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1. Introduction

The dynamical equations of any physical theory can always be found to be invariant with respect
to a group of transformations, commonly termed as a covariance group. The principle of covariance
in general relativity refers to the invariance of the form of the equations of motion under differentiable
coordinate transformations, also known as the diffeomorphism group [1]. In the context of gravity theories
written in terms of frame fields (also known as vierbein or tetrads, in dimension four), there is an additional
symmetry group related to the freedom of boosting or rotating such frames. Since tetrads can be considered
as locally mapping spacetime points in the tangent space and vice versa, they possess additional free
indices related to the tangent space. Global and local Lorentz transformations in the tangent space indices
are then allowed; therefore it can be talked about an additional covariance under Lorentz transformations
in these kinds of theories, and discuss whether the action and the dynamical equations are covariant. It is
clear that this discussion does not appear in theories written in terms of the metric tensor, as they are
formulated in Lorentz covariant form from first principles.

Theories of gravity written in terms of the tetrad field have been considered since the beginning
of general relativity. Early attempts to include the tetrad and the spin connection as independent
variables in a gravitational theory were considered in Einstein—-Cartan gravity; these are gravitational
theories in a Riemann—Cartan manifold with non-trivial curvature and torsion. On the other hand, it is
possible to achieve a fully equivalent version of general relativity in the tetrad formalism through the
consideration of a curvatureless spin connection. These theories are built in a Weitzenbock spacetime,
and historically the simplest choice for the spin connection is the Weitzenbock one, which depends linearly
on first-order derivatives of the tetrad field. This version of general relativity is known as the teleparallel
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equivalent of general relativity (TEGR), since the Weitzenbtck connection has the property that it parallel
transports the tetrad field along the manifold, giving an absolute notion of parallelism at a distance [2].
The Lagrangian of TEGR is invariant under global Lorentz transformations of the tetrad field; however, it is
just pseudo-invariant if the Lorentz transformations become local, since it differs from the Einstein—Hilbert
Lagrangian through a boundary term that is sensitive to local Lorentz transformations. This feature is
not relevant for the equations of motion, as the boundary term is integrated out once in the action, giving
a dynamics fully equivalent to general relativity (GR). In particular, in spite of the fact that the tetrad
contains more components than the metric, TEGR only involves those degrees of freedom associated with
the metric [3].

Modified teleparallel theories of gravity where the TEGR is the underlying framework are extensively
being studied nowadays, with special emphasis in confronting the main problems in cosmology related
to the early inflationary stage and the late accelerated expansion regimes. Nonlinear modifications of
a Lorentzian pseudo-invariant Lagrangian are expected to break local Lorentz symmetries, and to harbor
extra degrees of freedom [4]. Recently, several arguments have been put forward in favor of covariant
versions of modified teleparallel gravity that drop the assumption of the Weitzenbdck connection in favor
of a more general inertial spin connection, with its own advantages and problems. The purpose of this
article is to discuss the issues emerging from the peculiar behavior of teleparallel theories under local
Lorentz transformations of the tetrad.

2. Teleparallel Gravity

2.1. Geometric Foundations of General Relativity

There are two main geometric objects that serve to build Lagrangians for gravitational theories:
the torsion T” and the curvature R”. The torsion is a set of 2-forms defined as

T = DE" = dE" + 0", A EL. (1)

Here, the 1-forms E(x) make up the local basis of the cotangent space (E* = Ej dx*), and d is
the exterior derivative of forms. The set of 1-forms w?”, is the spin connection that provides the exterior
derivative D with a covariant character under local Lorentz transformations EY = A7, (x) E%. This means
that the tangent-space index in T? is a Lorentz vector index, in the sense that T* transforms like E*. For this,
the spin connection w*, must transform as

W = A% W Ab, + AT AT, )

where A”a/ is the respective inverse Lorentz transformation: A“;A“b, = (5”,;,.
On the other hand, the curvature R is a set of 2-forms that depends only on the spin connection,
and reads
R = dw'y + W, N w5, (3)

Like the torsion, the curvature behaves as a Lorentz tensor under local Lorentz transformations of
the basis.

