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10 Abstract

11 Research in Neuroscience, as in many scientific disciplines, is undergoing a renaissance based on deep
12 learning. Unique to Neuroscience, deep learning models can be used not only as a tool but interpreted as
13 models of the brain. The central claims of recent deep learning-based models of brain circuits are that
14 they make novel predictions about neural phenomena or shed light on the fundamental functions being
15 optimized. We show, through the case-study of grid cells in the entorhinal-hippocampal circuit, that
16 one may get neither. We begin by reviewing the principles of grid cell mechanism and function obtained
17 from first-principles modeling efforts, then rigorously examine the claims of deep learning models of grid
18 cells. Using large-scale hyperparameter sweeps and theory-driven experimentation, we demonstrate that
19 the results of such models may be more strongly driven by particular, non-fundamental, and post-hoc
20 implementation choices than fundamental truths about neural circuits or the loss function(s) they might
21 optimize. We discuss why these models cannot be expected to produce accurate models of the brain
22 without the addition of substantial amounts of inductive bias, an informal No Free Lunch result for
23 Neuroscience. Based on first principles work, we provide hypotheses for what additional loss functions
24 will produce grid cells more robustly. In conclusion, caution and consideration, together with biological
25 knowledge, are warranted in building and interpreting deep learning models in Neuroscience.

» Introduction

2z Over the past decade, deep learning (DL) has underpinned nearly every success story in machine learning,
28 e.g., [43, [4] and increasingly many advances in fundamental science research, e.g., [26]. In neuroscience, deep
20 learning is similarly gaining widespread adoption as a useful method for behavioral and neural data analysis
0 40, 38 211 32 [30L B5].

3 But DL offers a unique contribution to neuroscience that goes beyond its role in other fields, in that
32 deep networks can be viewed as models of the brain. The success of DL in matching or surpassing human
33 performance means it is now possible to construct models of circuits that may underlie human intelligence. As
32 a recent review wrote, “researchers are excited by the possibility that deep neural networks may offer theories
s of perception, cognition and action for biological brains. This approach has the potential to radically reshape
3 our approach to understanding neural systems" [4I]. Further, DL is a democratizing force for building neural
sz circuit models of complex function.

38 The essential claims (and promises) of DL-based models of the brain are that 1) Because the models are
3o trained on a specific optimization problem, if the resulting representations match what has been observed in
s the brain, then they reveal which optimization problem(s) the brain is solving, or 2) These models, when
a1 trained on sensible optimization problems, should generate novel predictions about the brain’s representations
a2 and behavior.

a3 However, given the nascent nature of such approaches and the excitement accompanying some claims,
a2 we should examine them carefully. In DL and deep reinforcement learning, some successes attributed to
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Figure 1: (a-b) Schematic of approach of training recurrent networks to predict (different possible encodings
of) 2D position from 2D velocity, in a supervised manner. (b-c) Grid cells are shown to emerge in recent DL
papers as a consequence of optimizing a path integration objective [12] 2], 45] 63| B6], with the suggestion
that path integration implies grid cells. (d) In the current work, we show how most ANNs trained to path
integrate can do so, but only a very small set of output encoding functions (vanishingly small in the function
space) and very small fraction of hyperparameter space yields grid cells, leading to the conclusion that grid
cell emergence results in ANNs are post hoc: they result from tuning hyperparameters to bake grid cells into
networks.

«s novel algorithms have been shown to instead stem from seemingly minor or unstated implementation choices
s [51) [I5 25]. In this paper, we ask whether Neuroscientists should similarly be cautious that DL-based models
4z of neural circuits that make specific claims about revealing the brain’s optimizaton functions or that predict
as  specific neural tuning curves may tell us less about fundamental scientific truths and more about programmers’
s particular implementation choices, and might as a result be more post hoc than predictive.

50 To explore these questions and point toward a systematic and circumspect use of DL for Neuroscience, we
51 evaluate recent DL-based models of grid cells in the entorhinal-hippocampal circuit. The medial entorhinal
s2 cortex (MEC) and hippocampus (HPC) are part of the hippocampal formation, a critical brain structure for
53 learning and memory. In a pair of Nobel-prize winning discoveries, HPC was shown to contain place cells [37]
s« and MEC, its cortical input, was shown to contain grid cells [22]. Place cells fire at one or several seemingly
ss  random locations in small and large environments [39)], respectively, while grid cells fire in a spatially periodic
s pattern in all two-dimensional environments, whenever the animal is at the vertices of a hexagonal lattice [22].
sz Over five decades, the hippocampal formation has been central to understanding how the brain organizes
ss spatial and episodic memory, for experimentalists and theorists alike, with many mysteries remaining. A
so recent series of DL-based models of the circuit [12] 2 45] 53| [36]) present a story that training neural circuits
e on path integration (PI) (i.e., the task of estimating one’s spatial position in an environment by integrating
e velocity estimates) results in the emergence of grid cells.

62 We use public code from prior publications to demonstrate these results are due to implementation details
es that tell us more about those choices than they do about MEC. By leveraging theoretically-guided large-scale
ea hyperparameter exploration and hypothesis-driven experimentation, we show:

65 1. Networks trained on path integration tasks almost always learn to optimally encode position, but almost
66 never learn grid-like representations to do so.

67 2. The emergence of grid-like representations depends wholly on a specifically chosen encoding of the
o8 supervised target, not on the task itself, and these choices may be unrealistic.

60 3. The chosen encoding requires many other sensitive hyperparameter choices, such that small alterations
70 result in loss of grid-like representations.

7 4. Grid periods and period ratios depend on hyperparameter choices and are not set by the task.

72 5. Multiple grid modules, a fundamental characteristic of the grid cell system, do not emerge.

