/circstat/pycircstat
https://doi.org/10.1101/2023.06.09.544331
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.06.09.544331; this version posted June 9, 2023. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC 4.0 International license.

wo Patrick Foo, William H Warren, Andrew Duchon, and Michael J Tarr. Do
461 humans integrate routes into a cognitive map? map-versus landmark-based
462 navigation of novel shortcuts. Journal of Experimental Psychology: Learning,

463 Memory, and Cognition, 31(2):195, 2005.
s Charles R Gallistel. The organization of learning. The MIT Press, 1990.

w5 Sabine Gillner and Hanspeter A Mallot. Navigation and acquisition of spatial
466 knowledge in a virtual maze. Journal of cognitive neuroscience, 10(4):445—

w463, 1998.

ws Torkel Hafting, Marianne Fyhn, Sturla Molden, May-Britt Moser, and Edvard 1
469 Moser. Microstructure of a spatial map in the entorhinal cortex. Nature, 436

w  (7052):801-806, 2005.

a1 Aric A. Hagberg, Daniel A. Schult, and Pieter J. Swart. Exploring network
an structure, dynamics, and function using networkx. In Proceedings of the 7th

a3 Python in Science Conference, pages 11 — 15, Pasadena, CA USA, 2008.

s Hermann von Helmholtz. The origin and meaning of geometrical axioms. Mind,

475 1(3)301—321, 1876.

s Wolfgang Hiibner and Hanspeter A Mallot. Metric embedding of view-graphs:
a77 A vision and odometry-based approach to cognitive mapping. Autonomous

478 Robots, 23:183-196, 2007.

a0 Tarow Indow. Global structure of visual space as a united entity. Mathematical

480 Social Sciences, 38(3):377-392, 1999.

a1 Toru Ishikawa and Daniel R Montello. Spatial knowledge acquisition from direct
182 experience in the environment: Individual differences in the development of
483 metric knowledge and the integration of separately learned places. Cognitive

484 psychology, 52(2):93-129, 2006.

a5 Immanuel Kant. Kritik der reinen Vernunft. Riga: Johann Friedrich Hartknoch,

486 1781.

a7 Misun Kim and Christian F Doeller. Adaptive cognitive maps for curved surfaces

as8 in the 3d world. Cognition, 225:105126, 2022.

20


https://doi.org/10.1101/2023.06.09.544331
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.06.09.544331; this version posted June 9, 2023. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC 4.0 International license.

a0 Thorsten Kluss, William E Marsh, Christoph Zetzsche, and Kerstin Schill. Rep-
490 resentation of impossible worlds in the cognitive map. Cognitive processing,

401 16:271-276, 2015.

w2 Dieter Kraft. A software package for sequential quadratic programming.
403 Forschungsbericht- Deutsche Forschungs- und Versuchsanstalt fur Luft- und

204 Raumfahrt, 1988.

w5 Benjamin Kuipers. Modeling spatial knowledge. Cognitive science, 2(2):129-
496 153, 1978.

w7 Hanspeter A Mallot. From Geometry to Behavior: An Introduction to Spatial
208 Cognition. MIT Press, 2024.

a0  Hanspeter A Mallot and Kai Basten. Embodied spatial cognition: Biological
500 and artificial systems. Image and Vision Computing, 27(11):1658-1670, 2009.

s Timothy P McNamara. Mental representations of spatial relations. Cognitive

502 psychology, 18(1):87-121, 1986.

s Bruce L McNaughton, Francesco P Battaglia, Ole Jensen, Edvard I Moser, and
504 May-Britt Moser. Path integration and the neural basis of the ‘cognitive

505 map’. Nature Reviews Neuroscience, 7(8):663-678, 2006.

sos ' Tobias Meilinger. The network of reference frames theory: A synthesis of graphs
507 and cognitive maps. In Spatial Cognition VI. Learning, Reasoning, and Talk-

508 ing about Space, pages 344-360. Springer Berlin Heidelberg, 2008.

so0 Tobias Meilinger, Agnes Henson, Jonathan Rebane, Heinrich H Biilthoff, and
510 Hanspeter A Mallot. Humans construct survey estimates on the fly from a
s11 compartmentalised representation of the navigated environment. In Spatial

512 Cognition XI, pages 15-26. Springer International Publishing, 2018.

sz Lynn Nadel. Cognitive maps. Handbook of spatial cognition, pages 155-171,
514 2013.

sis John O’Keefe and Neil Burgess. Geometric determinants of the place fields of

516 hippocampal neurons. Nature, 381(6581):425-428, 1996.