The basis {e, } of the tangent space (e, = ¢}, 9,) is said dual to {E"} if it fulfills e} Ei’, =40, el Er =4l .
In a space endowed with a metric tensor g, it is useful to restrict the bases to be orthonormal:

€1 €y = Suv eg ey = Mab, 4)
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where 1,, = diag(l, —1,—1,—1) is the Minkowski tensor. The orthonormality condition allows for
obtaining the metric from the tetrad; in fact, by using the duality, one obtains

S = fap Ej EV. ®)

In addition, the non-metricity tensor Q,,, = Vguv involves the metric and the affine connection
r v, and sometimes is used as a third field to characterize the geometry and codify the gravitational
interaction [5-8]. However, both general relativity and teleparallel gravity are based on metric connections,
which are those that make Q),, = 0. This metricity requirement implies the validity of the Leibniz rule for
the scalar product of vectors a - b = g, a” b”. Therefore, in Equation (4), it results

(Veea) ey +eqs-(Veey) =0, (6)

where Ve, = V1, = e}V). The last equation implies a simple property of the spin connection,
when written in an orthonormal basis. In fact, the affine connection and the spin connection are related in
the following way:!

Vee, =17, e, wh =Ty E° or TIj. = wi(e). (7)

Then, for the orthonormal basis of the previous equation, one gets
0= TG e ey + e Tj. es = Tic fap + TG Yad, (8)

and multiplying by E:
d d
0= W' Hap + W% Mg = Wea + Wap- ©)
Thus, the metricity implies that the spin connection is anti-symmetric in an orthonormal basis.?

L
The condition of null torsion and metricity defines the Levi-Civita connection w“y, in terms of first order

derivatives of the tetrad, as a very well known formula. It will be convenient for what comes next to define
an object representing the departure of w”, from the Levi-Civita connection, which is a set of 1-forms

called the contortion
L

K% = o' — . (10)
K, is a Lorentz tensor, since any difference of connections transforms as a tensor. Notice that T* and

L
K", relates in a simple way (use T = 0): ,
T =K% AN E”. (11)
The common understanding of the gravitational phenomena assumes that its geometrization should
L
be represented by the Levi-Civita spacetime curvature R*;,. Thus, the Einstein—-Hilbert Lagrangian is the

4-form or volume form

1 L
Len = 5 €apeq E* E'R (12)

(we have suppressed the wedge product signs A to abbreviate the writing, but we must keep in mind that
the 1-forms anti-commute). Here, the tetrad is assumed orthonormal, so meaning that a metric is involved

1

Other authors define the affine connection as Ve, =7, e; .
2

The anti-symmetry of the spin connection implies that D1, = d1j,p — Wy — Wy Hac = —Wpa — Wap = 0, and Degpeg = 0.
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in Lgy. Moreover, Lgy is a Lorentz scalar. Thus, Lgy is insensitive to local boosts and rotations of the
tetrad; it is only sensitive to the metric.

We can use twice the definition of contortion (10) to relate the Levi—-Civita curvature with the curvature
belonging to an arbitrary connection:

L L L
Rcd _ Rcd _ chd _ Kce wed _ wce Ked + ch Ked — Rcd _ chd _ ngKed _ Kcewed _ ch Ked, (13)

L L L
where —K%w® = w®K’ = —w?K?* (we have used the anti-commutativity and the metricity).
Then, it results that
L L
Rcd _ Rcd _ Dch _ Kce KEd. (14)

Therefore, the Einstein—-Hilbert Lagrangian can be written as

1 L
Len = - €aped B EY (RC”I — DK — K¢, Ked) . (15)

L
Since the Levi-Civita connection is torsionless, so DE* = 0, we can recognize the boundary term
L
D (eﬂbcd E” E KCd) =d (eabcd E° Eb KCd> (we have replaced the covariant exterior derivative with the

exterior derivative since we are differentiating a Lorentz scalar). Therefore,

_ 1 a gb cd c ed 1 a gb yecd
Len = 7 €abed E'E (R K< K ) = (eadeE E' K ) (16)

2.2. The Teleparallel Equivalent of General Relativity

Today;, it is widely spread that there are at least two other equivalent ways of codifying gravitational
interactions: either by means of the torsion of spacetime or by its non-metricity. In the teleparallel
approach, both the curvature and the non-metricity are zero; the gravitational phenomena are encoded in
the torsion. Since the spacetime is curvatureless, then the parallel transport does not depend on the path;
the parallelism is absolute. There is a simple way of building a teleparallel theory equivalent to general
relativity (TEGR): since Equation (16) is valid whatever the connection is, we can take a curvatureless
connection R® = 0 and dismiss the boundary term. Thus, we obtain

1
LreGr = — 7. €abed E' E' K K. (17)

This Lagrangian is quadratic in the Levi-Civita connection (i.e., it is quadratic in first derivatives of
the tetrad), and contains a non-determined curvatureless spin connection w?. One could think that the
theory itself should govern the connection. This way of thinking is motivated by general relativity, where
the Levi—Civita connection can be obtained from varying the action independently with respect to the
tetrad and the spin connection (Palatini formalism). In fact, even if the connection in Equation (12) was

L
not chosen to be w”;, we could still obtain it by varying the Lagrangian with respect to w®:

1
SwLEn = - €abed E” EY 6,R“, (18)
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where, for any metric connection, it is
8oRY = dbw™ + 6w, w* + W', bw™ = dbw™ + W', Sw™ + W', w™ = Déw*. (19)

Thus, dismissing boundary terms, we obtain

1 1
(SwLEH e —g D(eabcd E* Eb) (Sde e ﬂ €abed E* Tb 5(0“1, (20)

where we used DE? = T?. Thus, 6,,L £H is zero if and only if the torsion is zero; therefore, the metric spin

L
connection must be w?,.
On the other hand, the variation of Ltggr with respect to the connection,

1
Swlrecr = — - €abed E' B’ 00 (K, K*), (21)

where (we will use the metricity)

€abcd 5w(KCe Ked) = €abed 5wKCe Ked + €abed Kce 5wKed = —€abcd Ked (Sche + €abed Kce 5wK6d
= —€abdc K* 5aine + €abed Kce 5wK6d = —€abdc Kce 5wK€d + €abed KCe 5wK€d (22)
=2 €4pcd KC@ éwKEdr

leads to the result

1
SwLTEGR = — 5 €abed B E' K, 60, (23)

where we used that 6,K® = sw®. Noticeably, the vanishing of J,, LTpgr will not lead to a curvatureless
connection; on the contrary, it would lead to the Levi-Civita connection again, since the contortion

is zero when ¢, = aece. This shows that the TEGR spin connection cannot be derived from L7ggg.
Instead, the curvatureless TEGR spin connection must be chosen, as it happens with the choice of the
torsionless Levi-Civita connection in the metric formalism of general relativity. The conclusion is that
Lry and LTpgr are equivalent from a metric point of view; i.e., they are equivalent when regarded as
functionals of the tetrad.

Usually, the TEGR spin connection is chosen to be w’, = 0 (Weitzenbock connection), which implies
that the torsion is T? = dE*. Then, the components of the torsion are

T, = 0,Ef —9,Ej, or T}, =e¢; (9,E] —0,E). (24)

The affine connection in a coordinate basis is 3

I, = ey EL ES T% + ey 9yEj = ey 9,Ef. (25)

However, in doing so, we have lost one of the fondest properties of the Lagrangian: if w*, is fixed to
be zero, then LR is no longer a Lorentz scalar. In fact, in Equation (17), K¢, is a Lorentz tensor valued
1-form whenever it is a difference of connections. However, if w®, = 0, then K¢, becomes the connection

L
—w",; it is no longer a tensor under local Lorentz transformations. Therefore, LTrgr stops being a Lorentz

3 Notice that the coefficients Eﬁ , el are the links between anholonomous and coordinate basis.
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scalar. This loss of the invariance under local Lorentz transformations of the tetrad is not a problem at
the level of the dynamical equations. Equation (16), where Lgy is a Lorentz scalar, implies that, under
local Lorentz transformations of the tetrad, Ltggr changes by a boundary term (pseudo-invariance).
However, the loss of local Lorentz invariance will be a real hallmark on modified teleparallel theories
like f(T) gravity, which will lead to the appearance of extra degree(s) of freedom [4]. To avoid this
annoying feature, it has been proposed that w¢, should not be zero, but belong to the family of the Lorentz
transformations of w =0,

w'y = A, dA%, (26)

where A represents any Lorentz transformation. This curvatureless form should not affect the metricity,
since the requirement of metricity is tensorial in both coordinate indices and Lorentz (tangent space)
indices. For instance, let us consider infinitesimal Lorentz transformations

1
Aa/ - 5”/ - E gh(x) (Mgh)aa/ + O(Uz)/ (27)

a a
where (My,)?, are the (anti-symmetric) generators of the vector representation of the Lorentz group,
(Mgh)aﬂ/ = 5ag Nha! — (Sah ngtz’/ (28)
and 08" (x) are anti-symmetric parameters combining boosts and rotations in the transformation A", Then,

w? = ’7bc A”ﬂ, dAaC’ _ _% ch 5{1{1, (551(;, Nhe — 5a}; 775'6) dosh + O((TZ) 29)
= —3 (6% 8% — 8% &%) dos" + O(0?) = —do™ + O(d?).
Certainly, w™ = —do® is metric (although it is curvatureless only at the first order in ).
The claims asserting that the choice (26) is the right choice for what is called “consistent teleparallel
gravity” are based on the following argument: since TEGR is a theory that is pseudo-invariant under local
Lorentz transformations, there is nothing special about the reference frame on which the spin connection
vanishes, which would mean to put Aj, = &}, or any global Lorentz transformation, in (26). This is entirely
true, although completely insubstantial at the level of TEGR. In fact, the spin connection is not a dynamical
field in TEGR; TEGR is a dynamical theory just for the metric.