73 DL produces grid cells and some attendant properties only after making many specific design choices

72 and searching hyperparameter space to obtain such representations, effectively baking grid cells into the
75 task-trained networks. It is highly improbable that DL models of path integration would have
s produced grid cells as a novel prediction from task-training, had grid cells not already been
7= known to exist. Moreover, it is unclear what interpretability or understanding these models contribute,
7s beyond or even up to what has already been shown for these particular circuits. These results challenge the
7o notion that deep networks offer a free lunch for Neuroscience in terms of discovering the brain’s optimization
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so problems or generating novel a priori predictions about single-neuron representations, and warn that caution
s1 is needed when building and interpreting such models.

82 Our work benefited greatly from previous publications that published their code, for which the authors
83 should be commended. By building on their code, we have been able to present novel insights that we hope
sa  will contribute to a clearer understanding of the potential risks and rewards of using and interpreting DL
ss models in Neuroscience. To facilitate further research, we similarly release codeﬂ

« Background: grid cells

sz Grid cells [22] are found in the medial entorhinal cortex of mammals and are tuned to represent the spatial
ss location of the animal as it traverses 2D space. Each cell fires at every vertex of a triangular lattice that tiles
so the explored space, regardless of the speed and direction of movement through the space. As a population, grid
o0 cells exhibit several striking properties that provide support for a specialized and modular circuit. Grid cells
o1 form discrete modules (clusters), such that all cells within a module share a common period and orientation,
o2 while different modules express discretly different spatial periods [48]. The period ratios of successive modules
oz have values in the range of 1.2-1.5.

04 The mechanism underlying grid cells is widely supported to be through attractor dynamics: Translation-
os invariant lateral connectivity within the grid cell network results in a linear Turing instability and pattern
os formation [7, [I7, [5]. These models explain how grid cells can convert velocity inputs into updated spatial
oz estimates, and make several predictions that have been confirmed in experiments, including most centrally
os the stability of low-dimensional cell-cell relationships regardless of environment and behavioral state, that
oo define a toroidal attractor dynamics [I8| 54} 50} 20] [19].

w Experimental approach

101 Path integration (PI) is the task of using self-velocity estimates to track one’s spatial position, a crucial
102 component of spatial navigation. The central message of existing DL models of grid cells is that training
103 ANNs to path integrate causes the networks to learn grid cells [12] 2] [45] 53], B36].

104 We follow the setup used by many previous papers: a 2.2m x 2.2m arena is created, then, spatial trajectories
105 (i.e. sequences of positions and velocities) are sampled. Networks receive as inputs the initial position and
106 velocities, and are trained to output (a possible encoding of) the positions (Fig. b) in a supervised manner.
10z There are multiple possible encodings of position, and as we will show, this choice is critical. Two simple
18 encodings are Cartesian [12] or polar [I]. Another encoding scheme is via bump functions in 2D space,
100 with each output assigned a single different position that tiles the space and all outputs assigned identical
1o tuning curves [2, 45, 45, B6]. This encoding has been equated with place cells, even though place fields
1 tend to be heterogeneous in size and shape [39] [13], as well as in number [39], and unlike the choice of a
12 difference-of-Gaussians (DoG) readout tuning in ANN models, do not exhibit any inhibitory surround. See
13 Appendix [I] for position encoding details. For all encodings, supervised learning is used to train the network
14 via backpropagation through time.

115 Spatial tuning assessments The spatial tuning of hidden units in the networks, visualized as ratemaps,
116 1S the primary method for comparison with the brain’s grid cells. To compute ratemaps, a trained network
117 is evaluated on long trajectories that cover the 2D environment, then each hidden unit’s activity is binned
11s  against the true position in the environment, and counts per bin are normalized by the number of visits to
110 that bin. Ratemaps of units are compared with grid cells through the gridness score. We are extremely
120 lenient with classifying a training run with particular hyperparameters a success: if even a
121 *single* hidden unit has a grid score above a certain threshold, we say the model possesses grid
122 cells. The grid score is not perfect since cells classified by grid scores represent only an upper bound on the
123 total number of grid cells; for details, see Appendices [I] and [I]
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Figure 2: (a) Top: Across readout encodings, almost all networks learn to optimally encode position. Bottom:
Few networks display possible grid-like representations (grid score threshold = 0.8). (b) Kernel density
estimates of grid scores per readout encoding. (c¢) Rate maps of high grid-scoring units in deep networks
trained on i) Cartesian, ii) Polar, iii) Gaussian, iv) specifically selected (tuned) Difference-of-Softmaxes (DoS)
readouts. i)-iii) do not learn any grid cells. (b) Only networks trained on DoS readouts display grid-like cells.
Numbers above rate maps are grid scores.

Networks trained on path integration tasks learn to estimate position,
but rarely learn grid cells

As [45] wrote in their section titled “Optimally encoding position yields diverse grid-like patterns,” “Why
do these diverse architectures, across diverse tasks (both navigation and autoencoding), all converge to a
grid-like solution, and what governs the lattice structure of this solution?” We demonstrate, in contrast,
that most networks do not converge to a grid-like solution, instead requiring very specific readout tuning
functions and hyperparameter choices. Grid-like representation emergence is determined by choices made by
the programmer that, rather than relating to the path integration objective or biologically realistic place cells,
is designed post hoc to produce grid cells.

We ran large-scale hyperparameter sweeps across common implementation choices: 1) Architectures: RNN
[14]; LSTM [24]; GRU [10]; UGRNN [11]; 2) Activation: Sigmoid; Tanh; ReLU; Linear; 3) Optimizers: SGD,
Adam [31]; RMSProp [23] 4) Supervised Targets: Cartesian; Polar; high-dimensional bump-like readout
population code with Gaussian [2], Difference-of-Softmaxes (DoS) [45] 46|, [36] or Difference-of-Gaussians
(DoG) tuning curves. 5) Loss: mean squared error on the agent’s Cartesian position [27], [12]; geodesic distance
on the agent’s polar position [I]; cross entropy on a high-dimensional population of bump-like readout units
|2, [45, [36] 6) Miscellaneous: recurrent & readout dropout, initialization, regularization, seed.

