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ABSTRACT

Purpose: Many MRS paradigms produce 2D spectral-temporal datasets, including 

diffusion-weighted, functional, hyperpolarized and enriched (13C, 2H) experiments. 

Conventionally, temporal parameters – such as T2, T1, or diffusion constants – are assessed by first 

fitting each spectrum independently, and subsequently fitting a temporal model (1D fitting). We 

investigated whether simultaneously fitting the entire dataset using a single spectral-temporal 

model (2D fitting) would improve the precision of the relevant temporal parameter. 

Methods: We derived a Cramer Rao Lower Bound for the temporal parameters for both 1D and 

2D approaches, for two experiments: A multi-echo (MTE) experiment, designed to estimate 

metabolite T2s; And a functional (fMRS) experiment, designed to estimate fractional change ( ) 𝛿

in metabolite concentrations. We investigated the dependence of the relative standard deviation of 

T2 in MTE and  in fMRS.𝛿

Results: When peaks were spectrally distant, 2D fitting improved precision by approximately 20% 

relative to 1D fitting, regardless of the experiment and other parameter values. These gains 

increased exponentially as peaks drew closer. Dependence on temporal model parameters was 

weak to negligible.

Conclusion: Our results strongly support a 2D approach to MRS fitting where applicable, and 

particularly in nuclei such as 1H and 2H, which exhibit substantial spectral overlap.

Keywords: Magnetic Resonance Spectroscopy,  MRS, fitting, quantification, dynamic MRS, 

dynamic fitting
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1. Introduction

Dynamic Magnetic Resonance Spectroscopy refers to an experiment by which a series of one 

dimensional spectra are acquired sequentially, often while varying a sequence parameter or 

administering an external time-dependent stimulus or manipulation. This encompasses a wide 

range of experimental designs, including the observation of the dynamic incorporation of 13C or 

2H-labeled metabolites following the injection of a labeled compound (1–7); Functional MRS, 

designed to detect endogenous metabolic changes in glutamate, GABA and lactate in response to 

an external visual, motor or cognitive manipulation (8–20); Multiparametric magnetic resonance 

spectroscopic experiments, aimed at simultaneously and efficiently quantifying multiple spin 

parameters (21–26); Diffusion MRS, whereby the diffusion-weighting gradients are varied to 

quantify the diffusion coefficient of different metabolites (27–32); and even simple relaxometry, 

where, e.g., T2 might be measured by measuring spectral data at different echo times (MTE) (33–

41). 

The analysis of the two-dimensional spectral-temporal data sets produced by dynamic MRS 

experiments is conventionally done piece-wise in two stages. First, each spectrum is fit using a 

linear combination of basis functions (42–48), to extract the temporal dependence of each 

metabolite's amplitudes. Then, the time-series for each metabolite's amplitude is fit to the dynamic 

model which describes the temporal behavior to extract the relevant temporal constants, such as 

the transverse or longitudinal relaxation time, diffusion coefficient or metabolite kinetics, 

depending on the experiment in question. We will refer to this approach as piece-wise, or 

one-dimensional (1D). Recently, it has been suggested that multiple spectra comprising a dynamic 

data set should be analyzed and fitted in tandem rather than sequentially, using a model which 

combines the spectral and temporal degrees of freedom (42). Such an approach utilizes the 
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temporal correlations inherent in the data to benefit the spectral estimations of metabolite 

amplitudes, and - in principle - should provide more precise and accurate estimates of the temporal 

constants. We will refer to such approaches as dynamic, or two-dimensional (2D). The two 

approaches are contrasted schematically in Fig. 1. 

