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Abstract

The present paper is concerned with the integral of the absolute value of a Brownian motion
with drift. By establishing an asymptotic expansion of the space Laplace transform, we obtain
series representations for the probability density function and cumulative distribution function
of the integral, making use of Meijer’s G-function. A functional recursive formula is derived for
the moments, which is shown to yield only exponentials and Gauss’ error function up to arbitrary
orders, permitting exact computations. In order to obtain sharp asymptotic estimates for small-
and large-deviation probabilities, we employ a marginal space-time Laplace transform and apply
anewly developed generalized Laplace’s method to exponential Airy integrals. The impact of drift
on the complete distribution of the integral is explored in depth. The new formulae complement
existing ones in the standard Brownian motion case to great extent in terms of both theoretical
generality and modeling capacity and have been presented for easy implementation, which nu-
merical experiments demonstrate.
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1 Introduction

Studies of the integral of the absolute value of a standard Brownian motion can be traced back to
[16, Kac, 1946], in which an asymptotic series representation was provided for its direct Laplace
transform. The result can be seen as a consequence of applying the Kac formula developed in [17,
Kac, 1949]. Later, [30, Takacs, 1993] managed to invert this Laplace transform and provided a
rapidly converging series representation for the probability density function, in addition to deriv-
ing recursive formulae for the moments. Large-deviation probabilities were subsequently obtained
in [33, Tolmatz, 2003]. A good number of works have been devoted to studying similar absolute-
value Brownian functionals, covering both exact and asymptotic formulae; we refer to [28, Shepp,
1982], [14, Johnson and Killeen, 1983], and [31, Tolmatz, 2000] for the Brownian bridge specifically,
to [20, Louchard, 1984], [23, Perman and Wellner, 1996], [12, Janson, 2007], and [13, Janson and
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Louchard, 2007] for Brownian excursions and Brownian meanders (including double meanders), and
to [5, Castillo and Boyer, 2016] for the multidimensional case, among others. Noteworthily, the above
works have all emphasized the centeredness of the Brownian motion. Meanwhile, it is appealing to
introduce a linear drift component so that the integral functionals are operated on a general contin-
uous Lévy process; with additional parametrization, the drifted versions are much more adaptive for
applications in various directions (discussed below). In such a case, we stress that the drift compo-
nent will significantly complicate the analysis because it does not scale with the Brownian motion in
time.

Let W = (Wy);>0 be a standard Brownian motion defined on a probability space (Q2,%,P) and
construct the associated Brownian motion with drift

W :=ut+oW;, t=0, (1.1)

where the only two parameters, u € R and o > 0, are referred to as the drift parameter and dispersion
parameter, respectively. Our primary objective in this paper is to examine the process X = (X;)s>0
defined by

¢ ¢
X; ::f IWsldszf lus +oWslds, t=0, 1.2)
0 0

which can be viewed as the L-norm of W taken over time. By construction, P{X, = 0} = 1 and X has
P-a.s. positive and increasing sample paths. It is also immediate from (1.2) that changing the sign of
1 has no effect on X up to indistinguishability.

With these fundamental properties, the process X is a natural substitute for the closely related
square integral functional ( fg Wszds) 10> corresponding to the L2-norm, whose distribution has been
comprehensively studied in [39, Xia, 2020] (see also [31, Tolmatz, 2002] for the case of a standard
Brownian bridge), and the exponential functional ( fot eWs ds) +=0» Which has a long strand of literature
(see, e.g., [22, Lyasoff, 2016] for a detailed analysis with the inclusion of drift). Specifically, X finds
applications in reliability engineering as a model for the random wear of structural materials [35,
Van Noortwijk, 2009] and, in financial engineering, when establishing the volatility cluster effect
based on the technique of stochastic time change ([4, Carr et al., 2003]) or when describing stochastic
intensities in a reduced-form credit risk model ([9, Gourieroux et al., 2006]). In the last aspect, the
square integral has recently been adopted ([6, Chen and Xia, 2023+]) which has ensured explicit eval-
uations of the cumulative intensity under measure changes — a property that affine jump-diffusion
models do not possess; in connection with this, the drift component is crucial in generating sizable
leverage effects. In comparison, the process X tends to behave less variably than its square coun-
terpart and is more suitable for modeling calmer random phenomena for the same purposes. This is
our main motivation to embark on this study. Moreover, the standard integral fol |Wslds is strongly
connected to the so-called “empirical process” arising in goodness-of-fit tests after the Khmaladze
martingale transformation ([18, Khmaladze, 1993]), a technique aiming to establish distributional
independency when multiple parametric hypotheses are in place, and its distribution function we
also expect to give explicitly as a byproduct of our analysis.

On surface, analyzing the distribution of X; for generic ¢ > 0 under the parametrization {u €
R, o0 > 0} is subtler than doing the square functional as no closed-form formula exists for its direct
Laplace transform — not even in the centered case. For this reason, our analysis will also bring
about new techniques for handling tail-integrated composite functions and line integrals involving
exponential Airy functions. The proposed exact formulae make a decent addition to the collection of
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distribution formulae for many Brownian functionals in [3, Borodin and Salminen, 2002], while the
asymptotic formulae can well be contrasted with those available in [33, Tolmatz, 2003].

2 Laplace transform

To facilitate analysis, we often write X as

Xt:afotlbs+Wslds, t=0 (2.1)
with & = p/o € R. In what follows we shall take time ¢ > 0 as generic and start by considering the
space Laplace transform (i.e., with respect to the probability measure),

fx,(w):=Ee “X:, Reu>0. (2.2)

We shall provide an asymptotic formula for fx,(u) for |u| — co, which enables us to derive rapidly
converging series representations for the corresponding distribution functions. An alternative for-
mula for small |u| will be deduced in Section 3. Throughout, fractional powers of complex numbers
are all taken to be their principal values.

Theorem 1. Assume p # 0. The space Laplace transform (2.2) of X; admits the following series
representation:

_ 9 5 00 k=1 u2j e((au)2/2)1/3ta;w 2 y N
fX (u) = e_,u t/(20°) Z Z i . . Z - (_a/ ~ ')2‘]—1
t & ot wB(—a),_)Aila,_)epl s\ i)k
ro) Ve ) 1 p (12 4 (@)
' * 5=,
X (31/3F(i/3) 31/3 (31/31"(2/3)(i+1) 1 2( 3 '3’ 3 | 9 )
(a_)) i+2 4 i+5/(@_)
—J L= k-j
i T(1/3)i+2) " 2( 3 '3’ 3 ‘ 9 ))’ Reu >0, (2.3)

where Ai = Ai(-) is the first Airy function and {a;e :keIN,,} cRR__ are the zeros of its derivative,
ordered in such a way that a;e > a}Hl, Vk, T =T() is the usual gamma function and 1Fe = 1Fa(-;-,-|")
is a hypergeometric function,' and the limiting value T(i)/(3"3T(i/3))|;=¢ = 1/3 is understood.

Proof. A direct application of the classical Cameron—Martin—Girsanov theorem allows to rewrite
the Laplace transform as ,
fx,(w) = EebWimb"tR2-ouY: Ry >0, (2.4)

where Y is just X with y=0 and o =1, i.e., the absolute-value integral of W.
Denote v = ou for convenience. It is known (see, e.g., [3, Borodin and Salminen, 2002, Eq.
1.8.7.(1)]) that

2/0\1/3 .
Ul/3e(v /2) ta}iAl(a;e+(2U)l/3|Z|)

dz, Rev>0,zeRR.
22B(—al,)Ai(a,) 5 TerenE

E(e VY, W, edz) = Z
k=1

IWe refer to [1, Abramowitz and Stegun, 1972, Sect. 10.4] for detailed properties of the Airy function (with connections
to other Bessel-type functions) and to [29, Slater, 1966] for that of generalized hypergeometric functions of arbitrary
dimensions.
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Noting that Ai(w) = O(w_1/4e_2/3w3/2) as |w| — oo for |argw| < n/2 and the above series converges
absolutely, by marginalizing e®?E(e *Yt; W, € dz) over z € R along with the Fubini theorem we have