For networks with bump-like population readouts, we additionally swept: 1) Field width o i.e. standard

deviation of the Gaussian tuning curve (often denoted o 45 in the literature); 2) Whether the bump-like
readouts have homogeneous or heterogeneous field widths; 3) In the case of readouts with DoG or DoS
tuning curves, the surround scale s i.e. the ratio between the inhibitory and excitatory Gaussian’s standard

deviations (s def or/og); 4) Number of fields per readout unit. Evaluating the entire hyperparameter volume
is computationally prohibitive, so we evaluated a subvolume most consistent with previous papers, focusing
on perturbations from hyperparameters that did produce grid cells. In this sense, our search was biased
toward configurations shown to produce grid cell emergence and thus our findings about the
fragility of these solutions conservatively favored these solutions as much as possible. All sweeps

Thttps://github.com/RylanSchaeffer/MEC-HPC-Models- Investigation
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Figure 3: Grid periods are hyperparameter-dependent and multiple modules do not emerge. (a)
Over a wide sweep of DoS (the most likely to produce grid cells, Fig. bottom) target field widths o, the
distribution of grid periods is unimodal (each color is distribution of periods obtained from 3 runs with a og
value; different periods are only obtained by varying og), meaning multiple grid modules do not emerge, in
contrast to real grid cells. (b) The chosen target field width og determines the grid period mode, meaning
that hand-designed hyperparameter choices, not an intrinsic emergent property, sets the grid period. (c) If we
use grid periods obtained from smoothly sweeping g as a proxy for different modules, the period ratios are
closer to 1 than the experimental ratios of ~ 1.4.

are provided in Appendix

To evaluate whether a network learns to optimally encode its position, we measured its position decoding
error using previous papers’ method [2] [45] [36]: we computed position decoding error using the network’s
output Cartesian positions (if trained on Cartesian targets) or by decoding position from the network’s
outputs. Any network with error < 10 cm was considered to have achieved optimal position encoding; this
threshold was chosen based on noise inherent in the decoding algorithm.

In total, we trained > 5500 networks and found that most hyperparameter configurations succeed in
learning to path integrate (Fig. , Top), but few learn grid cell representations (Fig. , Bottom). This is
consistent with earlier work [27] [I] demonstrating that networks can learn to path integrate and solve other
navigational problems (e.g. estimating which of several environments correspond to the current location)
without lattice cells emerging as a solution.

Lattice cell emergence requires a highly specific choice of supervised
target encoding

We next sought to characterize when grid cells are learnt under different encodings of the supervised target
i.e., 2D position. We tested multiple encodings: i) Cartesian, ii) Polar, iii) Gaussian, iv) a very specifically
selected, Difference-of-Gaussian (DoG/DoS) readout and more. We found that grid cells do not emerge from
Cartesian, Polar or Gaussian encodings (Fig. bc), consistent with earlier work [27]. Only by choosing a
DoG readout tuning curve did grid cells sometimes emerge.

Grid periods are parameter-dependent and multiple modules do not emerge

Next, a prominent feature of grid cells that is critical for their unambiguous encoding of position over
large scales is the existence of a discrete set of grid periodicities, which tend to scale by a rough factor of 1.4
between adjacent scales [48]. We asked whether ANN models generate multiple periods and when they did so,
what hyperparameters and other choices the formed periods depended on.

To ensure we would obtain at least some grid cells, we fixed the readouts to be DoSs, and swept over
different scales of the DoS. We found that almost all runs had a unimodal distribution of grid periods (Fig.
3h), meaning the networks learnt only one module of grid cells.

Further, we found that the period of the formed grid-like representation is completely determined by the
scale o of the externally imposed readout DoG (Fig. [3]). The period of the grid-like responses in every
run increased monotonically with the width of the DoG readout (Fig. ) Since the models did not result
in multiple modules in a single network, we used the somewhat discrete distribution of peaks of the single
module formed when sweeping the DoG parameter more continuously to compute grid period ratios. These
period ratios from adjacent peaks led to non-biological values (Fig. [3).
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Figure 4: Other changes to Difference-of-Softmaxes (DoS) affect the formation of grid cells: (a)
The existence of grid solutions even with DoG readout encodings is highly sensitive to parameters such as
the target function receptive field width og, and small alterations result in the disappearance of grid cells
regardless of grid score threshold. (b) (left) Comparison of grid scores of trained networks with DoG shows
that the Difference-of-Softmaxes (DoS), as used by [45], [36], 46], is critical for high grid scores, (right) Rate
maps of highest scoring units from DoG networks achieving low position decoding error. (c¢) Computing the
Fourier transform (right of each pair) of the readout second-moment matrix (left of each pair) explains that
DoS places Fourier power on an annulus with sufficiently large radius to produce grid cells, showing why the
particular DoS choice is critical.

Fourier analysis of Turing instability explains the preceding empirical results Why do only
Difference-of-Softmaxes (DoS) readouts produce grid cells? We restate the essence of previous analyses of
first-principles models [7, 29] here, and explain why they might explain our empirical findings.

In a recurrent network with dynamics 7(z) = —r(z) + g(W % r), where x designates the neural index (in a
continuum approximation for neurons), W % r designates the total (integrated) inputs from the network to the
neuron at index x, and g is the non-linearity, if the recurrent weight interaction is translationally invariant,
then W(z,z') = W(x — 2’) = W(Az). Under DoG interactions:

Az)? Az)?
W(Aw)zf(Ax):aEeXp(— (202 ) —aIeXp(—%) (1)
where Az refers to the difference of indices between the neural pair linked by the weights. The evolution
of activity can be decomposed into the growth and decay of Fourier components of the rate vector, which is
fully determined by the Fourier transform of W, which is given by:

2 7.2 272
k) = / d(Az) f(Az)e* ™ = agopexp <— UE; > — oy exp <— UI; > (2)
R

Here ap (o) denotes the strength and o (o7) denotes the scale of excitation (inhibition). For linearized
dynamics that approximate 7(x) ~ —r(x) 4 f(Ax) xr (i.e. g has been linearized), the solution will be periodic
if the maxima of f(k), given by [k*]? = —2—log (ago},/aso}), contains sufficient power and if k* # 0.