In the current work, we set out to investigate the theoretical gains in precision offered by 2D 

fitting of dynamic MRS data, relative to the more conventional 1D approach. Rather than 

quantifying the exact improvements, which would invariably depend on the specific details of the 

temporal and spectral models, we instead asked ourselves two questions: First, is 2D fitting indeed 

uniformly superior to 1D fitting? And, if so, which specific spectral or temporal features - or 

combination thereof - yielded the most substantial gains? To answer these, we assumed a simple 

spectral model, consisting of two Gaussian peaks, and investigated two temporal models: A multi-

echo (MTE) relaxometry experiment designed to estimate T2 (which, formally, is equivalent to a 

diffusion weighted-experiment designed to estimate the apparent diffusion coefficient); And a 

functional MRS (fMRS) experiment in which one of the peaks changes in response to an external 

stimulus, while the other remains unchanged. For each model (MTE, fMRS) and each approach 

(1D, 2D), we calculated the Cramer Rao Lower Bound (49,50), a theoretical estimate on the 

variance of the relevant dynamical parameter – T2 (MTE), and fractional metabolite change 

(fMRS) - and explored the relative gain in precision offered by 2D fitting.

Materials and Methods

Models

Our spectral model  consisted of the sum of two Gaussian lineshapes, each with a ℳ(𝜈│𝜃(𝜈))

respective amplitude (A), center ( ) and linewidth ( ):𝜇 Δ
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(1)ℳ(𝜈│𝜃(𝜈)) = 𝐺(𝜈│𝐴1,𝜇1,Δ1) + 𝐺(𝜈│𝐴2,𝜇2,Δ2)

with , and𝜃(𝜈) = (𝐴1,𝜇1,Δ1,𝐴2,𝜇2,Δ2)

(2)𝐺(𝜈│𝐴,𝜇,Δ) = 𝐴 ⋅ exp ( ―
(𝜈 ― 𝜇)2

2Δ2 )
In this notation,  is the independent frequency variable, while A,  and  are the model 𝜈 𝜇 Δ

parameters. 

We considered two temporal models: First, a multi-echo (MTE) experiment, in which the signal 

decays exponentially with a time constant T2 as a function of the echo time (TE):

(3)𝛵𝑀𝑇𝐸(𝑇𝐸│𝜃(𝑡)) = 𝛵𝑀𝑇𝐸(𝑇𝐸│𝑠0,𝑇2) = 𝑠0 ⋅ exp ( ―
𝑇𝐸
𝑇2)

with  the vector of temporal constants. We note that an MTE experiment is  𝜃(𝑡) = (𝑠0,𝑇2)

formally equivalent to a simple diffusion weighted experiment in which peak amplitudes decay 

exponentially with a time constant given by the apparent diffusion coefficient D as a function of 

the b-value, which is altered by changing the diffusion encoding gradient amplitudes (so 𝜃(𝑡) =

). The full 2D dynamic model for each peak consisted of the outer product of the spectral (𝑠0,𝐷)

and temporal models, with one minor modification: The amplitude parameter  in the temporal 𝑠0

model was set to unity, given that the spectral amplitudes ,   can be used to adjust the overall 𝐴1 𝐴2

amplitude of each peak:

𝛵(2𝐷)
𝑀𝑇𝐸(𝜈, 𝑇𝐸│𝜃) = 𝛵(2𝐷)

𝑀𝑇𝐸(𝜈, 𝑇𝐸│𝐴1,𝜇1,Δ1,𝑇2,𝐴,𝐴2,𝜇2,Δ2,𝑇2,𝐵)
= 𝐺(𝜈│𝐴1,𝜇1,Δ1) ⋅ 𝛵𝑀𝑇𝐸(𝑇𝐸│1,𝑇2,𝐴) + 𝐺(𝜈│𝐴2,𝜇2,Δ2) ⋅ 𝛵𝑀𝑇𝐸(𝑇𝐸│1,𝑇2,𝐵)

The second temporal model is that of an fMRS experiment using a single-condition block design. 