3. Modified Teleparallel Gravities

The traditionally used formulation of TEGR starts from the torsion scalar T obtained when one
replaces w’, = 0 in Equation (17). After some calculation, one gets

LTeGR = 21—K E T dx® Adx! Adx? Adx3, (30)
where
T = Sp aid prv/ (31)
o A A
25, = K"+ T, &5 — TV 6, (32)

and K" Vp results from the components of the contortion,

1
K"y = g"" e Ef K%, = 5 (To T, 4+ T,). (33)
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The torsion scalar in (31) is a suitable starting point for modifications to general relativity. The main
advantage of this approach is that nonlinear generalizations of the torsion scalar will always result
in equations of motion of second order in the tetrad field, as T is an object depending on only first
order derivatives. However, linear modifications to TEGR have been known for a time. For instance,
in [9], a gravitational action has been built combining three quadratic pieces associated with the
three irreducible parts of the torsion tensor (vectorial, axial and traceless-symmetric). The coefficients
of the linear combination are arbitrary, although they are constrained by the physics in the solar
system. However, they acquire defined values when local Lorentz invariance of the theory is required,
thus reducing it to TEGR. On the other hand, nonlinear modifications of TEGR in the form of arbitrary
functions of the torsion scalar T, better known as f(T) theories of gravity, have gained attention since
they can describe an inflationary early expansion without resorting to an inflaton field [10]. In addition,
they can mimic dark energy by providing a late time accelerated expansion of the universe [11] (for an
extensive list of references, see [12]).

In f(T) gravity, the action is

I= %/E £(T) d*x. (34)

Varying this action with respect to the tetrad, the dynamical equations are obtained:
4edu(fI(T) Eey S{") +4 f(T) e T)p S5 —eg f(T) = —2xeg T, (35)

where 7" is the energy-momentum tensor of matter coupled to the metric tensor. Originally, f(T) gravity
was conceived for dealing with strong space-time singularities, so high-energy deformations of the sort
f(T) = T+ T?/A + O(1/A?) were considered. For these models, A introduces the length scale A ~1/2 at
which local Lorentz invariance would no longer exist as a full symmetry, giving way to the remnant ones.
For instance, in Ref. [10], the constant A/2 plays the role of a maximum attainable Hubble factor in the
context of spatially flat FRW cosmological models. In that case, the Big Bang singularity is replaced by
an early de Sitter stage of a purely geometrical character in which the Hubble factor Hy,y = (A/12)1/2
drives the inflationary era. Much more recently [13], and in a quite different context, it was shown that the
Schwarzschild curvature singularity is replaced by an infinitely long cosmic string with constant curvature
invariants related to A. In this case, the length scale is 2|A| 712, and it completely changes the structure of
the black hole interior by rendering the spacetime geodesically complete. In the cosmological example,
the presence of the scale H,,x manifests itself at very early times of the cosmic evolution, while, in the
black hole interior, the length scale involves a constant curvature asymptotic region located well inside the
event horizon. In both cases, the breaking of the Lorentz symmetry occurs in times or places very distant
from our daily experience.

Since their introduction, f(T) theories have revealed several subtleties concerning the appearance of
preferred (proper) reference frames, encoded in the tetrad field E*(x*). Actually, it was clear since the early
developments in the field that the local action of the Lorentz group on a given solution E?(x) of the f(T)
motion equations leads to another tetrad E? = A”,(x)E?, which is not generally a solution, even though
both of them generate the same metric tensor g = 7,;, E*E”. This is basically because the equations of
motion determine more degrees of freedom than those captured by the metric tensor [14]; some attempts
have been made for capturing the number and nature of these degrees of freedom through Hamiltonian
analysis [3,4], conformal transformations [15,16], cosmological perturbations [17-20], among others.
The extra degree(s) of freedom define the space-time structure by means of a parallelization, which fixes
the tetrad components modulo certain remnant symmetries associated with the specific solution under
consideration [21].
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4. Covariance in Modified Teleparallel Gravity

The covariance of the TEGR action is guaranteed at the level of the equations of motion, but the
Lorentz breaking behavior of the surface term could be significant for physical quantities defined in the
boundary, as black hole thermodynamics. This issue has been previously investigated [22,23]; however,
in this section, our focus will be on discussing covariant versions of modified TEGR. The pseudo-invariant
character of TEGR gravity echoes in nonlinear modifications (as f(T) gravity) in the form of explicit Lorentz
breaking at the level of the action and the equations of motion. This issue has been noticed from the very
beginning [10], and it was firstly associated with the appearance of extra degrees of freedom encoded in the
components of the tetrad field. From a theoretical point of view, covariance under local Lorentz symmetries
is a desirable feature for any physical theory, but, at the experimental level, this symmetry breaking would
not be detectable, as the metric tensor remains unchanged regardless of the privileged orientation of
reference frames. However, the theoretical issue on the covariance of the Lagrangian formulation is part of
an active discussion, and several opinions have been wielded in the literature. Our aim is to review some
of them and contribute to the debate.