F (1) bz—1/2b%¢ i v 1812t s ! +(20)1/3|Z|)d
Pl _fIRe 225(—alAi(a,) i

2/0\1/3 4 1 _ 2
0 ,1/8 ,(0%/2) P ta),~1/2b%

o 28(-a))Aia))

f eP? Ai(a, +(2v)13|z))dz. (2.5)
R

)1/3

Since Ai is an entire function, by the substitutions +(2v)"°z — z the last integral can be reformatted

into

o0 —U3( o0 —u3 /
(20)—1/3(f eb(2v) (ak—Z)Ai(z)dz +f eb(2v) (Z—Ctk)Al(z)dz)
@, @,

— 923,-13 Z(b(gv)*1/3)21f (z - a},)? Ai(2)dz,
j=0 “

where the equality follows from expanding the exponentials around z = a . Hence, if we define the
integrals

(&) .
Irj ::‘[/ (z—a;e)2]Ai(z)dz, kelN,,,jelN (2.6)
A

then plugging it into (2.5) yields us the formula

— [ e lNee] (b(zv)_l/S)2je(v2/2)1/3ta;e_1/2b2tjk .
fxt(u)—ZZ ——— S y—om,
k=1j=0 (—aj)Ai(a))(2))!

which is equivalent to

2j ((0u)2/2)1/3ta}37jj .
k—j.J

z ey RIS
fx,(w)=e >y

. 2.
i=1720 ot w3 (—a_)Ai(a)_)(2))! 2.7)

To evaluate (2.6), we apply binomial expansions to write

=7 --% 2 by [7 2iaia
k= ; a, g z'Ai(z)dz

1=0 k
2-] 2j— l i
= Z( )(— ) [ [ z'Ai(z)dz, kelN,,,jeNN,

where the second equality follows from the continuous differentiability of the integrand with a}’s
being all negative. The first integral, corresponding to the Mellin transform of Ai, is well-known
(see, e.g., [34, Vallée and Soares, 2010, Eq. 3.86]), and we have

r'@G)
3i/3T(i/3)
with the understanding that [ Ai(z)dz = 1/3 if i = 0. For the second integral, it is enough to look at

the primitive. Note that Ai is directly linked to the (generalized) hypergeometric function via (see [1,
Abramowitz and Stegun, 1972, Sect. 10.4])

3 3
Ai(z) = —32/31}(2/3) OFl(;§|%) - —31/3;(1/3) oFl(;;—1|%), zeC.

fooziAj(z)dz =
0

4
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Then, as a result of the general Euler transform for hypergeometric functions (see [29, Slater, 1966,
Eq. 4.1.2]), we have

i+1 i+2

z 1+1 2 i+4,z z z+2 4 1+5|z
3BL(2/3)i+1) " (3’ )9) 3UBT(1/3)(i +2) * 2( 3’3 |9)

fziAi(z)dz =

which can be straight evaluated at the lower limit a}e because 1Fs is an entire function with the
specified parameters, while its vanishing at z =0 is clear.
Thus, we have obtained for (2.6)

2 (2 i T CDH=ap)! 1 i+1 2 i+4@})?
Ii= 2| )Y (g g (e Fe (e | )
= 3i3T(i/3) 3 31BT(2/3)(i + 1) 3°'3 319
(—a}) i+2 4 i+5)(a})?
1Py (552, 2 ), (2.8)
F(1/3)(L+2) 3 '3 3 9
Putting (2.8) into (2.5) and arranging terms we have the desired formula. O

An alternative way to obtain the formula (2.3) is by applying the celebrated Feynman—Kac for-
mula and solving a partial differential equation that governs the function Ry x R 3 (¢,2) — ¢(£,2) :=

Ee~uho lus+o(Ws+2)lds with y assumed to be positive-valued. More specifically, this equation reads

d 1 5,02 0
&(p(t,z) = —(Uu) —(p(t z)+uu—(p(t z2)—|zlp(t, 2),

subject to the initial condition ¢(0,z) =1, Vz € R, which can be tackled via standard eigenfunction
expansions (see, e.g., [2, Bell, 1944] for a useful reference). In any case, the adopted method involving
the Cameron—Martin—Girsanov theorem is considerably simpler for our purpose.

With the initial value theorem in mind, the series representation (2.3) is useful for deducing the
required distribution functions of X;, which we shall address in the next section. It is, nevertheless,
cumbersome for direct implementation (including that of the corresponding characteristic function)
as the series is divergent in the limit as |u| — 0; for the same reason, it also cannot be used to analyze
the moments of X;.

Upon sending p — 0 in (2.3), the second sum reduces to a single term at j = 0 and we have the
simplified formula

o ((ow)?/2)Bta’ — ! 1\3
_ e vl (—a)) 1 12 4,(a;)
Fr(usp=00=Y ——— o+ —k( 1Fa( 552, 2|2
=i (—a))Ai(a)) '3 313 31Br(2/3) 7 2\3°3731 9
(-a}) (2 4 5(a})
=0 g 2.
o3 ! (3’3’3 9 )) Reu >0, (2.9)

which is essentially a scaled version of Kac’s original discovery in [16, Kac, 1946] albeit with explicit
evaluation of the Airy integrals.
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3 Distribution functions

We proceed to deriving formulae for the distribution functions of X;. Recall that the series rep-

resentation (2.3) is absolutely convergent for Reu > 0 and hence can be termwise inverted. This

automatically guarantees the existence of a probability density function, denoted as

[FD{X t € dx}
dx ’

Theorem 2. Assume pu # 0. The probability density function (3.1) of X; is given by

fx,(x):= >0. (8.1)

o~ 121207 oo k-1 uzt(—a;e_j))j 1

Var o\ 20% ) 872(=a), )Ai(a),_)2))!

fx,(x)=

j . . 1N i+1
b P (D I =
Sl k—j 3i/3T(i/3) 313
X( 1 (i+1.g i+4‘(“;e_j)3)+ (_a;e—j) (i+2é i+5’(a;e—j)3))
318r@2/3)i+1) - 2\ 3 '3 3 9 r1/3)G+2) ' 23’3 3 9

G+1/8 (j+2/8 j3+1 2742
( 172 1 |W) x>0, (3.2)

0,3
x Ggly

where G =G> (--|-) denotes Meijer’s G-function.

Proof. Based on Theorem 1, inverting (2.3) comes down to inverting u =2/ 8¢~ in u for j=0.
Since the power of the exponent is rational we can consult the general formula in [26, Prudnikov et
al., 1992, Eq. 2.2.1.19] to obtain that, for arbitrary ¢ > 0,

1 c+ioco wru? 931 31 ,x\2//3 3.0 Jj13 ji3+1/2 4
= AL 55(5) &5l o 1s 2 ‘27x2)’ x>0. 33

This expression can be shortened by using some fundamental identities involving the G-function (in
particular, see [7, Erdélyi et al., 1953, Egs. 5.3.1.(8) and 5.3.1.(9)]); we then have

_23 _o:
U Uy, 2]/3du:

1 c+ioco 1 0’3( (_]+ 1)/3 (_]+2)/3 _]/3+1 (3.4)
271 Je—ico 3/-12 /gy 32 ’

27x>
1/2 1 ‘T)

Using (3.4) along with the scaling property of the Laplace transform, the density function of X; can
be expressed as

2 .
fX (x) _ e_ldzt/(20'2) 0 k—l(u t(—a;e_j))‘] yk—j,j
' VX 52150 202 3J—1/2(—“;e,j)Ai(a;e,j)@j)!
G+1/3 (j+2)3 ji3+1 27x2

xGs| ), x>0, (3.5)

V2 1 120%63(-a),_;)3)

after simplifications, where .9, ; is given by (2.6). Using (2.9) to explicitly rewrite ., ; in (3.5) delivers
(3.2). O

2We refer to [7, Erdélyi et al., 1953, Chap. V] for various definitions and detailed properties of the G-function.
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In the limit as y — 0, with the second series in (3.2) reduced to a single term at j = 0 and the
specialization that (see (3.3) and [7, Erdélyi et al., 1953, Egs. 5.3.1.(7) and 5.6.(5)])

Go)g( /3 2/3 1 | 272 )
3,2 1/2 1 195243 _a;e—j)3
B Go,z( 13 2/3 ' 27x> )
=Ya1 1/2 2021,‘3(—06;6_].)3

U4/3t(_a;e)
T 9x 223 x4

7 4 202t3(a;e)3)_ 1/3F(—1)(x)2/31 1(5 9 202t3(a/’k)3))

(r(5)a-a 1P (g5 5] 50 3 631 2

g

in terms of Kummer’s confluent hypergeometric function 1F; = 1Fi(-;:|-),” we have the following
reduced formula after rearrangement:

43 (—aj) (a,)?

frluu=0="7 ><022/3tnx7/3 :1A1(1a;g)(§+ 33; (31/3r1(2/3) 1F2(%;§’§‘ “g )

Y, 13 2,3( /13

+z(r(62¥f3))1 2(2;;_L’g’%ﬂ))(r(g)t(_ai)1F1(g;§)202t7$k) )
) 5 ) e

If one uses instead Tricomi’s confluent hypergeometric function which is a modified form of {F; in
(3.6), this becomes a scaled version of the original formula obtained in [30, Takacs, 1993, Thm. 1].
The same result can be deduced by directly inverting (2.9).