Such a design is described the convolution of a boxcar function H(t) of unit amplitude between 

some initial ( ) and final ( ) times - representing the external stimulus, such as a visual 𝑡𝑖 𝑡𝑓
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checkerboard pattern - and a point spread function (PSF), which we have taken to be Gaussian 

with a width : . This ensures that the fractional change in the 𝜎 𝑃𝑆𝐹(𝑡│𝛿,𝑘) = 𝐺(𝑡│ 2
𝜋𝑘2𝛿, 3𝑘,𝑘)

metabolite's amplitude will be given by . The shift  ensures causality, effectively zeroing out 𝛿 3𝑘

the temporal dynamics prior to the administration of the stimulus. Thus:

𝑇𝑓𝑀𝑅𝑆(𝑡│𝜃(𝑡)) = 𝑇𝑓𝑀𝑅𝑆(𝑡│𝑠0,𝛿,𝑘)
= 𝑠0(1 + (𝑃𝑆𝐹 ⊗ 𝐻)(𝑡))

= 𝑠0(1 +
𝛿
2[erf (𝑡𝑓 ― 𝑡

2𝑘2 ) ― erf (𝑡𝑖 ― 𝑡

2𝑘2)])
while the full 2D spectral-temporal model is:

𝛵(2𝐷)
𝑓𝑀𝑅𝑆(𝜈, 𝑡│𝜃) = 𝛵(2𝐷)

𝑓𝑀𝑅𝑆(𝜈, 𝑡│𝐴1,𝜇1,Δ1,𝛿𝐴,𝑘𝐴,𝐴2,𝜇2,Δ2,𝛿𝐵,𝑘𝐵)
= 𝐺(𝜈│𝐴1,𝜇1,Δ1) ⋅ 𝑇𝑓𝑀𝑅𝑆(𝑡│1,𝛿𝐴,𝑘𝐴) + 𝐺(𝜈│𝐴2,𝜇2,Δ2) ⋅ 𝑇𝑓𝑀𝑅𝑆(𝑡│1,𝛿𝐵,𝑘𝐵)

This temporal model can also be used to describe the incorporation of a labeled nucleus – such 

as 2H or 13C – in the observable peaks as it undergoes different metabolic cycles within the tissue.

Cramer Rao Lower Bounds (CRLBs)

For all models we assume the acquired data contains additive, normally distributed noise with 

zero mean. Under this simplification, the Fisher information matrix for a model with 𝜂 =

 measurements which depend on M parameters   has (𝜂1(𝜃), 𝜂2(𝜃),…,𝜂𝑁(𝜃)) 𝜃 = (𝜃1,𝜃2,…,𝜃𝑀)

matrix elements given by:

(4)𝐹𝑚𝑛 =
∂𝜂𝑇

∂𝜃𝑚
Σ ―1 ∂𝜂

∂𝜃𝑛
+

1
2trace(Σ ―1 ∂Σ

∂𝜃𝑚
Σ ―1 ∂Σ

∂𝜃𝑛)
Where  is the  covariance matrix of the N measurements. Σ 𝑁 × 𝑁

For the full 2D models, the covariance matrix is diagonal and proportional to the identity, Σ = 𝜎2
𝑛𝐼

, with the noise's variance being . The means are all independent, drawn from the same 𝜎2
𝑛
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distribution, and given by the relevant model expression; e.g., for MTE, . 𝜂𝑗~𝑁(𝑇(2𝐷)
𝑀𝑇𝐸(𝜈,𝑡│𝜃),𝜎2)

This implies the derivatives of the covariance matrix are all zero and the second term in Eq. (4) 

can be omitted. The  CRLB matrix is derived by inverting the  Fisher Information 𝑀 × 𝑀 𝑀 × 𝑀

matrix, and equals to covariance matrix of the parameters in . The square root of its diagonal 𝜃

provides the lower bound on the standard deviation of each parameter in , including the relevant 𝜃

temporal constant (e.g., T2,A and T2,B for MTE). Note that if  points are sampled along the 𝑁(𝜈)

spectral dimension and  spectra are acquired along the temporal dimension, then the number 𝑁(𝑡)

of independent measurements is . 𝑁 = 𝑁(𝜈)𝑁(𝑡)