E I

Specifically, the condition for pattern formation is f (k*) > 1 [8,[29]. In particular, the inhibitory surround
contained in f(Ax), with strength o7, is key to pattern formation; if oy — oo or a;y — 0, the maximum is at
the origin (k* = 0), causing no pattern formation. Therefore, a Gaussian interaction cannot produce periodic

patterns.
The connection of this theory to ANNs trained with supervised readout target P was made in [45] through
the observation that dynamics with an MSE loss ||P — Wieadout?||? can be approximated as 7 = —\r + 7,

where ¥ = PPT is the readout correlation matrix and \ is a regularization parameter. This dynamics
now looks identical to the first dynamics with recurrent interaction matrix Wz, z') = 3.,,. For identical,
unimodal target readout functions with DoG tuning curves, this readout correlation matrix is also a difference
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Figure 5: Adding place cell-like heterogeneity to the readouts prevents the formation of grid
cells. To maximally favor the emergence of grid representations, we selected DoS encodings with the best
hyperparameters for grid cell emergence (RNN or UGRNN, ReLU, o = 0.12 cm, s = 2.0, 3 seeds), then
tested the effect of multiple fields per place cell (~ 1 + Pois(3.0)) and multiple scales (receptive field width
og ~ Unif(0.06,1.0) m and surround scale s ~ Unif(1.25,4.5)). (a) Networks trained on single-field single-scale
DoS and multi-scale multi-field DoS (more similar to biological place cells) readouts all obtain low position
decoding error. (b) Multi-scale multi-field DoS readouts do not learn grid cells. (c¢) Highest-scoring rate maps
from multi-field multi-scale networks.
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of Gaussians (Appendix . By the same theory outlined above, Gaussian tuning curves should not produce
periodic patterns.

Unmentioned implementation details matter We discovered a seemingly minor implementation detail
in several preceding papers [45], 46l B6] that proved important for the emergence of grid cells, that (to the
best of our knowledge) is unmentioned in the main texts and supplements. While these papers nominally
refer to a Difference-of-Gaussian (DoG) readout target function (Eqn. [I]), their code instead uses a Difference-
of-Softmaxes (DoS) target function. When we trained ideal grid-forming ReLU networks on place-cell-like
target encodings with DoG tuning curves, sweeping the receptive field ¢ and surround scale s, DoG readouts
did not result in grid cells (Fig. ), while DoS readouts did. The preceding Fourier analysis shows why DoS
tuning, though still more unrealistic as a place cell model than DoG, matters (Fig. )

Grid cells disappear with more biologically-realistic readout functions

Place cells, to which grid cells project, differ significantly from the highly simplified single-scale, single-field
ANN readouts. Place cells have heterogeneously distributed field widths, many with multiple fields [39] [I3]
(and are not DoS-like functions). This naturally leads to the question: Will readouts targets with multiple
scales and multiple fields per place cell still produce grid cells?

We found that networks trained with multiple-field multiple-scale bump encodings per readout unit achieve
comparably low position decoding error as good single-field single-scale encodings (Fig. [bh), but do not learn
grid cells (Fig. |pbc). This further demonstrates that accurate position encoding and integration does not
require grid representations.

Discussion

For research that uses deep networks as models of the brain, there is a fundamental obstacle to making the
claim that a given optimization problem is what the brain is solving: If we know the responses of a significant
fraction of units from biological networks performing a certain task, we cannot infer the loss function that the
brain is optimizing since in principle, numerous different loss functions can have the same/similar minima
(Fig. |§| top). In other words, there is typically a many-to-one mapping between loss functions and some point
in state space where the functions have a minimum. Some of the different grid models from deep learning
and first principles show that this is possible [12], 2] 45| (3], [7]. Conversely, given a reasonable optimization
problem that we select based on an organism’s ecological niche, we cannot infer a single solution (and thus
build truly predictive single-cell tuning models), since there exist several minima to that optimization problem
(Fig. |§| bottom). In other words, there is typically a one-to-many mapping from a loss function to its set of
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solutions. To break this degeneracy of multiple minima and arrive at truly predictive models or a better
understanding of the brain’s optimization problems, we must acknowledge, understand, and model the specific
inductive biases and constraints present in the biological system we are trying to model. It is untenable to
expect success without doing so. This is what we refer to as an informal neural 'no-free-lunch’. In these cases,
these constraints and biases are as informative as other design principles, such as the loss function.

What can we learn from DL models about brain
circuits without considering and studying biological A
inductive biases? Population-wide low-dimensional % N M,\ *ﬁﬂ‘z
latent representations and dynamics that arise as L W M L
necessary for solving difficult problems are possibly .
sufficiently robust and abstracted to be predictive 6 i
of population dynamics in a neural circuit without 1 c
addition of detailed biological constraints. This can i
explain successes of the population-level analyses of TMoran
the visual pathway [28] [3], as well as the population-
level low-dimensional dynamics of circuits solving
inference tasks [49 @2 [1l (2]. In these cases, the
emergent solutions are fundamental features of any
systems that solve the task, and by construction need
not be specific to brains.

Returning to grid cells, we have conclusively
shown that they do not generically arise in networks
trained to path-integrate. This raises the question
of what different additional architectural, hyperpa-
rameter, and constraint choices had to be made in
previous papers [2], 45] [46] to obtain grid-like tuning,
given that they used a path integration objective
with Gaussian place cell targets, requirements that
are reasonable but not sufficient to obtain grid-like
tuning.

Theoretical work on grid cell representations [16] 47, B4] suggests that the following two factors are important
features of the grid cell code: a very large coding range and the related property of robustness/intrinsic error
correcting coding. Adding these properties to the loss are likely to be a more principled way to obtain grid-like
fields rather than by hand-designing a biologically unrealistic DoG or DoS readout. Consistent with this,
the very large amount of dropout or other noise required in [2] [12] suggests that the coding-theoretic insight
on intrinsic error-correction properties of grid cells and their related large capacity may indeed be central
ingredients to produce grid cells.