In a similar fashion we can obtain the next result for the cumulative distribution function,

FXt(x)::IP{thx}sz fx,(y)dy, x>0. 3.7

Theorem 3. Assume u # 0. The cumulative distribution function (3.7) of X; is given by

Fx,(x)=

oVBe 120D oo k-1 ,u2t(—a£;e_j))j —a, 2 (2J~
i

Vare  EAslT 20 3f+1Ai(a}€_j)(2j)!;)
r'G) (—l)i(—cr;e_j)iJrl 1 i+l 2 i+4 (a;e—j)3
X(3i/3r(i/3)Jr 3173 (31/3r(2/3)(i+1) (5555 )
N ~a;_)) . 2(i+2_§ i+5|(a;e—j)3))
r'13)i@+2) 3’3 3 9
(j/3+5/6 Jj3+7/6 j/i3+3/2

)(_a;e_j)Z]'—i

27x2

172 1 ’W) x>0. (3.8)

0,3
x Gy
Proof. Using the integration property of the Laplace transform that

M, Reu >0,
u

F’Xt(u):=f e “Fx,(x)dx =
0

3Specifically, this function is used in this context for notational consistency with other hypergeometric functions, in
addition to computational advantages.
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we are led to invert u=2/3-1e=%*" in light of (2.3). Hence, following the proof of Theorem 2, we only
need to replace j with j+ 3/2 in (3.4) to obtain the result after arranging terms. O

Similarly, upon sending ¢ — 0 in (3.8) we immediately have the reduced formula

oV =/, (—a}) 1 12 4(a))?
Fx,(x;p0=0) = (_ 1/; ( 173 1 2(_;_’_ 5 )
3v2nx =y Aila)) 313 \3181(2/3) 3’3’3l 9
(-a},) (2 4 5(a})? )) 0,3( 5/6 7/6 3/2 27x2 ) 50
Toras) 2333l g 3,2 12 1 120%3(-a),_ )3V '

(3.9)

Here the G-function cannot be simplified to more elementary functions due to irreducible dimension-
ality, which is most likely why no similar result was given in [30, Takacs, 1993].

Pertaining to the Khmaladze transformation-based goodness-of-fit tests mentioned in Section 1,
the new formula (3.9), taken with 0 = ¢ = 1, determines the exact null distribution of the test statistic
based on the L!-norm, which is more robust to significant outliers than the commonly adopted statis-
tics based on the L®°-norm or the L?-norm; see, e.g., [27, Roberts et al., 2023, Sect. 3] for illustrations
of the latter two.

4 Moments
Let the moments of X; be denoted by
Mx,(n):=EX}, nelN, 4.1)
all of which are positive. Their existence is established in the next lemma.
Lemma 1. We have that Mx,(n) <oo, Vn € IN.

Proof. Let Ag ={we Q:|W;| <1} for s €[0,¢], recalling (1.1). An application of the CP-inequality
gives

MXt(n):[E(fOtIWsl]lAsds+f0t|W3|]lAEds)n
< -1 ([E(ft|Ws|]1Asds)n+[E(ft|Ws|]1Ands)n)
0 0 s
t n
52(”‘1)+(t”+[E(f0 (Ws)st) )
< 00,

where (-)* means the positive part and the last inequality follows from the finiteness of the expecta-
tion (i.e., the moments of the square integral of Brownian motions with drft); see, e.g., [39, Xia, 2020,
Thm. 3]. O
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Beside the zeroth moment obviously equal to 1, the first moment (mean) can be easily computed
by applying the Fubini theorem. Since W is for every fixed s normally distributed with mean us and

variance 02s, we obtain in particular

0\/_(ﬂ t-o ) e t/(202) H t2+04 IJ\/_
V2mp? 2u3 \/_0

where erf = erf() stands for Gauss’ error function. However, this approach quickly fails for moments
of higher orders when multiple integration has to be carried out — in fact, note that with the second
moment no closed-form expression exists for the expectation E|W,Wy|, s,s’ € [0, ¢].

In an attempt to derive an alternative series representation for the Laplace transform fx, to
(2.3), in the next theorem we are able to provide a general formula that allows exact computations of
the moments of arbitrary orders.

(4.2)

t
M, (1) =EX, = [ EIW,1ds -
0

Theorem 4. Assume p# 0. The moments (4.1) of X; are given by

(=1 g™ 3 2nle 10D n o (kL (] —1/2 @ 2t
Mx, (n)= ¢, c n,l,i nelN, (4.3)
t \/2—n = kl;);’) l—1i (2) k-1 ( 20 2)

where the series coefficients satisfy

(@ _ CVTR+50R+16)3/40" o) 6k+D o o
k 2nk' CoR T (1-6k) R ’
55)1) ~(1) Z D ~§el)m’ >1 (4.4)

and for0<i<I<n, X(n,l,i;ut/(20%)) = S;(1) are determined by the differential—difference equation

So(p) =

I! I+1 1 1 3n u?t
r@n2+1 o[ Gg iyt zgzp)
r'/3) & (m=0S;n(p)-2mpS;_ (p)

w8ilp)=— mzzl T@B-mmin  Nep>0 “5
with 9Fa(:,-;-,-|-) being a generalized hypergeometric function.
Proof. Based on (2.1), we rewrite
My, (n)=c"e "2E(?WY]), nelN (4.6)

with b = y/o, assumed nonzero.

By consulting a known formula for the space—time Laplace transform of the distribution of Y;
(see [30, Tolmatz, 2000, Eq. (2)]) stemming from applying the result of [17, Kac, 1949], we have for
v = ou with positive real part that

ebzAi(21/3U—2/3(y + U|Z|))
(2U)1/3Ai’(21/3v—2/3y)

(e, 0)
f e_yt[E(ebWt_UYt;Wt edz)dt=- dz, Rey>0,zeR.
0

Marginalization yields

[es) bz A:(091/3,,—-2/3
— —(y-b2/)t 7 _ e”*Ai(27 v (y + vlzl))
b= [P = [ TR

9
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1 —by/ f°° balo A ol/3. 23
=_ e oYY eV AiI(2V° v °2)dz
Q1B U3 A{ (213,23 ) ( X

fos) b2
N eby/vf e—bz/vAi(21/3l)—2/32)d2)’ v=0u, Rey > 5 4.7
y

where the second equality follows from splitting the integral with respect to |z| and the substitutions
y+vz— z. From here we write a = 230?23 with Rea > 0 and f = b/v # 0.