For piece-wise 1D fitting approaches, the analysis is slightly more involved: First, the 1D spectral 

model (Eq. 1) is fitted, and then the amplitude of each peak is fit to the corresponding 1D temporal 

model to extract the relevant temporal constant. Consequently, Eq. (4) is first computed and 

inverted to calculate the  covariance matrix of the six spectral parameters in  (  is 6 × 6 𝜃(𝜈) 𝜎𝑛

assumed the same as for the full 2D model). The  covariance sub-matrix for the two 2 × 2

amplitudes  is then extracted for each 1D spectrum, and  such covariance matrices are 𝐴1, 𝐴2 𝑁(𝑡)

then chained together along the diagonal to produce a  covariance matrix  for the 2𝑁(𝑡) × 2𝑁(𝑡) Σ

temporal model; the block diagonal form reflects the statistical dependence of the two spectral 

amplitudes, which becomes non-negligible once the peaks overlap. The expression for the mean, 

, is given by the corresponding expression for the 1D temporal model (e.g. Eq. 3 for MTE). 𝜂𝑘(𝜃(𝑡))

Calculating and inverting Eq. 4 produces the covariance matrix of the temporal parameters, and 

the square root of its diagonal yields the standard deviations of each of the temporal constants. 

Spectral Parameters

Because spectral lines tend to have very similar linewidths, we set the widths of our Gaussian 

lines to be identical throughout: , where FWHM is the full-width at Δ1 = Δ2 ≡ Δ = 2.355 ⋅ FWHM
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half maximum of the Gaussian function. Typical spectral lineshapes are approximately 5-10 Hz, 

and we set FWHM = 8 Hz. For all simulations we defined a distance parameter,

(5)𝑑 ≡
𝜇2 ― 𝜇1

2 ⋅ FWHM

which quantified the closeness of the two Gaussian peaks.  implies little to no overlap, 𝑑 ≫ 1

while  and lower signifies significant overlap. 𝑑~1

Because the CRLB matrices are always proportional to , the variance of the noise in the spectra, 𝜎2
𝑛

and because we were only interested in relative standard deviations between the two approaches, 

the absolute value of  was irrelevant and set to unity. The spectral range was set to  𝜎𝑛 [ ―32, 32]

Hz and sampled at a spectral resolution of 1 Hz, equivalent to a typical FID acquisition time of 1 

second, with .𝑁(𝜈) = 64

Temporal Parameters: MTE

For MTE, we investigated the relative standard deviation of the two decay constants  and 𝑇2,𝐴

 between the two fitting approaches as a function of d. First, we considered three cases of equal 𝑇2,𝐵

s:   and 200 ms. We also calculated the effect of unequal s, by fixing 𝑇2 𝑇2,𝐴 = 𝑇2,𝐵 = 50, 100 𝑇2 𝑇2,𝐴

 and varying  between 30 and 300 ms, for two values of d: d=0.7 and d=1.4. For all = 100 𝑚𝑠 𝑇2,𝐵

cases, the following echo times were sampled:  ms; This resulted in a 2D 𝑇𝐸 = 0,50,100,…,350

dataset with  data points. 𝑁(𝜈) × 𝑁(𝑡) = 64 × 8 = 512

Temporal Parameters: fMRS

For fMRS, we investigated the relative standard deviation of the fractional change during 

activation, , between the two fitting approaches. We assumed a 2-minute experiment with TR=2 𝛿

seconds and a 60 second boxcar stimulus administered between 30 and 90 seconds. Only one of 
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the peaks was assumed to change, while the other remained static ( ). We plotted the 𝛿𝐵 ≠ 0, 𝛿𝐴 = 0

standard deviation of the fractional change  for each of the two peaks as a function of d for the 𝛿

both fast (k=2 sec) and slow (k=15 sec) metabolite dynamics, for  and 0.2. We then 𝛿𝐵 = 0.05, 0.1

explored the effect of the activation timescale, k,, for two spectral peak distances, , 𝑑 = 0.8, 1.5

assuming . For each case, the resulting 2D dataset consisted of 𝛿𝐵 = 0.1 𝑁(𝜈) × 𝑁(𝑡)

 data points. = 64 × 60 = 3840

Results

MTE

The relative gains in precision of T2 offered by 2D fitting are summarized in Fig. 3. Fig. 3a shows 

