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We give a short review on the status of research on the theoretical foundations of f(T)
gravity theories. We discuss recent results on perturbative and non-perturbative ap-
proaches, causality and degrees of freedom, and discuss future directions to follow.
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1. Introduction

Teleparallel gravity and its modifications represent a description of the gravitational
interaction via the torsion instead of the curvature of spacetime [IJ2]. The main
starting point is, given a metric on the spacetime manifold, to weigh connections
which differ from the Levi-Civita one. The teleparallel description is given in terms

of tetrads ej; instead of the metric itself which is retrieved by the relation

Guv = nabezezbn (1)
however it requires absolute parallelism of spacetime, which is not so restrictive
though in causal 3 + 1 geometry as it might have been if we were in a different
dimension.

Historically, the teleparallel gravity was based on the Weitzenbock connection.
It is defined as (we distinguish the inverse tetrad by using the capital letter E)

[0 = e 0By, (2)

and one can check by direct calculation that the Riemann curvature R’ is zero.
Note that I'*,, does not transform correctly (“correctly” would mean no trans-
formation at all) under local Lorentz rotations of tetrads, and therefore it has a
non-trivial dependence not only on the metric, but also on the choice of the refer-
ence frame. We will come back to this discussion later. Now let us remind that on
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top of zero curvature this connection also has zero non-metricity but is of course
characterised by a non-trivial torsion tensor T"‘W =T, —T'Y,.
(0)
Any metric connection on a manifold is different from the Levi Civita s uv one

by a tensorial quantity (as a difference of two connections)

(0) 1
Kapw = gap (Fﬁw/ - Fﬁw) = ) (Ta;w +Toau + TuaV) (3)

called contortion tensor. Using it one can easily find the relation between two cur-
vature tensors, and after contraction of indices this relation gives

(0) (0)
0=RT)=R(T')+2v ,T"+T (4)

where we use the torsion vector T}, = T"#
with the superpotential tensor

» and the torsion scalar T = T, S**”

Sopw = % (Kuow + gopTy = gow Tyi) (5)
which has the same antisymmetry in the last two indices as the torsion tensor
(note that in many works the factor of one half is moved from this definition of the
superpotential to the definition of the torsion scalar in terms of the superpotential).

We see that the torsion scalar of Weitzenbdck connection is different from the
Levi Civita scalar curvature only by a surface term. It explains why the Telepar-
allel Equivalent of General Relativity (TEGR) with T as its Lagrangian density is
equivalent to the Einstein-Hilbert action defining GR. However modifications such
as f(T) [3l4] and others are genuinely new models.

2. Lorentz invariance

As we mentioned above, the chosen connection (2]) does not respect the local Lorentz
symmetry. It is not a problem of the particular functional form, but a consequence
of prescribing some particular dependence of the connection coefficients on the
tetrad and nothing else. If this dependence is not restricted to only metric like for
the Levi Civita connection then one needs a spin connection to make the picture
locally Lorentz invariant.

The spin connection would be taking into account the effects of changing the
reference frame. Indeed, a choice of frame can be described by choosing the tetrad
for a given metric. However, the pure tetrad formulation of f(7T") does not allow
for free choice like this, since the local Lorentz rotations are not a symmetry of
the model. If a solution of the equations of motion is found, one cannot make
an arbitrary local Lorentz transformation of the tetrad and expect that the new
tetrad satisfies the equations of motion, because local Lorentz invariance is lost in
the model. However, adding a proper non-zero spin connection (in the way defined
below) makes the tetrad a solution of the equations of motion again, and it becomes
even the same solution in terms of both the metric and the torsion tensor.
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It is well known how to make the f(T') gravity locally Lorentz invariant [TJ5J6/7]
8]. The basic meaning is that the Weitzenbock connection is treated then as given
in one particular frame, and formula (2)) is supplemented by spin connection w%,,

D% = €5 (0ul) + W' by) (6)

which also transforms when the Lorentz group is acting, and in particular it becomes
non-zero if a local Lorentz transformation is applied to the frame where it was zero.