In fact, there are a number of key properties of the grid cell code elucidated earlier by theoretical arguments,
including but not limited to path integration, that we hypothesize may form a sufficient and biologically
relevant set for the emergence of grid cells: 1) non-negative activations; 2) equivariant population responses
(i.e., the population response always lies on a hypersphere); 3) a path integrating (PI) code or in other
words, translation invariant representations [I7, [7]; 4) high representational capacity [0l 47, [33]; 5) intrinsic
error-correcting capabilities [0, [47]; and finally, 6) uniformly distributed (whitened) and low spatial information
per cell, such that the total spatial information of the grid code should be equally distributed across all cells.

We suggest that several of these properties (e.g. excluding the more specific property 3)) are extremely
general features of neural codes, and incorporating them into ANN models of neural circuits could increase
their ability to make de novo rather than post hoc predictions, and remove the need to use synthetic and
unrealistic choices with fine hyperparameter tuning (such as DOG and DOS readouts).

In sum, the findings here argue that the central contribution of scientific interest when building and
studying ANN models of the brain that reproduce specific tuning curves is not that the model produced the
curves (after all, given the expressive power of deep networks, it is no surprise that training them to effectively
generate a given tuning will in fact succeed), but rather to explore and carefully characterize conditions and
constraints under which the particular tuning does and does not emerge, to consider whether the constraints
align with biological constraints, and to consider what principles can be extracted from them. When not
predicting specific tuning curves, but rather population-level response dynamics, the results are expected to
be more robust to specific implementational choices and thus more durable.

Y

6

Figure 6: Challenges in achieving the two central
claims of recent DL models of neuroscience: Top:
Building a model that replicates observed neural re-
sponses does not guarantee that the loss function used
is the brain’s objective, as multiple objectives can share
a solution. Bottom: Training a network on a plausible
loss function or even the correct loss function need not
yield the solution the brain has selected because the
loss function may have multiple minima, of which the
brain selects one based on its constraints, while an ANN
selects another, based on the optimization technique
used.
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Position Encodings

Suppose we sample a sequence of positions x, ...,z € R? and a sequence of velocities vy, ..., v € R?, where
x4 = 241 + v;. We want to train the networks in a supervised manner to predict (a possible encoding of)
their position. We used the below encodings as different regression targets. For some encodings that required
place cell populations, we denote the number of place cells N, and denote their locations {pi}ﬁi”l, sampled
uniformly at random within the 2.2 m x 2.2 m arena.

o “Low-dimensional" Cartesian: z;

e “High-dimensional" Cartesian: Let A € R *2 b ¢ RN» have entries sampled ii.d. from
Uniform(—1,1). The target is a vector in R"» given by:

A$t+b

e Polar: Let (r;,6;) denote the polar form of the agent’s position x;. The target is a vector in R» half
comprised of “distance" units and half comprised of “direction" units. Let A € RO-3Vpx1 p ¢ RO-5N»
have entries sampled i.i.d. from Uniform(—1,1); the distance cells have activites:

ATt+b

Let pu € [, 7T]N”/ 2 have entries sampled i.i.d. uniformly at random. The direction cells have entries
given by von-Mises-like bumps:

exp (cos(@t — ui))

Nv whose entries are given by:

e Gaussian: A vector in R
1 2
exp ( - TU%II% — pil| )

Np

e Difference of Gaussians: A vector in R"» whose entries are given by:

exp (= 5ol — pill2) = exp (= ol = pill?)
20%, 202

Np

e Difference of Softmaxes: A vector in R'» whose entries are given by:

1 2 1 2
Softmaa:( - Eth — pil| ) - Softmaa?( - Eﬂxt — pil| )
e Softmax of Differences: A vector in RV» whose entries are given by:

1 1
Softmax( - Eﬂmt —pil> + ﬁ“xt —pi||2>

Grid Scores and Grid Cell Thresholds

What qualifies as a grid cell? The most commonly used method of quantifying grid cells is via the “grid
score", which functions by binning neural activity into rate maps using spatial position, applying an adaptive
smoother, then taking a circular sample of the autocorrelation centered on the central peak and comparing it
to rotated versions of the same circular sample. The 60° grid score is specifically given by:

(corr[60] + corr[120])/2 — (corr[30] + corr[90] + corr[150])/3

We used the grid scorer implementation used by [2] (https://github.com/deepmind/grid-cells/blob/master/scores.py),

[45] (https://github.com/ganguli-lab/grid-pattern-formation/blob/master /scores.py) and [36].

What score is sufficient to qualify as a grid score? Experimentalists have used thresholds of 0.3 [44] and
0.349 [9] on biological neurons, whereas computationalists have used 0.3 [36] and 0.37 |2, 45] on artificial
neurons. We found that for artificial neurons, these thresholds are far too low (Fig. @; ANN units with grid
scores > 0.4, and even as high as 1.3, often look nothing like grid cells. This is because the grid score looks
for 60° rotational symmetry, and while grid cells are indeed symmetric, so are many other rate maps. Private
conversations with the authors of |2, 45 [36] showed everyone was in agreement that grid scores are a metric
in need of improvement. After internal disagreement, we compromised at a grid score threshold of 0.8.
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Number of Bins for Computing Rate Maps

The first step in computing grid scores is determining the number of bins to use to compute rate maps.
However, establishing the number of bins used by previous approaches proved baffling difficult. The original
experimental work used 5 cm by 5 cm bins [22]. Since the square arena used in these experiments is 2.2 m by
2.2 m (same as [2] 45} [36], the number of bins should be 44 x 44. However, we found discrepancies in previous
approaches’ text and code.