Early discussion on the covariantization of T has been schematized in Ref. [24]. The authors consider
the possibility of giving up the teleparallel restriction w” , = 0, and take the metric and the contortion
as variables to be independently varied. They conclude that the f(T) action is dynamically trivial for
KPW, since it does not contain derivatives of the contortion, and it is inconsistent if matter is added.
The impossibility of obtaining a curvatureless connection from varying T with respect to pr has been
analyzed above (see Equation (23) and below).

An alternative path has been discussed in Ref. [25], where the authors studied a f(T) action where
the covariance of T is restored, since the “pure frame” approach with " = 0 is not a priori chosen.
Instead, the curvatureless condition is enforced through Lagrange multipliers in the action. The advantage
of an explicitly covariant Lagrangian is overshadowed by the introduction of a large amount of additional
fields encoded in these Lagrange multipliers. Although in principle, in the TEGR case, they describe the
same dynamics because they could be fully determined through the equations of motion, more research is
needed to determine if the nonlinear generalization can describe equivalent physics as described by “pure
tetrad” modified TEGR.

Regarding the covariant formulation in [26], the authors argue that, if the formulation of f(T) gravity
started from a covariant version of TEGR, then the equations of motion would acquire an additional term
equal to f/(T) wl’WSbVV . This additional term would allow for recovering the local Lorentz invariance
(but notice that TEGR dynamics are locally invariant without needing this term!). To obtain this term,
the authors explain that the spin connection (26) would add a boundary term to the TEGR Lagrangian (this
property results from Equation (16)). Since no dynamical equations for the curvatureless spin connection
would be obtained in such case, they invoke a physical criterion to choose it. They say that the spin
connection must be “inertial”, in the sense that, if gravity is turned off (i.e., if x — 0), then the torsion
should vanish (so the torsion would contain just gravitational effects but not inertial ones). This strategy
seems to spoil the purpose of covariantization because the spin connection is not dynamically determined,
but it is found a posteriori for each geometry. For a skeptical mind, this strategy can be considered
even more intricate than sticking to the simplest spin connection choice, that is the Weitzenbock one.
Then, the spin connection becomes an ad hoc non-dynamical field that removes the undesired effects
of an improper parallelization. Theoretical concerns about the formulation of this covariant approach
in a univocal standard variational principle come up, in order to avoid introducing degrees of freedom
by hand.

Some remarks on different possibilities of variational procedures in teleparallel gravities have been
exposed in Ref. [27]. The case that is of relevance for f(T) gravity is when the variation of the spin
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connection is performed in the inertial class. For achieving a consistent variational procedure, the authors
argue that arbitrary Lorentz matrices Aj(x) can be considered as the fundamental field instead of the spin
connection. As a consequence, the TEGR Lagrangian can be regarded as a function of both the tetrad
and the arbitrary Lorentz matrix, where the latter now acts as a physical field too. In the TEGR case,
the variation of the spin connection (that is, the Lorentz matrix) is a harmless boundary term that vanishes
under proper boundary conditions. In the f(T) case, however, the variation on the spin connection indeed
gives an additional equation, which reads

T 0pf (T) + Ty 9y f'(T) — T, 9y f(T) = 0. (36)

These are equivalent to the antisymmetric part of the equations of motion in the pure tetrad approach
of f(T) gravity, and its fulfillment is subject to a proper parallelization. This feature also appears in a wider
class of modified teleparallel models [28]. In [29] and the recent review [30], Equation (36), written with an
explicit dependence on the inertial spin connection as

8uf'(T) [Bu(E el e) +2 B el el wiy,] =0, (37)
has been used in some examples, exhibiting the covariantization procedure. There are two issues for which
we feel the need to provide additional discussion. The first point has to do with the fact that Equation (37),
and the covariantization procedure, are only possible whenever the matter contribution in the rhs vanishes.
Such contributions, coming from macroscopic spinorial fluids, have not been properly studied in the
literature due to a lack of understanding in the correct spinorial coupling prescription. It is clear that the
covariantization procedure is not general enough for including this interesting setup, and further research
is encouraged in this direction, as it could be related with the physical interpretation of the additional
degree(s) of freedom of the f(T) theory.