To be more precise, in case of the Lorentz rotation Ej; — AgEZ the spin con-
nection transforms as

a a, c —1d ay A —1¢
w bu - Acw d,uA 1b - (8#AC)A 1b

so that the spacetime connection coefficients stay the same. The spin connection
which was vanishing would then take all possible forms of —(9,,A%)A~!}. Vice versa,
any flat spin connection can be brought to the zero value, at least locally. We would
ignore global questions of possible extra topological freedom of cohomology type,
therefore assuming the covariant model as just a covariantization of the purely
Weitzenbock case.

Adding this spin connection does not change anything in the case of TEGR
since it enters only via a surface term. However, for f(T') the spin connection plays
a less trivial role. Its variation in the action, if done in the purely inertial class,
gives the new equation [6]

fTT (Tapu + ga#Ty — gayT'u‘) 0°T = 0. (7)

However, it is nothing but the antisymmetric part of equations for the tetrad:

(0) 1
fT G#y +fTTS#UQ8aT + 5 (f - fTT) gl“’ = 87TG . 6#1’ (8)

where we have used the assumption that matter does not interact with the spin
connection, its energy momentum tensor ©,, is symmetric, and also the simple
relation Syva — Svpa = Lo + goauLy — gar Ty

This is an elementary and quite general fact for modified teleparallel gravities,
that the flat spin connection of the covariantized version leads to the same equation
as the antisymmetric part of the equation for the tetrad. Indeed, by construction the
model is locally Lorentz invariant which means that the (Lorenzian) spin connection
variation and the appropriate antisymmetric variation of the tetrad cancel each
other in the variation of the action.

Therefore, the introduction of spin connection does not change the physical
content of the theory. The pure tetrad formalism has 16 components of the tetrad
as variables of the theory. Four of these components can be treated as purely
gauge freedom, due to diffeomorphism invariance. In the case of TEGR there are
six more components that are gauge freedom as well, due to the local Lorentz
(pseudo)invariance. These considerations leave six physical variables, as in GR (two
dynamical and four constrained but not arbitrary). In f(T") theory, the local Lorentz
symmetry is lost, at least partially, leaving more variables as physical. Formally,
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the invariance can be restored by introducing the flat spin connection. It represents
six new variables, however without changing the number of the physical ones. The
theory is now invariant under a simultaneous local Lorentz transformation of both
the tetrad and the spin connection, and therefore six combinations of them are pure
gauge. Indeed, one possible gauge choice is to set w to zero.

Of course, this covariantization does not bring any new properties by itself. This
is nothing but rewriting something in a way that allows a change of the description
of the physical content. For example, the problems of bodies falling down on the
Earth can also be written in a formally rotationally invariant way, if instead of fixing
the vertical direction to the z axis we formulate it along an explicitly introduced
vector which gets its components changed (instead of only the z one) if the Cartesian
coordinates are rotated in a non-horizontal plane.

The antisymmetric part of the equations can also be thought of as regarding to
the Lorentzian degrees of freedom. Indeed, Eqs. (8) and ([{]) contain both the tetrad
and the spin connection. However, the spin connection enters the torsion tensor
components without any derivatives. Therefore, the (first) derivatives of the spin
connection components would enter the equations only via the gradient of T. Since
the torsion scalar is a quadratic expression in terms of the connection coefficients
([6)), its dependence on the spin connection has a quadratic piece and a linear piece
multiplied by derivatives of the tetrad.

To easily find the precise form of how the spin connection enters the equations of

motion, we can compute —2 (%) . I instead of T. This is due to Eq.) and the fact
that the Levi-Civitian curvature does not depend on the spin connection at all. The
torsion tensor is the antisymmetric part of the spacetime connection (@), and it has
the term €2 (w?, EY — w“bl,Eﬁ) with the spin connection, but for the torsion vector
T, the spin connection will only enter as —egw“baEZ, due to its antisymmetry
property. Therefore, we obtain that the contribution of the spin connection to the
torsion vector divergence has the form

© a arb, cd v © a amb, cd p v a(o) arb, cd v
- VM((“) baeaEun eced) = _(V u ba)eaEun €c€d — Wpy VH(eaEyn eced)'