For the (first) Airy function and its derivative the following asymptotic expansions are well-
known (see [1, Abramowitz and Stegun, 1972, Eqs. 10.4.59 and 10.4.61]):

Aitam) e_2/3(ay)3/2 . 022) Alan) e—2/3(ay)3/2 o 021) s

ay) = 5 ay)=— ) .
2\/5 i (ay)3k/2+1/4 2\/7_r P (ay)3k/2—1/4

where cgel)’s and cf)’s are as specified in (4.4). Plugging the first expansion in (4.7) we obtain

o0 o0
A= e_ﬁyf eﬁZAi(az)dz+eﬁyf e P Ai(az)dz
y y

(2)

1 & c oo 32 o0 312

_ k —By Bz—-2/3(az) —1/4—3k/2d + By —pz-2/3(az) —1/4—3k/2d

= E 14+3%/2 e e V4 zZte e z zZ]|.
2\/7_'[ k=0 @ y

y
As the integrands are analytic in the right half-plane, the substitution 22 — z gives
1 X 0(2) o] o)
A= Z k ( o Py eﬁ22/3—2/3a3/22 5 V2R g, 4 oBY e—ﬁ22/3—2/3a3/2z 5~ V2-ky z)
3ﬁ =0 a1/4+3k/2 y3/2 y3/2 '

The asymptotic expansions of the above integrals can be derived via integration-by-parts, i.e.,

= 2=y32

_ oo 23_o/m 32, _1/0_ 3 _ 23_o/m 32, _1/0_
e ﬁyfweﬁz 2/3a*%z ,~1/2 kdz:—za 3/2((eﬁz 2/3a%%z ,-1/2 k) 0o
y

+-a” —

3 Sl 32, d 23 _1/9_
3/2f o2z L (op maRy g, .
2 32 dz

and similarly for the other integral. Repeating indefinitely we obtain

) )
e_2/3(ay)3/2 oo 022) . gik(y3/2)+g_J)k(y3/2)

A= :
2\/5 frur a7/4+3k/2 ng (2/3a3/2)J

) 4.9

where ) _
D) oy = ,—pe?® g2 19 ) oy B2 Y e 19k
g; k(z) e o (e z ) and g_’k(z) e o (e z ).
Then, an application of Faa di Bruno’s formula allows to express these repeated derivatives in terms
of partial Bell polynomials (see, e.g., [15, Johnson, 2002]), namely

. J (i
D) .32y _ = [J I(1/2-k) —3/4-3(k+(j—i))/2
gy )_i;)(i)F(l/Z—k—(j—i))y

i I'(5/3) _
§ : Bl 1-3m/2 .
xl:O l,l(r(5/3 )y € [ 71’ l ])7

10
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where

_ ( T'(5/3)
NI G3-m)

it EL(T(5/3)/T(5/3 — m)yl=3m/2)m

—l+1,
l_[’ m=1 m m=1 m!

, (4.10)

yl=3m/2 me]Nn[l,i—l+1]) Z

where the sum runs over all such combinations {1, : m € NN [1,i — [ + 1]} that Z”l Ly, =1 and
> i+ 11 mi,, =i. The same holds for g(J ) (y%2) except that g is replaced by —pS.
Straightforward manipulation then gives

(J) (y3/2)+g(f) (y3/2)

j I'(1/2-k) —3/4-3(k+(j—1))/2
-9 I
Z( )r(1/2 k—(]—l))y

T(/3) ,
X Zﬁzﬂeven(l)Bi’l(myl 3m/2|m€]Nﬁ[1,L—l+1])
' T(/3) 4 ,
_2Zﬁj lﬂeven(] Z)Z( )B]+l -1,j- l(myl 3m/2|m€INﬁ[1,l+1])
TA2-k) su-ska-iyz

“T2—k-(-1)

By substituting this into (4.9) and changing the order of summation (with respect to j and /) we have

ae 95/12,,7/6 ,-2/3(ay)*? io: ﬁi i 37k i~ o (G — 1)
2\/7_1 = Qk/2 0iz0 93j/2
l .
j T(/3)  1_3me . ['(1/2-k) —3/4-3(k+(I—i))/2
Biiisjii|——y'?"2meNn[1,i+1 i
g O(i+j—l) B e e (IR v ey
~ 95/12,,7/6 ,~2/3(ay)** i ”i i C(n231 3 b/ yen ()
- 27 Y B g anhr gaGn
l .
J+l I'(5/3) 1 3mp ) L2+ D) g g-ive
ivii| == eNN[1,i+1]| ——— 411
x;)(j+i) i =) [meNa i) = @10

Thus, if we divide ( ) by the product of —23v%3 and Ai'(ay) as in (4.8), we obtain an asymptotic
expansion of ¢(u,y) in y involving only nonnegative integer powers of v = cu. More specifically, by
applying Cauchy’s product rule and arranging terms we have

~(1) 2 i i .

0o n C c 3]+lb_]]l ( )

— k=1 evenJ
P, =) v Z on- . 3(n Y Z Z QU172 3G+

n=0

JHlo o (TGR)  1 gmpe .
M 1-3k-)/2
“TW2—Fk+0)

With Ai’ in the denominator, it is familiar ([10, Gradshteyn and Ryzhik, 2007, Eq. 0.313]) that the
reciprocal series coefficients ~(l)’s satisfy the recurrence relation in (4.4).

11
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On the other hand, Lemma 1 implies the canonical expansion

_ © My, (n)(—u)"
fx,w=) Mx,(mW(zu) )

(4.12)
n=0 n!

Since (4.7) is the time Laplace transform of eb"t2 fx,(w) for fixed u, as a result of matching the powers
of v with reference to (4.6) we must have

0 n | n k
f e—(y—b2/2)tMXt(n)dt — ( 1) U n: Z 6 Z Z
0 k=0

im0 2r/2-k+i) m\27+if' 8

3¢ T(1/2-k+1) (2j+z)(9_z,2)j
I'(5/3)

*Bojrizj (r(5/3 “m)

y1—3m/2|m € ]Nﬂ[l,l + 1])y—1—3(n—i)/2 (4.13)
after simplifications. Observe from ( ) that the right side of ( ) only has negative half-integer
powers of y.

To extract the powers of y contained in the Bell polynomials, we employ a regularization argu-
ment (with infinitesimal € > 0) that for i,j € N,

L(5/3) 1 gmsp : 2]+l d ( x F(5/3)y1_3m/2€m_1)2j
Byjiioj| =——— m Nn[1 1
2j+i\ 4\ o
— il XD > T Y At 1222
( o )(9) i1P;()y /52, (4.14)

With an infinite radius of convergence, the above power series has induced (y-independent) polyno-
mials of degree i that familiarly satisfy the recurrence relation ([10, Gradshteyn and Ryzhik, 2007,
Eq. 0.314])

- , _r(2/3) d 2jm+m-—i
Po(j)=1~P;(j) = Z 1 T(2/3 = m)(m +1)!

Pip(p), iz1, (4.15)

with all rational coefficients.
Plugging ( ) and ( ) back into ( ) and simplifying we have

o 1)" n koL 8l T(/2-k+1)
f e_(y_bZ/thXt(n)dt——( Y'o'n! Z el ZZ ]
0 Vor o o r (l—z)'F(1/2 kE+1i)
b? J(2J+l)' N o—j—1-3n/2
Z(z) ~anr T : (4.16)

Indeed, ( ) only contains negative half-integer powers of y. Noting that the infinite series (with
respect to j) converges absolutely for Rey — oo, by termwise inversion we arrive at the semi-closed
formula

(~1)rgne3n/2p |- Kth20%) n o & 3le (2) ) T(1/2-k+1)
MXt(n)Z \/2_n Z Cn—k Z Z lr(l/z E+i)1—i)
k=0 = " 1=0i=0 D -t
o ty\J 25+ .
), 4.17
;( ) @G +3n2+ D V) @1

4This expansion has a positive radius of convergence according to the proof of Lemma 1.
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where, again, recall that p/o = b and the series coefficients are given by (4.4) and ( ).
Observe that the j-series in ( ) is the special value at p = 1 of the one-sided Z-transform of
(U2t/(202)Y (27 + DV(2/)'T(j + 3n/2 + 1))P;(j) as a function of j € IN; i.e., we can define
it

Sip)=Si(p| o) =

( p2t )f (2j+D!
\262p) @)L +8n/2+1)

18

P;(j), Rep>0.