[2]’s text claims to use 32 x 32 bins of 6.875 cm x 6.875 cm (“Spatial (ratemaps) and directional activity
maps were calculated for individual units as follows. Each point in the trajectory was assigned to a specific
spatial and directional bin according to its location and the direction in which it faced. Spatial bins were
defined as a 32 x 32 square grid spanning each environment and directional bins as 20 equal width intervals.”),
but their code El used 20 x 20 bins of 11 cm x 11 cm. [45] claimed to use 2 cm x 2 cm bins (“"Grid score was
evaluated as in [2]]. A spatial ratemap was computed for each neuron by binning the agent’s position into
2cm x 2cm bins, and computing the average firing rate within each bin.”) but their code El similarly used 20 x
20 bins. [36] claimed to use 5 cm x 5 cm bins (“Nayebi: "We bin the positions in each environment using 5 cm
bins, following prior work [Hardcastle et al., 2017, Butler et al., 2019, Low et al., 2020]. Thus, the 100cm?
environment used 400 (20 x 20) bins, the 150cm? environment used 900 (30 x 30) bins, and the 400cm 1D

%https://github.com/deepmind/grid-cells/blob/master/train. py#L201
Shttps://github.com/ganguli-lab/grid-pattern-formation/blob/master/visualize.py#L136
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Figure 7: Grid scoring is the dominant method to identify grid cells, but we found it performs
extremely poorly at identifying grid cells. Top: example rate maps from low position decoding error
Difference-of-Softmaxes (DoS) networks three grid score ranges: [0.35,0.45),[0.8,0.9), [1.15,00). Bottom:
example rate maps from low position decoding error Difference-of-Gaussians (DoG) networks. We considered
three grid score thresholds: 0.3 (used by some experimentalists), 0.8 (low probability of finding grid cells),
1.15 (decent probability of finding grid cells).
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Figure 8: Grid score distributions do not differ as a function of number of bins: 400 (20 x 20; blue), 1024 (32
x 32; orange), 1936 (44 x 44; green).

s20  track used 80 bins.”) but their code similarly used 20 x 20 bins. The code suggests that [36] used the grid
s scorer of [45], who in turn used the grid scorer of [2].

522 Consequently, we tested what effect the number of bins has on the distribution of grid scores. We found
523 that the number of bins appears to have little to no effect (Fig. , so we chose to use 44 x 44 bins since this
524 yields bins of size 5 cm x 5 cm.

s Place cell autocorrelation

In this section, we will derive the form of the place cell correlation function, centered at fi. When the spatial
tuning curve is a difference-of-Gaussians, the correlation function is *also* a Difference-of-Gaussians, albeit
with different parameters. Consider the spatial tuning curve:

; (x = i) (x — fi)?
P(x; fi) :aEeXP(—W) —azexp(—W)

So the correlation between place cells centered at ;7 and g5 with r = g7 — g5 is given by
Chir oz = /P(X; pi1) P(x; pio)dx = /P(X;O)P(X;r)dx

Simplifying the above expression, using the identity: [ daN (z;pus,0p)N (r—z; g, o) = N (75 pp+itg, | /GJ% +02),
we get:
402E

2 2

) + a% exp (1) — 2agag exp (;)

Cprus = @B exp (
Hi1,H42 Qg €Xp 40_% 2(02E+0_%)

16


https://doi.org/10.1101/2022.08.07.503109
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2022.08.07.503109; this version posted August 7, 2022. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made

Sweeps

available under aCC-BY-NC 4.0 International license.

.1 Cartesian (Low Dimensional)

method: grid
metric:

goal: minimize
name: pos_decoding err

parameters:

Ng:
values:
— 1024
Np:
values:
— 2
activation:
values:
— relu
— tanh
— sigmoid
— linear
batch size:
values:
— 200
bin side in m:
values:
— 0.05
box height in m:
values:
— 2.2
box width in m:
values:
— 2.2
initializer:
values:
— glorot _uniform
— glorot normal
— orthogonal
is periodic:
values:
— false
learning rate:
values:
— 0.0001
n_epochs:
values:
— 20
n_grad steps_ per epoch:
values:
— 10000
n_ place fields per cell:
values:
-1
optimizer :
values:
— sgd
— adam
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— rmsprop
place cell rf:
values:
-0
place field loss:
values:
— mse
place field normalization:
values:
— none
place field wvalues:
values:
— cartesian
readout dropout:
values:
-0
— 0.5
recurrent dropout:
values:
-0
— 0.5
rnn_type:
values:
— RNN
— LSTM
— UGRNN
— GRU
seed :
values:

sequence length:
values:
— 20
surround scale:
values:
-1
weight decay:
values:
— 0
— 0.0001

.2 Cartesian (High Dimensional)

method: grid
metric:
goal: minimize
name: pos_decoding err
parameters:
Ng:
values:
— 1024
Np:
values:

— 512
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activation:
values:
— relu
— tanh
— sigmoid
— linear
batch size:
values:
— 200
bin side in m:
values:
— 0.05
box height in m:
values:
— 2.2
box width in m:
values:
— 2.2
initializer:
values:
— glorot _uniform
— glorot _mnormal
— orthogonal
is_periodic:
values:
— false
learning rate:
values:
— 0.0001
n_epochs:
values:
— 20
n_ grad steps per epoch:
values:
— 1000
n_ place fields per cell:
values:
— 1
optimizer:
values:
— adam
place cell rf:
values:
-0
place field loss:
values:
— mse
place field normalization:
values:
— none
place field wvalues:
values:
— high dim cartesian
readout dropout:
values:
-0
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— 0.5
recurrent dropout:
values:
-0
— 0.5
rnn_type:
values:
— RNN
— LSTM
— UGRNN
— GRU
seed :
values:

sequence length:
values:
— 20
surround scale:
values:
-0
weight decay:
values:
-0
— 0.0001