(9)
The second term on the right hand side gives the linear in spin connection piece of
T. The first term has to be rewritten in such a way as to get rid of the derivatives
of w, for it represents the dependence of T on the spin connection (which does not
involve derivatives of w). It would actually give the quadratic in spin connection
contribution to the torsion scalar. Indeed, the first term is

© ab o M
_(v u a)eaeb7 (10)

which consists of a term antisymmetric in o and p derivatives of w (due to the spin
connection antisymmetry in a and b, while the symmetry of Levi-Civita connection
shows that the antisymmetrized covariant derivative coincides with the antisym-
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metrized partial derivative), and since the spin connection is flat, we have
0pw e — O™y, = W (W, — W', Wy (11)
from vanishing of its curvature tensor. Finally, the first term in (@) corresponds to
(wacawcbu - Wacuwcboz) egeg' (12)

The formulae above give the terms in T depending on the spin connection, and
therefore the terms with the first derivatives of the spin connection in the gradient
of it. Since in our teleparallel model the spin connection can be written in terms of
arbitrary Lorentz matrices as w®, = —0,A% (Afl)z, we see the terms in the gradi-
ent of T that contain second order derivatives of the Lorentz matrices. Therefore, in
the antisymmetric equation A#***9,T = 0, second derivatives of Lorentz matrices
enter revealing that such equations exhibit some novel dynamics in the Lorentzian
sector.

The breakdown of the local Lorentz invariance means that, despite the equa-
tions of motion remaining second order in time derivatives (unlike f(R) gravity),
the number of degrees of freedom should be increased with respect to GR due to
dynamics appearing in the sector of Lorentz rotations. In the covariant formulation,
the local Lorentz symmetry is present, however new variables are introduced.

The Lorentz invariance violation of this sort is not extremely dangerous for the
theory as long as the matter couples only to the metric, since such violation is
not directly observable then. However quantum effects can in principle transport
Lorentz violations from far remote sectors to observable phenomena [9]. It is unclear
how bad can it be in f(T) gravity case, since works on quantum modified teleparallel
gravity are very scarce.

Also an interesting problem to analyze is the dynamics of fermions in teleparallel
spacetimes. The only known reasonable way of coupling them is to the spin con-
nection which corresponds to the Levi-Civita spacetime connection, however this
would look quite inelegant from the fundamental teleparallel point of view. Covari-
ant formulation can potentially give us some new angles for investigating modified
procedures of matter coupling.

3. Linear perturbations

The weak gravity regime (understood as small perturbations around Minkowski
spacetime with the trivial choice of tetrad) of f(T) is (linearly) equivalent to GR,
which in particular means that it exhibits the usual two polarizations of gravitons
propagating at the speed of light [TO/TT].

This is a very elementary fact for perturbations around the trivial Minkowski
tetrad Ej; = 47, Indeed, the perturbation of T is quadratic in derivatives of JE,
and therefore the quadratic action is linear in T, which just gives the same result
as in TEGR, and therefore as in GR.

The absence of new dynamical modes in f(7T) is also true for perturba-
tions around cosmological solutions described by the simplest background tetrad
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Ef = af(t) - 6 [T2/13]. An explanation for this fact is unclear, unlike for the disap-
pearance of new modes around Minkowski space. For cosmological perturbations,
the calculations show that one of six new modes completely drops off from the
linear equations, and the other five modes get constrained, not dynamical [I3]. As
expected, the same perturbation analysis can be done in the covariant version of
the theory [14].

An important issue about perturbation analysis in f(7) gravity is that it is
not enough to reproduce the metric perturbations, but one should also consider
all Lorentzian perturbations in the tetrad field. The most general way to consider
cosmological perturbations is as (see [13] for definitions)

Ey =a(r)- (1+¢),

E} =a(r) - (0:8 4 wi),
Eg =a(1) - (0a¢ +va) (13)
=a(r) - (( )(5a+32 0 + €ajkOkS + 0cq + €qjpwi + haj) ,

with the usual separation into scalar, vector and tensor perturbations. Taking only
one particular tetrad choice for the metric perturbations instead of this full set
leads to the wrong conclusion that perturbations are not possible at all, since an
overdetermined system of equations is obtained [15].