Secondly, some concerns on the counting of degrees of freedom, and the first-class constraints that
would generate gauge transformations for the inertial spin connection, have been briefly exposed in [31]
(although their criticism is mainly directed to the covariant TEGR procedure). This resonates with our
previous thoughts, and these concerns are also relevant for the covariantization procedure in f(T) gravity.
Nonetheless, it is relevant to mention that recent work on the Hamiltonian formalism for the so-called
“new general relativity” has attempted to include the inertial spin connection in the formalism [32].
Their claim is that the inertial choice in new general relativity represents pure gauge degrees of freedom,
and, consequently, the Weitzenbodck connection is suitable for developing the Hamiltonian analysis (which,
of course, tremendously simplifies the Poisson brackets calculations). It is clear that the consistency of this
approach needs to be revisited, but, equally important, to analyze if these claims have something to say
concerning the issue of the degree(s) of freedom of f(T) and teleparallel gravity extensions.

5. Remnant Symmetries and The Lorentz Group

A simple example will help us to fathom some of the subtleties that lie behind the system (35). Let us
consider the easiest solution of the vacuum field equations, which should correspond to the absence of
gravity. Thus, let us consider Minkowski spacetime (Min), and take the following tetrad field

E'=dt, E' =dr, E>=rdf, E®> =rsinfdg, (38)
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which is consistent with the line element ds? = dt? — dr? — r?(d6? + sin? 8 d$?) describing Min in spherical
coordinates (t,7,6,¢). For the above field, we have T = 2r~2, and the equations reduce to the system

16fTT — 21’sz + fr4 =0
8frr — 212 4 =0,
frr VZfT Jrff4 (39)
—2r fT +f7’ =0,
frr =0

where frr = f'(T), fr = f/(T), and f = f(T). It is clear that the only solution to this system involves
f(T) o T, which is just GR. Does it mean that Min is not a solution of vacuum f(T) gravity? What is
exactly the problem concerning the frame (38)? Let us suppose that, instead of (38), we start from

E' =dt, E' =dp, B> =pdp, B =dz, (40)

which leads to the Minkowskian line element ds?> = dt* — dp? — p?d¢* — dz> written in cylindrical
coordinates (t, p, ¢,z). It is simple to check that the Weitzenbock invariant vanishes for the tetrad (40), and
the vacuum field Equation (35) take the remarkably simple form f(T) = 0. This means that any ultraviolet
deformation of GR (i.e., any function f(T) verifying f(0) = 0 and fr(0) = 1) admits Min as a vacuum
solution through the fields (40).

Finally, consider the (Euclidean) tetrad field

E'=dt, E' =dx, E>=dy, E’=dz (41)

which, of course, give us the standard Cartesian line element ds? = dt> — 4, ﬁdx“dx"‘. Again, T = 0 and the
equations of motion are f(T) = 0, which are automatically fulfilled for any UV f(T) deformation of GR.

The point behind the results just obtained (the distinction between different frames leading to a certain
metric tensor) naturally extends to a general spacetime (M, g(x)), or, more precisely, (7*M, E*(x)).
We would like to raise the following points:

1.  Why, for a given spacetime (7*M,E?(x)), there are certain proper tetrads E?, and others that
definitely do not lead to a consistent set of equations of motion for a function f(T) other than
the one corresponding to GR?

2. Once the above point was established, is there any way of counting the number of proper tetrads,
and some systematic procedure in order to obtain them?

3. What is the physical meaning of the proper tetrads?

In relation to the first point, and coming back to the example concerning Minkowski space, we can
find the answer in the topological structure of the different frames involved. Of course, the manifold
topology of Min is just R*, and this is independent from the chosen tetrad. However, at the level
of the vector fields e;, things are different; in the case of the frame (38), we see that every field in
the family points at one of the directions defined by the spherical coordinates lines, and not mixed
components appear. This means that, as far as the dual vector fields concerns, the topology they are
actually seeing is R? x S2. However, the diagonal form of the frame implies that the fields E> and E are
vector fields covering the whole tangent space of the 2-sphere, which is impossible because the 2-sphere
is not parallelizable (spherically symmetric solutions with the same feature have been reported in [33]).
Of course, the topological space R? x S? is parallelizable, just think about it as R x R x S?, which is
a product of the parallelizable manifolds R and R x S%. Nevertheless, the global, everywhere non null,
smooth vectors fields covering the tangent space of R? x S?, are far from having the simple diagonal
structure of (38)—see Equation (42) below.
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In the case of the frame (40), the situation is considerably different. Even though every field in the
family is also pointing at the directions defined by the cylindrical coordinates lines, the topology they
are defining is now R3 x S!. The diagonal structure suggests that the parallelization of the entire set is
obtained as a topological product of parallelizable submanifolds, which is correct in this case due to the
fact that R and S! are parallelizable by themselves. This is the reason why the fields (40) constitute a proper
tetrad for describing Min.