that the relative SD is independent of T2, as long as . When the peaks have little to no 𝑇2,𝐵 = 𝑇2,𝐴

spectral overlap (  and above), this relative gain is 20%; This increases exponentially as the 𝑑~1

peaks begin to overlap ( ), indicating that 2D fitting could be a powerful tool in resolving the 𝑑→0

overlap of metabolites in crowded spectra. Fig. 3b shows that some variation ( ) in the gain ± 20%

is to be expected when  and the peaks overlap spectrally (d=0.7), with the optimal 𝑇2,𝐵 ≠ 𝑇2,𝐴

performance being observed for ; No variation is observed when the peaks do not 𝑇2,𝐵 = 𝑇2,𝐴

overlap (d=1.5). Finally, Fig. 3c – plotted for quality assurance – confirms that the spectral peak 

amplitudes have no effect on the relative performance, since the CRLB matrix is proportional to 

the SNR for both 1D and 2D fittings, and this dependence cancels out once the 1D/2D ratio is 

formed.

fMRS

The relative gains in precision of , the fractional change in metabolite concentration, offered 𝛿

by 2D fitting are summarized in Fig. 4. The overall behavior of the relative SD is highly similar 
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between fMRS and MTE: When the peaks do not overlap, the relative gain in precision for 2D 

fitting is approximately 20%, regardless of all other model parameters; This gain grows 

exponentially as . This is confirmed for both fast (Fig. 4a) and slow (Fig. 4b) temporal 𝑑→0

dynamics. Fig. 4c shows the ratio of dynamical time constants  has a negligible (<5%) effect 𝑘𝐵/𝑘𝐴

on the relative SD, whether the peaks overlap spectrally or not. 

Discussion

In the Introduction we've laid out two questions which we are now poised to answer for the two 

temporal models considered herein (MTE, fMRS): Is 2D fitting always superior to 1D fitting? And 

when does it achieve its biggest gains? First, our results confirm that 2D fitting is indeed uniformly 

superior to 1D fitting. For all parameter combinations considered and for all models, the ratio of 

standard deviations between 2D and 1D approaches exceed . The lower bound was attained ≈ 1.2

for both models once the peaks did not overlap spectrally ( ), regardless of the value of all 𝑑 ≫ 1

other parameters. This can be explained by noting that all 2D models fit one parameter fewer than 

their 1D counterparts: Namely, the amplitude of the temporal model. 1D approaches initially fit 

the spectral peak amplitudes, and then reintroduce an amplitude parameter in the temporal model 

(e.g. s0 in Eq. 3). It is this redundancy which is avoided by 2D approaches, in which all scaling is 

done only once in the combined 2D model. 

The precision offered by 2D fitting improved exponentially as the spectral overlap between the 

peaks increased ( ). This behavior was observed for both MTE and fMRS models, regardless 𝑑→0

of other parameter values. This strongly supports the notion that 2D fitting is a powerful tool for 

handling spectra with significant overlap - as is the case for proton and deuterium MRS, but less 

so for enriched 13C or 31P MRS. The effect of all other parameters was much less significant: the 

absolute value of the fractional change ( ) in an fMRS experiment, or the  relaxation time in an 𝛿 𝑇2
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MTE experiment, has little effect on the relative quantification precision. In particular, as long as 

 in an MTE experiment, its absolute value had virtually no effect on precision, and 𝑇2,𝐴 = 𝑇2,𝐵

different  ratios (from 0.3 to 3.0) led to only a  deviation in relative precision.𝑇2,𝐵/𝑇2,𝐴 ± 20% 

To put the relative gains of 2D fitting in perspective, we note that an N-fold increase in precision 

is equivalent to an N-fold increase in SNR. Such gains can reduce the sample size Ns  required to 

observe an effect with a given statistical significance  and power ( ) (51):𝛼 1 ― 𝛽