Having the same number of dynamical modes as in GR makes cosmological
analysis simpler. Changes in the background dynamics can be used for attempts of
solving such modern cosmology problems as the Hy tension [16] without running
into contradictions with other data. Moreover, the theory predicts non-zero gravi-
tational slip [I3] which can be used as a new and potentially observable feature of
these alternatives to the standard cosmological model. On the other hand, it is also
bad news for cosmology since f(T') definitely has new dynamical modes, and there-
fore their absence in linear cosmological perturbations signals the strong coupling
problem.

There are several ways to prove the presence of new modes. The most funda-
mental one is the Hamiltonian analysis, see the next section. On the other hand,
one can either go to higher orders around simple backgrounds or study the per-
turbations around non-trivial backgrounds. Once considering this, we observe that
there is compelling evidence of existence of new modes in f(T') gravity after all.

Nonlinear look has been taken in Ref. [I7] where the action around the triv-
ial Minkowski background was taken up to the fourth order which exhibited a
new dynamical mode there. On the other hand, linear perturbations about other
Minkowski backgrounds (with boosted and rotated background tetrads) were con-
sidered in [18], and new equations signaling a new mode, but with rather unusual
properties, were found.

It is also possible to approach such questions indirectly, by studying a class of
solutions instead of really counting the number of degrees of freedom. For example,



September 15, 2021 0:46 WSPC/INSTRUCTION FILE telrev

in the [I9] a model with f(T) = T + oT™ was used to reproduce galactic rotation
curves. It was found that in the n — 1 limit the results were not approaching the
case of GR. Since the model with the limiting Lagrangian is then equivalent to GR,
it as an indication of new degree(s) of freedom having some non-trivial dynamics.

In [20], it was claimed that [19] was based on wrong considerations of an earlier
paper [21], in terms of a “bad” tetrad. However, the authors of [21] actually did
check the antisymmetric part of equations, and their tetrad is different from the
tetrad of [20] only by the sign of components which do not contain unknown func-
tions of . Since changing the overall sign is a global transformation which changes
nothing, it means that this is basically the same tetrad just with change of signs
of unknown functions (to be found by solving the symmetric part of equations).
Therefore, this is the same “good” tetrad, though their construction with positive
values of the functions might present something very new and not close to anything
from GR. It would be good to accurately study all possible options. This is a very
interesting issue, not only for substituting Dark Matter with modified gravity, but
also for studying the fundamental properties of f(T') gravity.

4. Hamiltonian formalism and remnant symmetry

There are at least three different Hamiltonian analyses of f(T) gravity in the cur-
rent literature. Although some contradict to each other, all agree that some new
degree(s) of freedom do(es) appear.

It first appeared in [22]. They claim three new degrees of freedom in (3 +1)—
dimensional space. The analysis there is not very accurate, and in many parts it
seems to be that the only outcome is that all Lorentz constraints become second
class and nothing else. This would mean full break down of the local Lorentz sym-
metry, which is not true. So far, it is known that there are physically interesting
backgrounds with no new dynamical modes in linear perturbations, and that con-
stant T cases are somewhat special. Note also that their claim on the second class
nature of Lorentz constraints is related to the unique determination of Lagrange
multipliers, which they argue about in the Appendix. However, calculations are not
fully rigorous, since in their derivations they use some “calculation method” where
it is assumed that the metric is diagonal, which is not justified at all.

The new impetus to the field was given by [23I24)25] which claim existence of
only one new dynamical mode. Unfortunately, as was noticed in [26], the Poisson
brackets of the Lorentz constraints are incomplete, therefore the main conclusion is
wrong. To be more precise, the piece which depends on spatially non-constant T (or
spatially non-constant auxiliary field ¢) is missed. However, for this particular case
their analysis seems to be consistent, therefore it can still give information about
spatially constant T solutions, which corresponds to the important Minkowski and
FLRW cases.