Finally, the frame (41) also represents a proper tetrad. Actually, it should be considered as the
canonical, more natural parallelization of Min because the topology defined by the (Cartesian) set of vector
fields coinciding with one of the latter. Note that both proper frames (40) and (41) give rise to the same
null value of the Weitzenbock invariant T. This is not a coincidence.

An important observation concerning the role of the local coordinates would be adequate.
Even though we are adopting local coordinates in order to write explicit forms of the vector fields, they are
not essential at all. Once we have obtained a proper tetrad in a given coordinate system, we can change
coordinates freely. For instance, nothing prevents us from finding a proper tetrad for Min in spherical
coordinates; just take (40) or (41), and change coordinates accordingly; we will find EZ, = oxH/ oxt E?,

where x* refers to the cylindrical or Cartesian chart (depending on the case), and 2 to the spherical one.
If we start from the canonical frame (41), we will get

B0 =dt,

E! =sinfcos¢ dr+ rcosfcos¢ df — rsinfsin ¢ dg,
E? =sinfsin¢ dr +rcosfsin¢ df + rsinfcos ¢ d,
E® = cosfdr—rsin6 df.

(42)

Clearly, a parallelization of Min in spherical coordinates is quite more involved than the (incorrect)
choice (38). Take note that the block structure in (42) emphasizes the fact that the spatial part of the frame
is actually a parallelization of the submanifold R x S2.

The Remnant Group

We devote this section to the second point raised above. A systematic approach to the study of the
proper frames describing a certain spacetime (7 *M, E?(x)) within the context of f(T) gravity involves the
characterization of the remnant group of Lorentz transformations of (7*M, E?(x)). Details of the following
exposition can be found in [21].

In general, under a Lorentz transformation of the tetrad E* — EY = A“/uE”, the torsion scalar T
transform is as follows:

TOQTOQ=TO + dlega E° AE Ag©A, dAL) (43)

(Q = E dx® Adx! A dx? A dxd is the spacetime volume), so the torsion scalar is not really a Lorentz scalar.
The remnant group A(E?) of a given spacetime (7*M,E"(x)) is defined as the subgroup of SO(1,3)
under which T becomes a Lorentz scalar, i.e., by demanding

d(eapeq B NEP AT, dAS) = 0. (44)
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Of course, the global Lorentz group (dA, = 0)is always included in A(E?), for all E”. For infinitesimal
transformations, we have the expression (27), where the matrices M, given in Equation (28) are boosts
generators, K, = My,, and rotation generators J, = — %eam MPY. The Lorentz algebra reads

szr ]ﬁ] = eaﬁy ]7/ [Kﬂél Kﬁ] = _ezxﬁ’y ]ry, [KIX/ ]ﬁ] = 6,4;7 K. (45)
It is straightforward to show that Equation (44) at the infinitesimal level reduces to
€aped A(E* ANEP) Ado® = 0. (46)

At this point, it results in being very convenient to introduce a useful concept with regard to the
solutions of Equation (46). A sufficient condition for a given element of SO(3,1) to belong to A(E?)
comes when one classifies the solutions E? of the equations of motion (35) according to the number of
closed 2-forms they involve. A solution {E”} will be called an n-closed-area frame (n-CAF), if it satisfies
d(E* AE?) = 0 for n of the six different pairs (a,b). The utility of this definition can be seen through
a couple of simple examples.

Let us suppose that a given solution has the 1-CAF defined by the 2-form E° A E'. As d(E° AE!') =0,
the local parameter ¢ is totally free in Equation (46), which means that M3 = J; can be freely chosen.
In other words, we have that Rot,; C A(E?) (here Rot 1 stands for the subgroup of rotations about the
x!'-axis). Albeit {E"} is only a 1-CAF, other remnant symmetries could be allowed. Imagine that

d(E' A E?) o dt A dxt A dx®. (47)

This means that a Lorentz boosts ¢ (¢, x!, x?) will also be in A(E?) (note the restriction on the
coordinates in the boost generator). This is so because the 1-form do?® in Equation (46) does not contain
a term proportional to dx>, so the wedge product d(E' A E?) A do® = 0. In this way, not only are the
rotations about the x!-axis in .A(E?), but also local (restricted) Lorentz boosts along the x3-direction
are admissible.