J
Then, using the differentiation property of the Z-transform, if we apply the Z-transform to the re-

currence relation ( ) multiplied by (u2t/(202))(2j + DV(2/)'T(j + 3n/2 + 1)) (independent of i), we
easily obtain the transformed relation:

2 i .
Xty (@D
SO(p)‘;)(mﬂp) @HITG +3n/2+1)
_T@23) & (m—)Si-m(p)-2mpS;_, (p)
~Silp)=—3 mzzl T@B-m)(m+1)! “-18)

where the first line is the same as that of (4.5) from standard manipulations with the definition
of generalized hypergeometric functions ([29, Slater, 1966]) and the derivative S’(p) in the second
line is with respect to p. As a differential-difference equation, (4.5) is well-posed and has a unique
solution simply because it is purely forward in i € IN, or is of retarded type.

Therefore, we complete the proof after rewriting ( ) with (4.5) and shortening terms. O

Application of Theorem 4 is straightforward: All the series coefficients in (4.4) may be computed a
priori up to arbitrary orders and their values stored; then, the equation (4.5) can be solved explicitly
by forward iteration, using the simple fact that continued differentiation only changes the parame-
ters and does not alter the structure (dimensionality) of oF9 ([29, Slater, 1966]). In this way one can
at least obtain (crude) moment formulae in terms of oFs.

On another look, 9F9 in (4.5) only has integer or half-integer parameters, and so is always re-
ducible to sums of the exponential and error functions. This means that, when fully simplified, all
orders of moments should involve erf as the only non-elementary function.” Achieving such a level of
simplicity is completely a matter of collecting numerous terms of combined powers of the parameters
U, o, and ¢, which task becomes extremely tedious as soon as n exceeds 2 but fortunately can be as-
signed to computer algebra. In particular, for n € {0,1,2, 3,4}, Mathematica® ([ , Wolfram Research,
Inc., 2023]) calculates that (i # 0)

Mx,(0)=1,
Mx, (1) = —0\/2(”21: — 02)e_”2t/(202) + pie? + ot erf'u\/Z
! V272 2u3 NoT
My (@) 3uBtt +4uba?e® + 6utott? — 36205t + 9608  ob(u2t+80?) —2H(20%)
= —_ e ,
X 12ﬂ6 IJG
My (3) o Vibu''t® + 15p80%t* + 10u804® - 21810842 + 1070u%0% — 14070010) _ 20,2
X = e
' 20V 278

5Further inspections indicate that even-order moments can be expressed free of non-elementary functions (erf), which
we prefer not to expound in this context.
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+u12t6+4p1002t5+3u ottt — 32180513 + 240082 - 11522010t + 2814012 fu\/_
8u? V2o’
(But8e® + 24162t + 281u12041% — 168u1%0%¢° + 201680811 — 18816851043

Mx,(4) = TE

+130536p1 0122 - 6078242014t + 144144006)

2108ttt + 32807 4% + 432p 044 + 7168”0 %t + 915200°) J-HoH20%)
64H12

(4.19)

The zeroth and first moments are the same as what direct computation yields (see (4.2)).

An alternative method to implement Theorem 4, as is clear from the proof, is to take advantage
of the polynomial recurrence relation ( ) instead of invoking (4.5). After calculating the polyno-
mials P;(j) up to some satisfactorily large degree i, one proceeds to evaluating the j-series under
multiplication by (u2¢t/(202))(2j + D((2/)'T(j + 3n/2+1)). Comprehensibly, this method is likely to be
more computationally efficient when the value of 2¢/(202) is already known. For the same reason, if
emphasis is on numerics, the formula ( ) may have a computational advantage over (4.3) in that
the j-series is rapidly converging due to the gamma function in the denominator and hence can be
easily truncated for moderate parameter values.

If we send g — 0 in ( ), only the term at j = 0 will remain in the infinite series and since
P;(0) = Ljpy(2) from ( ) the sum with respect to i disappears as well, hence giving us the much
simpler formula

(1o t32n) 2 4y &3\ TW2-k+1) @
Mx,(n;p=0)=———— Y ¢ —_ N 4.20
x =0 V2rT(3n/2 + 1) gc ;(2) T2—k) kv " (4.20)

which, without regard to scaling, is equivalent to the one provided in [30, Takacs, 1993, Thm. 2]
except that the latter used an additional recurrence relation.
Theorem 4 has also given rise to an alternative series representation for the Laplace transform.

Corollary 1. Assuming u # 0, the space Laplace transform (2.2) has the alternative series
representation

f 3n/2
x,(w)=e ¥ 2t/(20?) Z (O'u)nt n
t

n=0

ié Zi(z k- 1/2)(2) @) 2( L,i STZ) Reu>0, (4.21)

[=0i=0
where X(n,1,i;u?t/(202)) is as specified in (4.5).
Proof. This follows immediately from substituting (4.3) into ( ). O

Unlike (2.3), the representation ( ) is expanded for u near the origin and is more suitable for
direct implementation (e.g., characteristic function-based estimation). If y = 0, the specialization of
( ) and ( ) is understood as in the same limit as in ( ).

It is also interesting (and useful) to explore the four crucial statistics, namely the mean, variance,
skewness (Skew), and excess kurtosis (EKurt), of X;, which has been done for the square integral in
[39, Xia, 2020] as well. Computation is straightforward with ( ) and the relations

Mx,(3) - 3Mx,(2)Mx,(1) + 2M% (1)

SkeWXt = 3
V (Mx,@) - MZ (1)

b

14
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Mx,(4) - 4Mx,(3)Mx,(1) + 6Mx,(2)M% (1)~ 3M% (1) .

EKurtX; = 5 3
(MXt(2)—MXt(1))

(4.22)

The drift impact on these two statistics is explained in the next corollary.

Corollary 2. The following three statements hold.

(i) The skewness and excess kurtosis of X; both attain their global maxima at p = 0, with the respec-
tive maximal values

8(4480 — 1257 3(8581127 — 33453712 — 2293760
max SkewX; = ( z) and maxEKurtX; = ( 7 d 5 ).
peR 351/(277 — 64)3 peR 280(27m - 64)

(ii) The skewness and excess kurtosis of X; both vanish in the limit as |u| — oo.

(iii) The skewness of X; goes to its infimum of 0 in the limit as |u| — oo, but there exists u* > 0
(depending on ¢ and t) such that the excess kurtosis attains its global minimum' at = +u*.

Proof. From Theorem 4, and ( ), we can assume o =t = 1 without loss of generality.

For statement (i), based on the formulae in ( ), using the expansions of the exponential and
error functions around p =0 ([1, Abramowitz and Stegun, 1972, Eq. 7.2.4]), elementary but tedious
calculations show that

84480 ~1257n) _ 36n(19632861516m) 5 4
— as ,
35Q2771— 6452 19252776452 | O H H

SkewX1 =

on the right side of which the first coefficient is larger than 1 and the second is negative, and

8(4480—1257n) 36m(195328 —615157) .
- 7 if |ul <2
SkewX; <{ 35(27m —64)3/2 1925(277 — 64)52
1, if |ul > 2;

hence it must be that max,cr SkewX; = 8(12567 —4480)/(35(277 — 64)%2). A similar argument shows
the global maximum of EKurtXj.

Statement (ii) results directly from taking the limit as |u| — oo in ( ), using the asymptotic
expansions of the error function ([1, Abramowitz and Stegun, 1972, Eq. 7.2.14]).

Towards statement (iii), it is not hard to see from ( ) that the third central moment, namely
Mx, (3)-3Mx,(2)Mx, (1) + 2M}3(1(1), is strictly positive for p € R, and then the first conclusion (skew-
ness) follows from statement (ii). For the second conclusion, by statement (ii) and the obvious
continuity of EKurtX; as a function of pu, it suffices to find a point where its value is negative:
EKurtX; = —0.2165605388 at u = 2. O

Corollary 2 implies that despite being unconditionally right-skewed, the distribution of X; may
be platykurtic for moderate values of u, while it tends to normality as u goes to infinity. These
properties are notably different from the case of the square integral functional, which is always
leptokurtic. Figure 1 further visualizes changes in the skewness and excess kurtosis with respect to
the drift parameter.

8The numerical values (up to 10 significant digits) are approximately 1.277368533 and 1.776923532, respectively.
7Approximately —0.2621350996.
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— Skewness
— Excess kurtosis

Figure 1: Drift impact on skewness and excess kurtosis

5 Asymptotic estimates

In this section we provide asymptotic estimates for the above obtained distribution functions and
moments (Theorem 2, Theorem 3, and Theorem 4). We start with the following theorem regarding
the small-deviation probabilities of X;.