𝑁𝑠 =
(𝑧1 ― 𝛼𝜎𝐵 ― 𝑧𝛽𝜎𝐴

)2

(𝜇𝐵 ― 𝜇𝐴)2

Here  are the SD and mean of the distribution of a quantity (e.g. percent change, or ) in 𝜎𝐵, 𝜇𝐵 𝑇2

one population (e.g. patients), while  are the SD and mean in the second population (e.g. 𝜎𝐴, 𝜇𝐴

controls). zx  is the inverse of the normal cumulative distribution function. For typical values of 

, , one has  and . Reducing the SD of both populations 𝛼 = 0.05 𝛽 = 0.2 𝑧1 ― 𝛼 = 1.645 𝑧𝛽 = ―0.842

by a factor two reduces the required sample size by a factor of four – a substantial gain in 

experimental time, cost and complexity (however, it should be noted that in a real experiment, 𝜎𝐴, 

  will be determined by both the intra-subject precision - which 2D fitting improcves - and inter-𝜎𝐵

subject variability, on which 2D fitting has no effect). Even for the case of no spectral overlap, 

where gains of about 20% in precision are to be expected, a commensurate reduction of 1.22

  in the required sample size can be had. Similar substantive gains can be had in sensitivity ≈ 1.44

and specificity, indicating 2D fitting can have a major impact on MRS in both the clinic and in 

biomedical research.
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Conclusions

By calculating the theoretical CRLB for both 1D and 2D approaches, we have shown that 2D 

fitting uniformly outperforms 1D fitting, with exponential gains when peaks overlap spectrally 

Our work strongly motivates the transition to spectral-temporal fitting packages for all dynamic 

MRS datasets.
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Figure Captions

Fig. 1. A schematic overview of 1D (piecewise) vs 2D (dynamic) fitting schemes, for a fictitious 

multi-echo MRS experiment designed to estimate the transverse relaxation time. Top: In 

1D fitting, data is initially fit to a spectral model to extract the relevant spectral parameters, 

, such as the area (or amplitude) of each spectral peak or metabolite basis function. 𝜃(𝜈)

These are then fit to the relevant temporal model, to extract the relevant temporal 

parameters,  - which, for a multi-echo experiment, include the transverse relaxation 𝜃(𝑡)

time T2. Bottom: In 2D fitting, the entire spectral-temporal dataset is fit simultaneously to 

a spectral-temporal model. Such fitting simultaneously furnishes all spectral and temporal 

parameters - e.g., T2 for a multi-echo experiment..

Fig. 2. An illustration of the spectral and temporal models under investigation, without any added 

noise. (a) The spectral model, which consists of two Gaussians, for several values of the 

distance parameter d (Eq. 5). Additional parameters: unit amplitudes, FWHM of 8 Hz, 

SW=64 Hz, 64 sampled points. (b) MTE temporal-spectral data, with: Equal amplitudes, 

FWHM=8 Hz, d=1.5,  ms,  Sec. (c) fMRS temporal-𝑇2,𝐴 = 𝑇2,𝐵 = 200 𝑇𝐸 = 0,0.05,…0.35

spectral data, with: FWHM=8 Hz, d=1.5, equal amplitudes, , =0.2,  𝛿𝐴 = 0 𝛿𝐵 𝑘𝐴 = 𝑘𝐵 = 2

seconds, TR=2 seconds. The red-shaded patch indicates the presence of the external 

stimulus between 30 and 90 seconds. 

Fig 3. Results: Relative (1D/2D) standard deviation (SD) of T2 in an MTE experiment. Solid lines 

are for peak A while dashed lines are for peak B. Unless otherwise stated, 

 Sec., SW=64 Hz,  spectral points, FWHM=8 Hz, and 𝑇𝐸 = 0,0.05,…,0.35 𝑁(𝜈) = 64

amplitudes are kept equal. (a) Relative SD as a function of the distance d between the 

Page 13 of 26

Magnetic Resonance in Medicine

Magnetic Resonance in Medicine

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted June 26, 2022. ; https://doi.org/10.1101/2022.06.23.497318doi: bioRxiv preprint 

https://doi.org/10.1101/2022.06.23.497318
http://creativecommons.org/licenses/by-nc-nd/4.0/