.3 Polar (High Dimensional)

method: grid
metric:
goal: minimize
name: pos_decoding err
parameters:
Ng:
values:
— 1024
Np:
values:
— 512
activation:
values:
— relu
— tanh
— linear
— sigmoid
batch size:
values:
— 200
bin side in_ m:
values:
— 0.05
box height in m:
values:
— 2.2
box width in m:
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values:
— 2.2
initializer:
values:
— glorot _uniform
— glorot _mnormal
— orthogonal
is _periodic:
values:
— false
learning rate:
values:
— 0.0001
n_epochs:
values:
— 20
n_ grad steps per epoch:
values:
— 1000
n_ place fields per cell:
values:
-1
optimizer:
values:
— adam
place cell rf:
values:
-0
place field loss:
values:
— mse
place field normalization:
values:
— none
place field wvalues:
values:
— high dim polar
readout dropout:
values:
-0
— 0.5
recurrent dropout:
values:
-0
— 0.5
rnn_type:
values:
— RNN
— LSTM
— UGRNN
— GRU
seed :
values:
-0
— 1
— 2
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811

sequence length:
values:
— 20
surround scale:
values:
-0
weight decay:
values:
-0
— 0.0001

.4 Gaussian Place Cells

method: grid
metric:
goal: minimize
name: pos_decoding err
parameters:
Ng:
values:
— 1024
Np:
values:
— 512
activation:
values:
— linear
— relu
— tanh
— sigmoid
batch size:
values:
— 200
bin side in_ m:
values:
— 0.05
box height in m:
values:
— 2.2
box width in m:
values:
— 2.2
initializer :
values:
— glorot uniform
is _periodic:
values:
— false
learning rate:
values:
— 0.0001
n_epochs:
values:
— 20
n_grad steps per_ epoch:
values:
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855 — 10000

856 n_place fields per cell:
857 values:

858 - 1

859 optimizer:

860 values:

861 — adam

862 place cell rf:

863 values:

s6a — 0.08

865 - 0.1

866 — 0.12

867 - 0-14

868 - 016

869 - 02

870 — 0.24

871 — 0.28

872 place field loss:
873 values:

874 — crossentropy
875 place field normalization:
876 values:

877 — global

878 place field wvalues:
879 values:

880 — gaussian

881 readout dropout:
882 values:

883 - O

884 - 05

885 recurrent dropout:
886 values:

887 - 0

888 - 0.5

880 rnn_type:

800 values:

891 - RNN

892 - LSTI'M

803 — UGRNN

894 - GRU

805 seed :

896 values:

897 - 0

898 - ].

899 sequence length:
900 values:

901 - 20

902 surround scale:
903 values:

204 - ].

905 weight decay:

906 values:

%07 — 0.0001

s .5 Dfiference-of-Gaussians Place Cells
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method:
metric:
goal:
name:

grid

minimize
pos decoding err

parameters:

Ng:

values:

Np:

1024

values:

512

activation:
values:

relu

batch size:
values:

200

bin side in m:
values:

0.05

box height in m:
values:

2.2

box width in m:
values:

2.2

initializer:

values:

glorot uniform

is periodic:
values:

false

learning rate:
values:

0.0001

n_epochs:
values:

20

n_ grad steps per epoch:
values:

10000

n_ place fields per cell:
values:

1

optimizer:
values :
— adam
place cell rf:
values:

0.05
.1
.15
.2

(el en i en I an B e B @)
Tk W
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065 place field loss:
966 values:

967 — crossentropy
968 place field normalization:
969 values:

970 — global

o71 place field wvalues:
072 values:

073 — true difference of gaussians
974 readout dropout:
975 values:

976 - 0

977 - 05

o078 recurrent dropout:
979 values:

980 - O

981 - 0.5

982 rnn_type:

983 values:

984 - RNN

985 - LSTM

086 — UGRNN

087 — GRU

088 seed :

089 values:

2990 - O

991 - ].

9292 - 2

9903 sequence length:
004 values:

995 - 20

996 surround scale:

007 values:

298 - 1.5

299 - 2

1000 - 25

1001 - 3

1002 - 4

1003 - 5

1004 - 6

1005 weight decay:

1006 values:

1007 — 0.0001

wes .6 Difference-of-Softmaxes Place Cells

100 method: grid
1000 metric:

1011 goal: minimize

1012 name: pos_decoding err
1013 parameters:

1014 Ng:

1015 values:

1016 - 1024

1017 Np:

1018 values:

25
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1010 — 512

1020 activation:

1021 values :

1022 — relu

1023 — tanh

1024 batch size:

1025 values:

1026 - 200

1027 bin side in m:
1028 values:

1029 - 0.05

1030 box height in m:
1031 values:

1032 — 2.2

1033 box width in m:
1034 values:

1035 — 2.2

1036 initializer:
1037 values:

1038 — glorot wuniform
1039 iS_pGI‘iOdiCI
1040 values:

1041 — false

1042 learning rate:
1043 values:

1044 — 0.0001
1045 n_epochs:

1046 values:

1047 - 20

1048 n_grad steps per_ epoch:
1049 values:

1050 — 10000
1081 n_place fields per cell:
1052 values:

1053 - 1

1054 optimizer:

1055 values:

1056 — adam

1057 place cell rf:
1058 values:

1059 - 008

1060 - 0.09

1061 - 0.1

1062 - 0.].1

1063 - 0-12

1064 - 013

1065 - 014

1066 - 0.15

1067 — 0.16

1068 — 0.].7

1069 - 0-18

1070 - 019

1071 - 02

1072 - 0.24

1073 - 0.28

1074 - 0.32
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1075 place field loss:
1076 values:

1077 — crossentropy
1078 place field normalization:
1079 values:

1080 — global

1081 place field wvalues:
1082 values:

1083 — difference of gaussians
1084 readout dropout:
1085 values:

1086 - 0

1087 - 05

1088 recurrent dropout:
1089 values:

1090 - O

1091 - 0.5

1002 rnn_type:

1003 values:

1094 - RNN

1095 - LSTM

1006 — UGRNN

1097 - GRU

1008 seed :

1000 values:

1100 - O

1101 - ].