Theorem 5. The probability density function (3.1) and cumulative distribution function (3.7) of

X, satisfy
F1,04/202t3(-a)) (2t 202(t(x’1)3 o002
= -t 1+ ) 07 5'1
)= g a2 exp (= ooyt g A0, asa G-
and ) 9 s
9.% t 204(ta’)
Fx,(x) = L exp(- L5+ —-)a+06?), asx\0, (52
2, /210%3(—a P Ai(a,) 20°  2Tx
with the constant
1 daf 1 12 4@p?  (-a)) 2 4 5(a})?
Fro==——L[——  Fy(=:2 2 + Fo(2: 2,2 . 5.3
10=3 31/3(31/3r(2/3)1 2(3 3’3179 ) or(1/3) 2(3 3 3’ 9 )) (5.3)

Proof. The asymptotic estimate of the G-function of the specific form in (3.3) for large arguments
is known in [21, Luke, 1969, Sect. 5.7 Thm. 5]. Together with the relation (3.4) it implies that, for
any z>0and je NN,

03( G+1/3 (+2)/3 jB3+1 a1
G3,2( 1/2 1‘2)—8 27751+ 0(), asz\0. (5.4)

8.1 0 ~ 0.8090732963.
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Since the numbers —a}e_j, k =0, are all positive and strictly increasing in k, this means that the G-

function in (3.2) decays like O(e202t3(“;efj)3/ (27x2)) as 1/x2 — oo, and so the behavior of fx,(x) for small
x is dominated by the leading-order term (k2 = 1) in (3.2). In particular, letting S be the k-series in

(3.2), we have
V3F10  [202t3(—a))? 20%t3(a))?
= 2 1 2
S (_all)Al(a,/l) 2752 exp( 92722 )( +O(x )), as x\O,

where .1 is recalled to be given by (2.8). Putting this back in (3.2) and simplifying we obtain
(5.1). Following the same routine we have (5.2), except that the G-function has a different set of
parameters. O

On the other hand, large-deviation probabilities are more interesting because Theorem 2 and
Theorem 3, which come from inverting the asymptotic expansion (2.3) of the Laplace transform,
are not computationally sustainable when x becomes large. For this purpose we conduct a separate
analysis using the space-time Laplace transform in (4.7), based on extending the method of [33,
Tolmatz, 2003]. Before that, the next few lemmata will be useful.

Lemma 2. With b =p/o € R and the space-time Laplace transform in (4.7), for any fixed y with
Rey > b2%/2,

O(u,y)—

—|<c
y o2z = b

where C, is a positive constant depending on y.
Proof. The fact that for Reu >0, e *Xt — 1| < [u| X}, P-a.s., along with Jensen’s inequality gives

IFx, (W)= 1| < [ulEX;.

Thus, for Rey > b2/2,

1
y—b2/2

Plu,y)— < fo e OV (w) - 1)dt

o (Rey-b22)t| 7
sfo e~ Rey=0"DH Fo () 1)d¢

® (Rey—b2/2
< lul f o Rey=0"DtEx q¢.
0

Based on (4.2), there exists a constant C > 0 such that EX; < C max{t2,1}, which with the last in-
equality proves the claim. O

Lemma 3. Let wi,ws,21,22 € C and Bi = Bi(-) denote the second Airy function. Then it holds

that ) )
e?MByy e 2By, 2(wa —w1)Ai(21) — (w1 + w2)Bi'(21))

Ai'(e2"3z])  Ai'(e2m3z;) Ai2(z1) + Bi%(z1)

and

e™BAI(e?3zy) e ™BAi(e?32;)  2i(Ai'(21)Bilzs) — Ai(22)Bi'(21))
Ail(e271/32y) Ai'(e~2nif3z7) Ai"%(z1) + Bi'%(z1) '
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Proof. These formulae are direct consequences of the well-known connection formulae for the
Airy functions (see, e.g., [34, Valleé and Soares, 2010, Eqgs. 2.15 and 2.16]),

+in/3 +in/3

5 (Ai(z9) FiBi(z9)) and Ai'(e¥¥/3z) = 5

Ai(e*2845) = (Ai'(z1) FiBi'(z1)).

O

Lemma 4. Let Ai(p) := Jo e P*Ai(z)dz, p € C, denote the (extended) Laplace transform of the
first Airy function. Then it holds that

Ai(pe™?3) + Ai(p) + Ai(pe?™3) = e P73,

Proof. Based on the explicit formula ([25, Prudnikov et al., 1992a, Eq. 30.2.1.1])

- _ sl p 1 4p3 p? 2 5p°
Aip)=ePB(z-— 2 ___|F ===+ —=——1F1[=;=|=]], 5.5
ip)=e (3 3430(4/3) ' 1(3 3| 3 ) 3581(5/3) | 1(3 3‘ 3 ) 65
observe that multiplication of p by e*2™/3 does not change the exponential or 1F;, while e~2"/3 4
™3 11=0. O

The following lemma can be seen as an adequate generalization of the well-known method of
Laplace for approximating integrals (see, e.g., [38, Wong, 2001, Sect. 9]) when the exponent involves
more than one large parameter. To our knowledge, integrals of this kind were first analyzed in [8,
Fulks, 1951], but there has been no version in the multivariate complex-valued case showing relative
error orders.

Lemma 5 (A generalized Laplace’s method). Let g1,g2,g3 be complex-valued functions defined
on a (possibly unbounded) domain D < R?, d = 1, such that g1 € €1(D), g2 € €2(D), and g3 € €3(D).
Suppose that

(i) Regg attains its global minimum at a unique interior point wg of D, at which Vgg(wg) = 0,
ReHessg,(wo) is positive-definite, and g1(wo) # 0;

(ii) there exists a constant ¢ > 0 such that the function g1e “183 is absolutely integrable;

(iii) there exists a constant cg > 0 such that Regs < coRegs.

Under these three conditions, it holds that in the limit as x — oo,

2m) ¥ g1(wo)
x?(detHessg, (wo)) 2

fpgl(w)exg2<w>‘x2g3<w>dw - exp (xg2(wo) — +g3(wo)

1
+ 5(Vgg)T(wO)Hessg(wo)ng(wo))(1 +0(™Y)). (5.6)

Proof. Under condition (i), let € > 0 be such that the open ball with radius € centered at w, B.(w) c
D. Consider the decomposition [p, = [p\p, )t /.- For the integral

Jo(x) =f g1(w)e e EWay, x>0,
D\B.(w)

condition (iii) implies that for some § > 0,

2
[Jo()| < f |g1(w)]e Rezzw - Regat) gy
€ wO)
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2
<] gt Reagy
D\B.(wo)

:e(czx—xz)(Regg(on(?)/ (czx—xz)(Regg(w)—Reg3(w0)—6)dw'

D\B.(wo)

lg1(w)le
For sufficiently large x, condition (ii) then implies

|Jo(x)] < e(czx—xz)(Regg(onB)f Ig1(w)|e—cl(Reg3(w)—Reg3(w0)—6)dw, (5.7)
D\BE(WO)

with the integral on the right side being finite.
Note that by Taylor’s theorem there exist @1 = @1(w) and @9 = @9(w) within € B.(wg) and func-
tions G, : R? — C, |a| = 3, such that

g1(w) =g1(wo)+ (Vg1 (@1)(w — wo),

1
ga(w) = ga(wp) + (Vga)(wo)(w —wq) + E(w —wo) Hessg, (@2)(w —wo),

Z (Dag3(w0)

1
g3(w) = g3(wo) + i(w—wO)THessgs(wo)(w—w0)+ o
la|=3 :

+ Ga(w))w - wo)",
and lim,,_,,, Go(w) = 0. Substituting these into the integral f B.(wo) and rearranging terms, we obtain

2
fB wn® 1 (w)e™82W)=g2wo) -~ (gaw)=gswol qyy = J (x) + Ja(x2),
cWo

where
x2 x
Ji(x) = gl(wo)f exp (x(ng)T(wo)w - ?wTHessgS(wo)w + §wTHessg2((Dg)w
B.(0)
D?g3(wo)
2
ey (—

oy +Ga(w+w0))wa)dw,
lal=3 '

2
Ja(x) = f (Vg (@1)wexp (x(ng)T(wo)w - %wTHessg3(w0)w + ngHesng(a)z)w
B.(0)

_ x2 Z (Dags(wo)

. +Ga(w+w0))wa)dw.
lal=3 '

Let us consider J/1(x). Further applying the substitution w — w/x, we have that

1 1.1
Ji@) =2 1:;"0) fB 0 ((Vg2) (@) - 5w Hess, wohw + - (inHeSng((Dg)w
D%gs(w
_ Z ( g3' 0) +
lal=3"> @

_ gl(wo)f e(VgZ)T(wg)w—%wTHessg3(w0)w
x4 JB.