For Peer Review

14

spectral peaks, for several values of T2, which was kept equal between the two peaks. All 

curves match almost perfectly, indicating that the relative performance is independent of 

the absolute value of T2 so long as . This also indicates performance of 2D fitting 𝑇2,𝐴 = 𝑇2,𝐵

becomes exponentially better as the peaks begin to spectrally-overlap. (b) Relative SD for 

two distances (d=0.7, 1.4), while varying the ratio  (fixing  seconds). 𝑇2,𝐵/𝑇2,𝐴 𝑇2,𝐴 = 0.1

When the peaks are far apart, the relative performance is independent of the absolute value 

of T2 (in accordance with (a)). When overlap occurs, 2D fitting provides the best relative 

performance when the relaxation times are equal. (c) The relative SD a function of the ratio 

of amplitudes of the two peaks (fixing A1=1), for two different spectral distances (d=0.7, 

1.4), keeping the amplitude of the first peak fixed at unity. This "sanity check" confirms 

that, as expected, the performance is independent of the SNR, since the standard deviation 

of the noise cancels out once the ratio of the CRLBs (1D/2D) is taken. For all plots, as 

, the relative performance of 2D fitting remains fixed at approximately 1.2 (see 𝑑 ≫ 1

Discussion for an explanation of this).

Fig 4. Results: Relative (1D/2D) standard deviation (SD) of the fractional change in metabolite 

concentrations  in an fMRS experiment. Solid lines are for peak A while dashed lines are 𝛿

for peak B. Unless otherwise stated, TR=2 seconds, TA=2 minutes, and stimulus was 

administered between 30 and 90 seconds. Spectral parameters were SW=64 Hz,  𝑁(𝜈) = 64

spectral points, FWHM=8 Hz, and equal amplitudes. (a) Relative SD as a function of the 

spectral distance d between the peaks, for several values of  (keeping ) and fast 𝛿𝐵 𝛿𝐴 = 0

temporal dynamics (  seconds). All curves match almost perfectly, indicating 𝑘𝐴 = 𝑘𝐵 = 2

that the relative performance is independent of the fractional change. As with the MTE 

model, this indicates performance of 2D fitting becomes exponentially better as the peaks 
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begin to overlap spectrally. (b) Same as (a), but for slow temporal dynamics (  𝑘𝐴 = 𝑘𝐵 = 15

seconds). This indicates the temporal dynamics has virtually no effect on the ability to 

quantify metabolite changes when . (c) Relative SD as a function of the ratio 𝑘𝐴 = 𝑘𝐵 𝑘𝐵/𝑘𝐴

, keeping  fixed at 5 seconds and varying , for two values of the spectral distance 𝑘𝐴 𝑘𝐵

(d=0.8, 1.5). This indicates that the ratio of temporal constants has non-zero but negligible 

(<5%) effect on quantification precision, even when the peaks overlap. Much like for the 

MTE plots (Fig. 3), the relative gain in precision for 2D fitting remains fixed at 

approximately 1.2 as  increases.𝑑
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Figure 1. A schematic overview of 1D (piecewise) vs 2D (dynamic) fitting schemes, for a fictitious multi-echo 
MRS experiment designed to estimate the transverse relaxation time. Top: In 1D fitting, data is initially fit to 
a spectral model to extract the relevant spectral parameters, θ(ν), such as the area (or amplitude) of each 
spectral peak or metabolite basis function. These are then fit to the relevant temporal model, to extract the 
relevant temporal parameters, θ(t) - which, for a multi-echo experiment, include the transverse relaxation 

time T2. Bottom: In 2D fitting, the entire spectral-temporal dataset is fit simultaneously to a spectral-
temporal model. Such fitting simultaneously furnishes all spectral and temporal parameters - e.g., T2 for a 

multi-echo experiment. 