The structure of A(E”) becomes richer as the number of closed areas approach its maximum value
n = 6. In general, for an n-CAF, we should expect n one-parameter subgroups, but two-parameter Abelian
subgroups could also exist for n > 2; take, for instance, the 2-CAF defined by d(E° A E3) = d(E! A E?) = 0.
This means that the remnant group will include local transformations generated by combinations of My,
and My3, which lead us two the 2-parameter Abelian group {J3, K3}. More details on the structure of
A(E") can be consulted in [21].

Before proceeding to show specific examples, we should mention the following crucial fact;
according to Equation (46), if {E?} is a 6-CAF, then we get the maximum remnant symmetry because all
the infinitesimal parameters ¢*” remain free. Then, we obtain

SO(3,1)inr C A(E"), (48)

where SO(3,1);,s represents the infinitesimal Lorentz group. This result will be of utmost importance
concerning the physical interpretation of A(E?).

Moving on now to a more global level, let us study the importance of A(E?) in solutions describing
cosmological models. Let us consider anisotropic, homogeneous Bianchi type I spacetimes given by the
line element

ds® = dt* — a3(t) dx* — a3(t) dy? — a3(t) dz?, (49)



Universe 2019, 5, 158 13 of 15

where we used Euclidian coordinates (¢, x,y,z) and a;(t) are the scale factors. Metric (49) contains the
important case a; = a, = a3 representing a spatially flat FRW model. The topology of (M, g(x)) is R*,
then a canonical parallelization can be easily obtained by means of

E' =dt, E' = a(t)dx, E*> = ay(t)dy, E® = a3(t)dz. (50)

Some clue on the structure of A(E?) can be obtained by realizing that d(E° A E*) = 0, Va, so the
tetrad (50) is a 3-CAF. This automatically implies that any local rotation ¢#7(x) of the frame (50) will be
an admissible symmetry. This is so because, for every pair (0, ), we have a pair (B, v) (x # B # 7), and
there are three such pairs. Thus, despite the fact that metric (49) depends solely on time, proper tetrads
depending on all the coordinates can be obtained by locally rotating the canonical frame (50).

Curiously enough, there are many more remnant symmetries present in this spacetime. Even though
E* A EP is not closed, we have

d(E* NEP) = (anap),; dt Adx™ AdxP, (51)

where &, § are fixed indices. This is a nice physical example of additional (restricted) symmetries (see the
discussion following Equation (47) in the previous section). As explained opportunely, the restriction
on the spatial coordinates comes from the boost generator UO'V(t, x%, xﬁ), « # B # <. Because of this,
the structure of A(E?) is very rich and includes the two-parametric Abelian groups

{Kx(t,y,2), (1)},
{Ky(t,x,2), Jy(x")}, (52)
{Ka(t, x,y), J(x1) },

where it is not in vain to emphasize again the coordinate restriction on the boost generators.
The conclusions just obtained are also valid for the spatially flat FRW models, which seem to be in
good agreement with the experimental facts concerning the large scale structure of the Universe.

Considering the nature of the space in question, we see that the remnant symmetries still constitute
a vast, overrated set. In any physical cosmological model, it is always assumed that non-privileged
positions exist; this assumption is of course supported by the fact that the Universe seems to look the same
by looking at any direction, and nothing seems to indicate that this is valid only for special points in it,
us between them. Of course, local irregularities such as stars or galaxies exist here and there, but these
are considered tiny particles that are distributed in an approximately isotropic and homogeneous way
throughout space. Thus, why bother with transformations depending on spatial coordinates? Why even
consider them if here and there are basically the same? In other words, why demand local symmetries that
are not consistent with the type of physical situations we are trying to model?

In this sense, the remnant symmetries are representative of the solution under consideration, and not
general properties of all spaces. A cosmological spatially flat FRW model, for instance, is a physical theory
about the temporal evolution of the scale factor a(t), or, more properly, about the Hubble rate H(t). A pair
of observers connected by Lorentz transformations should be able to measure, let us say, the value of H.
This will enable them to infer, by means of the equations of motions, physical properties of the Universe,
as the distribution of energy-matter. However, from the outset, the theory predicts (for a given moment
of time) the same value of H(t) irrespective of the spatial position of the observers. Thus, only time
dependent boost or rotations connecting physical observers should be considered as strictly physical
symmetries in this specific model. As shown in Equation (52), A(E”) includes these transformations.
Any other dependence of the local parameters is simply asking too much.
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6. Conclusions

We have summarized several arguments about covariance in modified teleparallel gravities. There are
still several issues to be addressed, in particular regarding the coupling of the antisymmetric part of the
equations of motion of modified teleparallel to spinorial sources. It is of utmost importance to obtain
a variational principle for this approach. Considerations about the inheritance of a remnant symmetry
group of local Lorentz transformations have been discussed, which present an intriguing structure.
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