Finally, the last analysis came in [26]. It also has problems. The local Lorentz
algebra is said to be broken down, however their matrix of Poisson brackets of
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Lorentz constraints C;; and C,y,y, has a non-trivial term given by ¢, k&?ﬁﬁ gpn Where
0 is the generalized Kronecker symbol (we abandoned unnecessary complications
of the covariant approach of Dirac Hamiltonian analysis). It does not seem to be
non-degenerate. Right after writing out the Poisson bracket the authors claim that
the presence of a non-trivial term shows that the constraints are second class. But
to really prove it just from this bracket it would be necessary to check that the
6 x 6 matrix of this term is non-degenerate. Otherwise, it is a combination of first
and second class constraints.

Also they claim no new modes around any T = const solution which contradicts
simple calculations around boosted or rotated trivial tetrads [I8]. Moreover, they
say it makes sense since the model is then equivalent to GR. This is incorrect.
Only the background equation for a T = const solution is the same as in GR
with a cosmological constant. Dynamics of perturbations, even the linear ones, is
generically not equivalent.

All the above analyses were done in the pure tetrad formulation. However, since
the covariant formulation is equivalent to it, there should be no difference. One can
indeed find direct support for this claim [27], however it does not solve the problems
which are still there in the Hamiltonian analysis of these models.

Getting a clear, reliable and understandable Hamiltonian analysis is very impor-
tant. A first step in this direction could consist of getting a homogeneous Hamilto-
nian description of gravity theories based on the teleparallel formalism [28]. More-
over, the question of how much of the local Lorentz symmetry is violated is very
important for this endeavor. This is known under the name of remnant symmetries
and has already been considered [29]. However there is still a lot left to study.

A big part of [29] is devoted to infinitesimal transformations which leave T
invariant at the linear level. The relevance of it is not very clear. For the linear
invariance of perturbation equations it is also necessary to have invariance of the
superpotential, or invariance of the action to quadratic order. For example, in linear
cosmological perturbations [I3] only one of the Lorentz variables (the pseudoscalar
perturbation s) does not show up in the linearized equations while the set of lin-
earized T invariance is wider [29].

All transformations which keep T exactly unchanged is not precisely the same
as the symmetry group of the theory. First, there are different amounts of sym-
metries for different solutions, which means that the number of degrees of freedom
might indeed be not well-defined globally. Second, these sets of invariance are not
groups. For example, around the trivial Minkoswki space those sets contain two-
dimensional Abelian subgroups of the Lorentz group which correspond to the ro-
tated and boosted tetrads of [18], but one cannot take two elements from different
Abelian subgroups. A better understanding of symmetry properties will be very
important for doing a good Hamiltonian analysis.
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5. Causality and Cauchy development

There are also other strategies to study foundational issues of modified teleparallel
gravity. Not only the number of degrees of freedom is important but also their
physical nature and properties.

In [30], acausal propagation was claimed to be highly likely in f(7T') gravity by
using the method of characteristics, however the conclusions rely on the results on
degrees of freedom from the first Hamiltonian analysis [22]. There could definitely
be problems with the theory with Poisson brackets vanishing at some points in the
configuration space, since some solutions apparently have more remnant symmetry
than others. The types of derivatives (time or space) in the equations of motion can
indeed vary depending on the boosted tetrad background chosen for the Minkowski
spacetime [18].

Another claim from the same paper [30] is absence of predictable Cauchy devel-
opment. For that they present a family of spatially flat FRW cosmological solutions,
with a time-dependent boost of the simple standard tetrad in a fixed direction. In-
deed, the freedom of choosing the time dependence of the boost makes the torsion
tensor unpredictable.

The discussion on the unpredictability of the torsion tensor starts from the pa-
per of Kopczyriski on new general relativity (NGR) [31], where the author used
perturbation of the spin connection instead of the Lorentz rotation of the tetrad.
Nester in his paper [32] claims that Kopezytiski did not require that the spin con-
nection had to remain flat, and he adds an integrability condition that the variation
of the spin connection can be represented in terms of the Lorentz matrices, as it
should be. After that, Nester’s conclusion (justified with words like “presumably”)
is that the predictability is spoiled only for very specific solutions (though very
physically interesting ones, we should say), however later in some papers on f(7T)
[30/33] this opinion on these issues seems to be radically changed without much
explanation on that.