1102 - 2

1103 sequence length:
1104 values:

1105 - 20

1106 surround scale:

1107 values:

1108 - 1.5

1109 - 2

1110 - 25

1111 - 3

1112 - 4

1113 weight decay:

1114 values:

1115 - 00001

me .7 Softmax-of-Differences Place Cells

1117 method: gI‘ld
1m1s metric:

1110 goal: minimize

1120 name: pos_decoding err
1121 parameters :

1122 Ng

1123 values:

1124 — 1024

1125 NpZ

1126 values :

1127 - 512

1128 activation:

27


https://doi.org/10.1101/2022.08.07.503109
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2022.08.07.503109; this version posted August 7, 2022. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC 4.0 International license.

1120 values:

1130 — relu

1131 batch size:

1132 values:

1133 - 200

1138 bin side in m:

1135 values:

1136 - 0-05

1137 box height in m:

1138 values:

1139 - 2.2

1120 box width in m:

1141 values:

1142 - 22

1143 initializer:

1144 values:

1145 — glorot uniform
1126 is _periodic:

1147 values:

1148 — false

1140 learning rate:

1150 values:

1151 — 0.0001

1152 n_epochs:

1153 values:

1154 - 20

1155 n_grad steps per epoch:
1156 values:

1157 — 10000

1158 n_ place fields per cell:
1159 values:

1160 - 1

1161 optimizer:

1162 values:

1163 — adam

1164 place cell rf:

1165 values:

1166 - 0.09

1167 — 0.12

1168 — 0-15

1169 - 018

1170 - 0.21

1171 - 0.24

1172 place field loss:
1173 values:

1174 — crossentropy
1175 place field normalization:
1176 values:

1177 — global

1178 place field wvalues:
1170 values:

1180 — softmax of differences
1181 readout dropout:

1182 values:

1183 - 0

1184 recurrent dropout:
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1185 values:

1186 - 0

1187 rnn_type:

1188 values:

1189 - RNN

1190 - LSTI'M
1101 - UGRNN
1192 - GRU

1103 seed :

1194 values:

1195 - 0

1196 - ].

1197 - 2

1108 sequence length:
1199 values:

1200 - 20

1201 surround scale:
1202 values:

1203 - 1 . 5

1204 - 2

1205 - 2 . 5

1206 - 3

1207 weight decay:
1208 values:

1200 — 0.0001

w20 .8 Multiple Scales and Multiple Fields Difference-of-Softmaxes Place Cells

1212z method: gI‘ld
1212 metric:

1213 goal: minimize
1214 name: pos decoding err
1215 parameters:

1216 Ng

1217 values:

1218 - 1024

1219 NpZ

1220 values:

1221 - 512

1222 activation:

1223 values:

1224 — relu

1225 batch size:

1226 values:

1227 - 200

1228 bin side in m:
1229 values:

1230 - 005

1231 box height in m:
1232 values:

1233 - 2.2

1234 box_width_in_m:
1235 values:

1236 - 22

1237 initializer:
1238 values:
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1230 — glorot uniform

1240 is _periodic:

1241 values:

1242 — false

1243 learning rate:

1244 values:

1245 — 0.0001

1246 n_epochs:

1247 values:

1248 - 20

1240 n_ grad steps per_ epoch:
1250 values:

1251 — 10000

1252 n place fields per cell:
1253 values:

1254 — POiSSOH( 2.0 )

1255 — Poisson( 3.0 )

1256 optimizer:

1257 values:

1258 — adam

1250 place cell rf:

1260 values:

1261 - 0.].2

1262 — Uniform( 0.06 y 0.24 )
1263 - Uniform( 0.06 5 1.0 )
1264 place_field_loss:

1265 values:

1266 — crossentropy

1267 place field normalization:
1268 values:

1269 — global

1270 place field wvalues:

1271 values:

1272 — difference of gaussians
1273 readout dropout:

1274 values:

1275 - O

1276 recurrent dropout:

1277 values:

1278 — O

1279 rnn_type:

1280 values:

1281 - RNN

1282 - UGRNN

1283 seed :

1284 values:

1285 - 0

1286 - 1

1287 - 2

1288 sequence length:

1280 values:

1290 - 20

1201 surround scale:

1202 values:

1293 - 2

1204 — Uniform( 1.50 y 2.50 )
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1205 — Uniform( 1.25 , 4.50 )
1206 weight decay:

1207 values:

1208 — 0.0001

2 .9 Nayebi et al. 2021 [36] Replication

1300 method: grid
1301 metric:

1302 goal: minimize
1303 name: pos decoding err
1304 parameters:

1305 Ng

1306 values:

1307 - 4096

1308 Np:

1309 values:

1310 - 512

1311 activation:

1312 values:

1313 — relu

1314 batch_size:

1315 values:

1316 - 200

1317 bin side in m:
1318 values:

1319 - 005

1320 box_height_in_m .
1321 values:

1322 - 2.2

1323 bOX_Width_iIl_m .
1324 values :

1325 - 22

1326 initializer :

1327 values:

1328 — glorot _uniform
1320 is_periodic:

1330 values:

1331 — false

1332 learning rate:
1333 values:

1334 — 0.0001

1335 n_epochs:

1336 values:

1337 - 20

1338 n_ grad steps per epoch:
1339 values:

1340 — 10000

1301 n_ place fields per cell:
1342 values:

1343 - ].

1342 optimizer:

1345 values:

1346 — adam

1347 place cell rf:
1348 values:
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1340 — 0.12

1350 place field loss:
1351 values:

1352 — crossentropy
1353 place field normalization:
1354 values:

1355 — global

1356 place field values:
1357 values:

1358 — difference of gaussians
1350 readout dropout:
1360 values:

1361 - 0

1362 recurrent dropout:
1363 values:

1364 - O

1365 rnn_type:

1366 values:

1367 - RNN

1368 - LSTM

1369 - UGRNN

1370 - GRU

1371 - SRNN

1372 seed :

1373 values:

1374 - O

1375 - ].

1376 - 2

1377 - 3

1378 - 4

1379 sequence length:
1380 values:

1381 - 20

1382 surround scale:

1383 values:

1384 - 2

1385 weight decay:

1386 values:

1387 — 0.0001
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