Gal 5 0] o

9With the multi-index notation, the sum in the third equation is taken over all a € IN? such that lal:= Z?.lz

D =9lel/1% ow'’) and (w —wo)® = M1, (w — wo )Y

185 =35 also,
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§ (1 .\ ’721 - (%wTHeSng((DZ)w _ |a|Z:3 (w +Ga(% + wo))wa)m)dw.

Since ReHessg,(wo) is positive-definite (condition (i)), the Fubini theorem is applicable for inter-
changing integration and summation, and we can write

Jix)= ) Jim),
m=0

where the series converges absolutely for x — oo; in particular,
21 0(x) = gl(wo)f oV (wohwmwiHess, (wohwl2 gy,
B.(0)

exp((Vg2)T(wo)Hess, (wo)Vga(wo)/2)

— (2742
(2m)""g1(wo) (detHessg, (wo))/2

(1+0(e7), asx— oo, (5.8)

where the second equality follows directly from the property of the multivariate normal distribution.
Similarly, for m =1,

xd+mJ1,m(x) _ gl(wO)f e(Vgg)T(wO)w—wTHessg3(wo)w/2
m!  JB..(0

1 D
x (—wTHessgz(wg)w -y (M +

Ga(% +w0))w“)mdw, (5.9)

which also converges to a finite value as x — oo, because Hessg,(®2) and G,(w/x +wq) are both
bounded for w € B.,(0) by the continuity of g2 and g3 and the multivariate normal distribution has
finite moments of all orders. Combining (5.8) and (5.9), we have

(2m)¥2 g1 (wo) exp((Vg2) (wo)Hess ;! (wo)Vga(wo)/2)
x@ (det Hess g, (wo)) V2

Ji(x) = (1+O(x_1)), as x — oo.

In the same vein, one can show that Ja(x) = O(x~@*D) as x — co. Hence,

©2m)¥2g1(wo) eXp((VgQ)T(wo)Hessésl(wo)ng(wo)/Z)
x? (detHessg, (wo))V2

To conclude, note that the desired integral

J1(x) + Ja(x) = (1+0@&™1Y), asx— oo.

f 21(w)e 82 W &) 4y = (1) + ¥E2W0)~FEW0) (] (1) + Jo(x)),
D

but from (5.7), Jo(x) = o(x~(@*+D e*Reg2(wo)-x"Regawo)) g5 x — o0 because & > 0. O
We are ready to prove the main result regarding the large-deviation probabilities.

Theorem 6. The probability density function (3.1) and cumulative distribution function (3.7) of
X, satisfy

6 3u?t  3x? 3ux -1
fx,(x)= 373 exp(— 502 W)cosh m(1+0(x )) asx— oo (5.10)
and
20213 1 3u?t 3«2 3ux )
Fx,(x)=1- 3 ;exp(— Y —202t3)cosh 202t(1+0(x )), asx— oo. (5.11)
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Proof. By the inversion formula, the cumulative distribution function can be expressed as the
iterated Bromwich integral

c+ioco d+ico ,ux b2
f. eytdyf e—¢(u,y+3)du, (5.12)

c—ioco d—-ico U

Fx (0= 500

for arbitrary c¢,d > 0. For v = gu as before, define the variable ¢ = é(v,y) := 21/3v_2/3(y +b2/2). The
substitution 23v723z — z in (4.7) yields

e |
¢(”’y * z)‘ (20)23Ai'(E(v,y)) (e ¢

4 b f =
@,
1

§,y)
=— —béw,y)20) V3 (0 -1/3y b2(20) V3 4 .
T (20)2BA1 (v, y)) (e (Al( b(2v)") fo e Al(z)dz)

+ ePHODE£i(p(20) 715 - f
0

(e o]

-1/
2727 Ai5)dz

,y)

e b2 (2U)71/3Ai(z)dz)

&(v,y) B
e~b220) ”3Aj(z)dz)). (5.13)

For any fixed y with Rey = ¢, we observe that 1/Ai'(é(v, y)) has singularities exactly on the ray
{pei(9+”) :p =0} with 6 = arg(y + b2/2), so d(u,y+ b2/2) can be analytically continued into the complex
u-plane with a cut along this ray, denoted as Dy. The principal values of subsequent fractional
powers are understood in Dy.

Observing that any v € Dg satisfies Iargv‘l/ 31 < /2, we have that for |v| — oo, the Laplace trans-
form Ai(+b(2v)"3) must be bounded (also refer to (5.5)). With |ei5(v,y)(2v)_l/3| bounded as well and
16(20)"¥3| — 0 in the limit, it follows that

b2 1 s : w5 -
‘c,b(u,y * E)‘ = 120(23| A1 (£ (v, y)) (|e_b5(v,y)(20) 1/3Ai(—b(2v)_1/3)| + |eb‘(v’y)(2v) 1/SAi(b(QU)_l/?')|
v i'(E(v,y
+ ‘e—bf(v,y)(zv)’m ff(v,y)ebz(zv)1/3Ai(2)d2’ N |ebf(v,y)(2v)’1/3 ff(v,y)e_bz(zv)1/3Ai(z)dz’)
0 0
< Clul ™ (5.14)

for u large and some constant C > 0 (independent of y). This implies that ( ) exists as a double
integral and in particular the (inner) u-integral is well-defined in Dy, which we focus on next.
For convenience, assume ¢ = 1 for now, so that b = y and v = u, and define the regularized function

(with infinitesimal € > 0)
elx 2
Gc(u):= _ie(,b(u,y+ ?), u€Dg,

u

where ¢ takes the form in ( ). We will consider the Bromwich integral 1/(271) [ dticoq (w)du.

d—ioco
This integral can be transformed by using the same type of contour as in [33, Tolmatz, 2003]. To
be precise, for any fixed 6 € (—n/2,71/2), 6 > 0 small, and 0 <r <e <d < R, we define a closed contour

oriented counterclockwise as follows:
Cs=CquCluC;uCiucCy,
where

Cq=1{u:Reu=d, |u| <R},
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C%:{u:Reusd, lu|=R, |argu — 0| < 1 — 6},
C‘f:{u:ReuSd, lu|=r, |largu — 0| < m -6},

={u:argu=0+n¥0,r<|ul <R}

Since G, has but one simple pole at ic inside Cg, by Cauchy’s residue theorem,

Ge(uw)du =2niResGe(u).

Cs u=ie

By passing § \ 0 we have immediately

(f +f +[ +f + )Ge(u)du:27tiReng(u).
ca Jey Jeg Jey Jeg u=te

By ( ) we know |Ge(w)| < Ce@R™%3 for u € CO, so the integral fC% vanishes in the limit as
R — oco. In the same limit the integral fcd becomes the Bromwich integral of G.. For the integral
fcg, by Lemma 2 and analytic continuation we know that ¢(u,y + b2/2) =1/ y+ O(|ul|) for |u| — 0 and
80 |G¢(u)| is bounded for u € C?; thus the integral fc? also vanishes in the limit as r \ 0.