Note that the same unpredictability of the torsion tensor is true for TEGR, and
the reason to not worry about this is simply that TEGR is a gauge theory with
respect to the local Lorentz rotations of the tetrad, and only the metric is physical.
Therefore, we do not care about the value of the torsion tensor as long as we can
predict the metric. We might also not care in f(7). But that would require a clear
answer to the question on what part of the freedom can indeed be regarded as a
genuinely surviving gauge symmetry. And when it is not, we see that perturbations
can behave differently around different tetrad backgrounds [18]. However, once we
have chosen a particular background, can we build a good perturbation theory
having some well-defined remnant gauge symmetry?

The minimal physical requirement would be to have the metric predictable. Most
of the known unpredictability examples do not directly address this issue since the
Lorentz transformations do not change the metric. A stronger statement can be
found in the paper [34] where the authors generalized the case of time-dependent
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boost of the tetrad to the Bianchi I cosmology. It turned out that the difference
of two Hubble rates is unpredictable which already brings the issue to the metric
sector. Their text can be read as if they blame diffeomorphism invariance for that,
which is not correct. Apparently, the reason is that their boost parameter 6(t) is
a new function which does not have a new equation due to the fact that it is not
restricted by antisymmetric equations.

However, as we previously discussed, even with background metric unchanged,
perturbations can behave differently around different backgrounds with the same
metric. In [I8], we considered a special case of a Lorentz boost of the trivial
Minkowski tetrad along the = direction with the boost parameter depending only on
z. The linear theory tells that T does not depend on ¢ and x but can have arbitrary
dependence on y and z. With different dependence of parameters on spacetime co-
ordinates, one can change the sets of coordinates on which T can or cannot depend.

What would happen in such cases at higher orders? Without a full-fledged gauge
symmetry, the unpredictability of the torsion tensor can hardly stay away from the
metric sector, but logically there are two possibilities. Either the higher orders
would finally require T = const, and then the purely linearized treatment cannot
be considered as anything reliable, but at least the torsion scalar would be almost
predictable, up to the arbitrary constant. Or this kind of freedom remains at the

second order and beyond too, and then the second order correction to the symmetric
(0)
part would have unpredictable influence on the gravitons via the terms like fr G,

(and the term proportional to the metric) which would have unknown dependence
of scalar coefficients on the spacetime point. Either option looks unpleasant but
from the theoretical viewpoint it anyway seems very interesting to better study the
foundational properties of f(7T') gravity.

6. Discussion

In the recent years, f(7T) gravity theories are often used for cosmological model
building, sometimes quite successfully [16]. Also, there are some (not so common)
attempts to smooth GR singularities in the Big Bang and Black Holes. Despite this
versatility and success of it as a theoretical playground, there are many points that
are still not very well understood concerning the degrees of freedom and different
viewpoints on the breaking of Lorentz invariance.

Up to now, many research pieces that can be found in the literature have to be
interpreted with great care. The local Lorentz invariance is broken (in pure tetrad
formulation) with details depending on the chosen tetrad background. The set of
remnant symmetries (which does not form a group) varies for different tetrad con-
figurations, which give different linear perturbation properties even when treating
the same metric. There are reasons to believe that the theory has a highly non-
linear nature [30] so that background solutions and linear perturbations might be
misleading about the true non-perturbative behavior. Therefore, although a very
challenging task, a deeper investigation is still necessary.
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For many modified gravity models, some transformations of variables allow to
get a simpler picture. However, finding a real Einstein frame for f(7") would have re-
quired a way to encode its Lorentz violation in some extra fields. Therefore a simple
conformal transformation cannot do it, as has been noticed already some time ago
[35136]. Trying to move the factor of ¢ inside the torsion scalar in the Lagrangian
term of ¢T produces the new Lorentz-breaking term with 7#09,,¢. Disformal trans-
formations did not help either [37]. A disformal transformation, with coefficients
depending only on the scalar field, changes the coeflicient in front of ET*0,,¢ action
term only by the factor of C2, the conformal coefficient of the transformation [37].