112x134mm (300 x 300 DPI) 

Page 23 of 26

Magnetic Resonance in Medicine

Magnetic Resonance in Medicine

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted June 26, 2022. ; https://doi.org/10.1101/2022.06.23.497318doi: bioRxiv preprint 

https://doi.org/10.1101/2022.06.23.497318
http://creativecommons.org/licenses/by-nc-nd/4.0/


For Peer Review

 

Figure 2. An illustration of the spectral and temporal models under investigation, without any added noise. 
(a) The spectral model, which consists of two Gaussians, for several values of the distance parameter d (Eq. 

5). Additional parameters: unit amplitudes, FWHM of 8 Hz, SW=64 Hz, 64 sampled points. (b) MTE 
temporal-spectral data, with: Equal amplitudes, FWHM=8 Hz, d=1.5, T(2,A)=T(2,B)=200 ms, 

TE=0,0.05,…0.35 Sec. (c) fMRS temporal-spectral data, with: FWHM=8 Hz, d=1.5, equal amplitudes, δA=0, 
δB=0.2, kA=kB=2 seconds, TR=2 seconds. The red-shaded patch indicates the presence of the external 

stimulus between 30 and 90 seconds. 
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Figure 3. Results: Relative (1D/2D) standard deviation (SD) of T2 in an MTE experiment. Solid lines are for 
peak A while dashed lines are for peak B. Unless otherwise stated, TE=0,0.05,…,0.35 Sec., SW=64 Hz, 

N(ν)=64 spectral points, FWHM=8 Hz, and amplitudes are kept equal. (a) Relative SD as a function of the 
distance d between the spectral peaks, for several values of T2, which was kept equal between the two 
peaks. All curves match almost perfectly, indicating that the relative performance is independent of the 

absolute value of T2 so long as T(2,A)=T(2,B). This also indicates performance of 2D fitting becomes 
exponentially better as the peaks begin to spectrally-overlap. (b) Relative SD for two distances (d=0.7, 1.4), 

while varying the ratio T(2,B)/T(2,A) (fixing T(2,A)=0.1 seconds). When the peaks are far apart, the relative 
performance is independent of the absolute value of T2 (in accordance with (a)). When overlap occurs, 2D 
fitting provides the best relative performance when the relaxation times are equal. (c) The relative SD a 

function of the ratio of amplitudes of the two peaks (fixing A1=1), for two different spectral distances 
(d=0.7, 1.4), keeping the amplitude of the first peak fixed at unity. This "sanity check" confirms that, as 
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expected, the performance is independent of the SNR, since the standard deviation of the noise cancels out 
once the ratio of the CRLBs (1D/2D) is taken. For all plots, as d≫1, the relative performance of 2D fitting 

remains fixed at approximately 1.2 (see Discussion for an explanation of this). 
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Figure 4. Results: Relative (1D/2D) standard deviation (SD) of the fractional change in metabolite 
concentrations δ in an fMRS experiment. Solid lines are for peak A while dashed lines are for peak B. Unless 

otherwise stated, TR=2 seconds, TA=2 minutes, and stimulus was administered between 30 and 90 
seconds. Spectral parameters were SW=64 Hz, N(ν)=64 spectral points, FWHM=8 Hz, and equal amplitudes. 
(a) Relative SD as a function of the spectral distance d between the peaks, for several values of δB (keeping 

δA=0) and fast temporal dynamics (kA=kB=2 seconds). All curves match almost perfectly, indicating that 
the relative performance is independent of the fractional change. As with the MTE model, this indicates 

performance of 2D fitting becomes exponentially better as the peaks begin to overlap spectrally. (b) Same 
as (a), but for slow temporal dynamics (kA=kB=15 seconds). This indicates the temporal dynamics has 

virtually no effect on the ability to quantify metabolite changes when kA=kB. (c) Relative SD as a function of 
the ratio kB/kA, keeping kA fixed at 5 seconds and varying kB, for two values of the spectral distance (d=0.8, 

1.5). This indicates that the ratio of temporal constants has non-zero but negligible (<5%) effect on 
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quantification precision, even when the peaks overlap. Much like for the MTE plots (Fig. 3), the relative gain 
in precision for 2D fitting remains fixed at approximately 1.2 as d increases. 
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