21


https://doi.org/10.1101/2023.06.09.544331
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.06.09.544331; this version posted June 9, 2023. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC 4.0 International license.

si7 - John O’Keefe and Lynn Nadel. The Hippocampus as a Cognitive Map. Claren-
518 don Press ; Oxford University Press, Oxford : New York, 1978.

s19. Michael Peer, Iva K Brunec, Nora S Newcombe, and Russell A Epstein. Struc-
520 turing knowledge with cognitive maps and cognitive graphs. Trends in cogni-

521 tive sciences, 25(1):37-54, 2021.

s2  Edmund T Rolls and Shane M O’Mara. View-responsive neurons in the primate

523 hippocampal complex. Hippocampus, 5(5):409-424, 1995.

s  HEdward K Sadalla and Daniel R Montello. Remembering changes in direction.

525 Environment and Behavior, 21(3):346-363, 1989.

s Larry R. Squire and Barbara J. Knowlton. Memory, hippocampus, and brain
527 systems. In The cognitive neurosciences, chapter 53, pages 825-837. Cam-

508 bridge, MA: The MIT Press, 1995.

so0  Edward C Tolman. Cognitive maps in rats and men. Psychological review, 55

530 (4)2189, 1948.

s Olivier Trullier, Sidney I Wiener, Alain Berthoz, and Jean-Arcady Meyer. Bio-
532 logically based artificial navigation systems: Review and prospects. Progress

533 in neurobiology, 51(5):483-544, 1997.

s Barbara Tversky. Distortions in cognitive maps. Geoforum, 23(2):131-138,
535 1992.

s Pauli Virtanen, Ralf Gommers, Travis E. Oliphant, Matt Haberland, Tyler
537 Reddy, David Cournapeau, Evgeni Burovski, Pearu Peterson, Warren
538 Weckesser, Jonathan Bright, Stéfan J. van der Walt, Matthew Brett, Joshua
539 Wilson, K. Jarrod Millman, Nikolay Mayorov, Andrew R. J. Nelson, Eric
540 Jones, Robert Kern, Eric Larson, C J Carey, Ilhan Polat, Yu Feng, Eric W.
541 Moore, Jake VanderPlas, Denis Laxalde, Josef Perktold, Robert Cimrman,
542 Tan Henriksen, E. A. Quintero, Charles R. Harris, Anne M. Archibald,
543 Antonio H. Ribeiro, Fabian Pedregosa, Paul van Mulbregt, and SciPy 1.0
544 Contributors. SciPy 1.0: Fundamental Algorithms for Scientific Computing
545 in Python. Nature Methods, 17:261-272, 2020.

22


https://doi.org/10.1101/2023.06.09.544331
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.06.09.544331; this version posted June 9, 2023. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC 4.0 International license.

sae  William H Warren. Non-euclidean navigation. Journal of Experimental Biology,

547 222(Suppl_1):jeb187971, 2019.

sis William H Warren, Daniel B Rothman, Benjamin H Schnapp, and Jonathan D
549 Ericson. Wormbholes in virtual space: From cognitive maps to cognitive

550 graphs. Cognition, 166:152-163, 2017.

ssi  Tanja Wernle, Torgeir Waaga, Maria Mgrreaunet, Alessandro Treves, May-Britt
552 Moser, and Edvard I Moser. Integration of grid maps in merged environments.

553 Nature neuroscience, 21(1):92-101, 2018.

sss  Christopher Widdowson and Ranxiao Frances Wang. Human spatial learning
555 strategies in wormhole virtual environments. Spatial Cognition & Computa-

556 tion, 23(2):112-131, 2023.

ss7. Michael M. Yartsev and Nachum Ulanovsky.  Representation of three-
558 dimensional space in the hippocampus of flying bats. Science, 340(6130):
550 367-372, 2013.

sso  Christoph Zetzsche, Johannes Wolter, Christopher Galbrath, and Kerstin Schill.
561 Representation of space: Image-like or sensorimotor? Spatial Vision, 22(5):

562 409-424, 2009.

23


https://doi.org/10.1101/2023.06.09.544331
http://creativecommons.org/licenses/by-nc/4.0/

	Introduction
	The cognitive map
	Distorted maps and non-Euclidean environments
	Evidence from wormhole experiments

	Materials and methods
	Data acquisition
	Graph and map setup
	Model comparison and data analysis

	Results
	Embeddings
	Dataset 1: Route-finding and shortcuts
	Dataset 2: Rips and folds

	Discussion