Another interesting opportunity is to look for other non-trivial solutions using
the method of null tetrads [38/39J40]. One can, for example, construct a T = 0
cosmological solution [40]. It can be a starting point for studying cosmological per-
turbations around this symmetry breaking background and possibly with dynamical
new mode(s) even at the linear order.

As we have seen, there are many directions to be taken for a better understand-
ing of f(T') gravity. Even if the model has a very high risk of being pathological, it
is still worth to study its properties and problems with more detail. Cosmological
and other applications seem promising, at least at the naive level of not worrying
much about the nonlinear problems. It is clear that a good understanding of f(T")
gravity is important and will lay the foundations for studying generalizations to dif-
ferent models such as new general relativity, f(7', B) gravity, symmetric teleparallel
frameworks and other options that share similar properties.

Acknowledgments

M. J. G. was funded by CONICYT-FONDECYT postdoctoral grant 3190531.

References

[1] R. Aldrovandi and J. G. Pereira, Teleparallel Gravity : An Introduction, Fundam.
Theor. Phys. 173 (2013).

[2] A. Golovnev, Introduction to teleparallel gravities, larXiv:1801.06929 [gr-qc].

[3] R. Ferraro and F. Fiorini, Modified teleparallel gravity: Inflation without inflaton,
Phys. Rev. D 75, 084031 (2007).

[4] G. R. Bengochea and R. Ferraro, Dark torsion as the cosmic speed-up, Phys. Rev.
D 79, 124019 (2009).

[5] M. Krssak and E. N. Saridakis, The covariant formulation of f(T) gravity, Class.
Quant. Grav. 33, no. 11, 115009 (2016).

[6] A. Golovnev, T. Koivisto and M. Sandstad, On the covariance of teleparallel gravity
theories, Class. Quant. Grav. 34, no. 14, 145013 (2017).

[7] M. Hohmann, L. Jarv and U. Ualikhanova, Covariant formulation of scalar-torsion
gravity, Phys. Rev. D 97, no. 10, 104011 (2018).

[8] M. Krssék, R. J. van den Hoogen, J. G. Pereira, C. G. Boehmer and A. A. Co-
ley, Teleparallel theories of gravity: illuminating a fully invariant approach, Class.
Quant. Grav. 36, no. 18, 183001 (2019).

[9] A. Eichhorn, A. Platania, and M. Schiffer, Lorentz invariance violations in the in-
terplay of quantum gravity with matter, Phys. Rev. D 102, 026007 (2020).


http://arxiv.org/abs/1801.06929

September 15, 2021 0:46 WSPC/INSTRUCTION FILE telrev

12

(10]

(34]

K. Bamba, S. Capozziello, M. De Laurentis, S. Nojiri and D. Sdez-Gémez, No further
gravitational wave modes in F(T) gravity, Phys. Lett. B 727, 194 (2013).

Y. F. Cai, C. Li, E. N. Saridakis and L. Xue, f(T') gravity after GW170817 and
GRB170817A, Phys. Rev. D 97, no. 10, 103513 (2018).

B. Li, T. P. Sotiriou and J. D. Barrow, Large-scale Structure in f(T) Gravity, Phys.
Rev. D 83, 104017 (2011).

A. Golovnev and T. Koivisto, Cosmological perturbations in modified teleparallel
gravity models, JCAP 1811, 012 (2018).

A. Golovnev, Perturbations in f(T') cosmology and the spin connection,
JCAP04(2020)014.

S. Chen, J.B. Dent, S. Dutta and E.N. Saridakis, Cosmological perturbations in
f(T) gravity, Phys. Rev. D 83, 023508 (2011).

M. Hashim, W. El Hanafy, A. Golovnev and A. El-Zant, Toward a concordance
teleparallel cosmology I: Background dynamics, arXiv: 2010.14964.

J. Beltran Jiménez, A. Golovnev, T. Koivisto and H. Veermée, Minkowski space in
f(T) gravity, |arXiv:2004.07536! [gr-qc]].

A. Golovnev and M.J. Guzmén, Non-trivial Minkowski backgrounds in f(T) gravity,
[arXiv:2012.00696/ [gr-qc]].

A. Finch and J. L. Said, Galactic Rotation Dynamics in f(T) gravity, Eur. Phys. J.
C 78, no. 7, 560 (2018).

S. Bahamonde, J.L. Said and M. Zubair, Solar system tests in modified teleparallel
gravity, JCAP10(2020)024.

M.L. Ruggiero and N. Radicella, Weak-field spherically symmetric solutiuons in {f(T)
gravity, Phys. Rev. D 91, 104014 (2015).

M. Li, R. X. Miao and Y. G. Miao, Degrees of freedom of f(T") gravity, JHEP 1107,
108 (2011).

R. Ferraro and M. J. Guzmén, Hamiltonian formalism for f('T) gravity, Phys. Rev.
D 97, no. 10, 104028 (2018).

R. Ferraro and M. J. Guzmdn, Quest for the extra degree of freedom in f(7T') gravity,
Phys. Rev. D 98, no. 12, 124037 (2018).

R. Ferraro and M. J. Guzmaén, Pseudoinvariance and the extra degree of freedom
in f(T) gravity, Phys. Rev. D 101, no.8, 084017 (2020)

M. Blagojevic and J.M. Nester, Local symmetries and physical degrees of freedom
in f(T) gravity: a Dirac Hamiltonian constraint analysis, Phys. Rev. D 102, 064025
(2020).

D. Blixt, M. Hohmann and C. Pfeifer, On the gauge fixing in the Hamiltonian
analysis of general teleparallel theories, Universe 5 (2019) 143.

D. Blixt, M. J. Guzman, M. Hohmann and C. Pfeifer, Review of the Hamiltonian
analysis in teleparallel gravity, [arXiv:2012.09180/ [gr-qc]].

R. Ferraro and F. Fiorini, Remnant group of local Lorentz transformations in f(7")
theories, Phys. Rev. D 91, no. 6, 064019 (2015).

Y. C. Ong, K. Izumi, J. M. Nester and P. Chen, Problems with Propagation and
Time Evolution in f(T) Gravity, Phys. Rev. D 88, 024019 (2013).

W. Kopczyniski, Problems with metric-teleparallel theories of gravitation, J. Phys.
A: Math. Gen. 15 (1982) 493-506

J. M. Nester, Is there really a problem with the teleparallel theory?, Class. Quantum
Grav. 5 (1988) 1003-1010

P. Chen, K. Izumi, J. M. Nester and Y. C. Ong, Remnant Symmetry, Propagation
and Evolution in f(T) Gravity, Phys. Rev. D 91, no.6, 064003 (2015)

K. Izumi, J. A. Gu and Y. C. Ong, Acausality and Nonunique Evolution in Gener-


http://arxiv.org/abs/2004.07536
http://arxiv.org/abs/2012.00696
http://arxiv.org/abs/2012.09180

September 15, 2021 0:46 WSPC/INSTRUCTION FILE telrev

13

alized Teleparallel Gravity, Phys. Rev. D 89, no.8, 084025 (2014)

R. J. Yang, Conformal transformation in f(7°) theories, EPL 93, no. 6, 60001 (2011).
M. Wright, Conformal transformations in modified teleparallel theories of gravity
revisited, Phys. Rev. D 93, no. 10, 103002 (2016).

A. Golovnev and M.J. Guzmén, Disformal transformations in modified teleparallel
gravity, Symmetry 12 (2020) 152.

C. Bejarano, R. Ferraro and M. J. Guzman, Kerr geometry in f(T) gravity, Eur.
Phys. J. C 75, 77 (2015).

G. G. L. Nashed, Exact Axially Symmetric Solution in {(T) Gravity Theory, Adv.
High Energy Phys. 2014, 857936 (2014).

C. Bejarano, R. Ferraro and M. J. Guzmén, McVittie solution in f(T) gravity, Eur.
Phys. J. C 77, no. 12, 825 (2017).



	1 Introduction
	2 Lorentz invariance
	3 Linear perturbations
	4 Hamiltonian formalism and remnant symmetry
	5 Causality and Cauchy development
	6 Discussion