For the two integrals along the ray, by an obvious re-parametrization we have

—pe 0% e—2i0/3 .
f . f . f (zp)z/g(pelgﬂe)(‘z”“?’w +(0,0)~ ¥ y_(p,0))dp, (5.15)

where

F271/3 ¢ i(0+m)y-1/3 i(0+m)y\-1/3 |
(e be™2BE(p)(2pei M) f ob22pe )V p gy
e*’z’”/3f(p)

_ i0+m)y-1/3 , |
e~ b2@pe™) Al(Z)dZ)

1
0,0 =—F——7m—
Ylp A1'(e+2”’/3§(p))
n ebe$2ﬂi/3E(p)(zpei(ﬁin))—l/,g [00
e¢2”i/3f(p)

1 _beiZni/3f(p)(2pei(017t))—1/3 —. i(0+m)\—1/3
= (e Ai(-b(2pe""* )
AT (ope™)

F27i/3 i(0+m)y-1/3 —, . _
+ ebe &(p)(2pe ) Al(b(2pel(0in)) 1/3)

F27i/3
—pe 2T E(p)(2pei 013 e 5 (p) b2(2pe0Fm) 13 , .
- (e e Ai(z)dz

0
+27n/3 r(p)

n ebe¥2ni/3E(p)(QPei(Hin))flﬂ f

_b2(2pei(91n))71/3Ai(z)dz)), (5.16)
0

with & = &(p) = 2V3p23e72193(y 4 b2/2) re-parameterized as well. After applying the substitutions

z — e"2™3; o the integrals in the second equality and rearranging terms in ( ) and ( ), we
have
o —2i0/3 5—pex §(p)
+ Ag(p,z)dz|dp, 5.17
f+ f f e +1€) A1(p) fo 2(p, 2) Z) p (5.17)
where
e2ni/3

Al(P) — (e—bez”i/sf(P)@pei(g’”))’l/gAi(_b(2pei(0—n))—1/3)

Ai/(ezm/3§(p))
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27i/3 i0-m)y-1/3 —. (O —10)\—
+ebe &(p)(2pe ) Al(b(2pe1(9 ﬂ)) 1/3))
e—27ri/3
Ai'(e=2m3¢(p))
+ ebe’2”‘/3E(p)(2pe‘(9*”))’1/3Ai(b(2pei(6+n))—1/3))

be(p)2pey 5 (e2”i/3Ai(—b(2pei(9‘”))‘1/3) e—2ni/3A_j(_b(2pei(9+n))—1/3))
=e —

_p -2/ i0+my-1/3 -, : _
(e be 2MB¢E(p)(2pel@ ™)1 Al(_b(2pel(0+n)) 1/3)

Ai'(e2m3¢(p)) Ai'(e=2"3¢(p))
.\ e—bvf(p)(2peig)'1/3 ( e2ni/3A'j(b(2pei(9—n))—1/3) ~ e—2ni/3A‘i(b(2pei(9+n))—1/3)
Ai'(e23¢(p)) Ai'(e=27/3¢(p))

and similarly,

. . s (0 27i/3
As(p,2) = o3 (bEre") ED)2) | o-bizpey Pic(p)-2y)_Alle”"2)

Ai/(ezni/S E(P))

4 4 (273
— e T3 (b2 p-2) 4 =b(2pe) P (E(p)-2)) _Alez)
Ai'(e2m/3¢(p))

Then, by applying Lemma 3 we have the following equivalent expressions:

2 0\-13 , — . _ .
Al(P) = — ' ebcf(p)(Qpe ) (Aj(_b(zpel(9+7[))—1/3)_Ai(_b(zpel(e—ﬂ))—1/3))Ai/(é(p))
Ai”(&(p)) +Bi(£(p)) ( (
_ i(A_i(_b(2pei(9—ﬂ))—1/3) + Al(—b(2p€1(0+n))_1/3))B1,(f(p)))
+ e—bf(p)(2p6i9)71/3 ((Ai(b(2pei(0+”))_1/3) —Ai(b(2pei(6_”))_1/3))Ai’(f(p))
—i(Ai(b(2pe ")) + Aib(2pe ) VO)BI'(E(p)),
A2(p,z) _ 21(A]l(§(g))Bl(2) - IA’;(Z)Bll(f(p))) (eb(ZPeig)_l/S(f(p)—Z) " e—b(2peie)_1/3(§(p)—z))‘ (5_18)
Ai“(&(p)) +Bi“(&(p))
Now, from Lemma 2 it is immediate that
1
limResG(u) = —,
eNOu=ie y
and by putting ( ) back in ( ) and passing €\, 0 the desired Bromwich integral becomes
1 [d+ico pux b2 1 1 [ e—zie/s—pei"x &(p)
z_jﬁL_ioo 7(/§(u,y+§)du= ;+2—m/0 W(Al(p)‘i‘ o A2(p,2)d2)dp, (5.19)

here taking the limit inside the integral is allowed because of ( ). When coupled with ( ), ( )
implies that

&(p)

c+ioo 1 oo ,—2i0/3—pel’x
f ¢ As(p,2)dz)dp,
0

Fx(o=1)=1+— gy = [T °
xwo=D=ltor ) 0@ Yom 2273 b/

(Al(p) +
0
which, for the same reason, exists as a double integral in the domain R x (¢ +ilR).

Recall that Rey = ¢ and Imy = (¢ + b%/2)tan6, so we adopt the parametrization y = ¢ +i(c +
b2/2)tan to write

c+b2/2 b2 2i6 .
F o=1)=1-—"" -5/3 tle+ile+ — |t 0| - —— i6 26
x(®o=1 4 x 22372 ffR+x(—n/2,ﬂ/2)p exp( (C l(c 2 ) o ) 3 pe x) oo
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t(p

,0)
x i(Al(p,6)+f(: A2(p,0,z)d2)d(p,0), (5.20)

with the arguments of ¢, A1, and A9 expanded to show explicit dependency on 8 (in place of y).

Note that argé(p,0) = 0/3. By using the asymptotic expansion of Bi’ in [1, Abramowitz and
Stegun, 1972, Eq. 10.4.66], or specifically, Bi'(w) = w1/4e2/3w3/2/\/ﬁ(1 +O0w™%2)) as |w| — oo with
largw| < /3, and comparing it against (4.8) the following estimates are easily justified:

21 i0y-1/3 - . _ .
A ( ,6): - ebf(p,g)@pe ) (Al(—b(2 el(@—n))—1/3)+Ai(_b(2 e1(9+7[))—1/3))
1o Bl'(f(P,@))( P P
+ e D8O (i (20O )13) 4 Ki(b(2pe @) V3)))(1 + E1(p,0)), (5.21)

with the remainder estimate |[E1(p,0)| < Cle’yl"f(”’e)P/2 for some positive constants C; and y;. A
similar argument shows the existence of positive constants Cg and y2 such that for large [£(p,0)I,

f{(p’e)Az(p,H,z) dom—— 2i (ebf<p,e)<zpei9)-1/3 f
0 Bi'(¢(p,0)) 0

+ o~ bE(0,0)2pe )71 [
0

5(p,0) i0y-1/3
e—b(2pe ) ZAi(Z)dZ

&(p,0) 07—
P hi(2)d2 (1 + Elp,0)  (5.22)

and |E2(p,0)| < C2e_7’2|‘f(p’9)|3/2. For the integrals on the right side of ( ), since argé(p,0) = 0/3, we
have

§(p,0) oo, _ N oo i0)-1/
|(f _f )e+b(2pe 0 132Ai(2)d2) — |f e+b(2pe 0y ISZAi(Z)dZ|
0 0 ¢(p,0)

o)
< C3 e|b|(2p)’1/32e—2/3cos(0/2)z3/2 dz
15(p,0)1
3/2
< C4e—74|f(P,9)| (5.23)

for positive constants Cs, C4, and y4, while [5° eT0@re 2 Aj(2)dz = Ai(+b(2pei?)"Y3). Combining
( ), ( ), and ( ) and merging terms we can claim that, when ¢ is treated as an independent
variable (with argé = 6/3),

2Hy(p,0)

BY(©) (1+E(p,0)), (5.24)

¢
i(Al(p,0)+f Ag(p,H,z)dz) =
0
where
i@)—1/3

Hy(p,0):= ebE(ZPe (Ai(_b(zpei(g—ﬂ))—l/3) +Ai(b(2pei9)_1/3) +Ai(_b(2pei(9+7r))—1/3))
+e—bf(zpei")%(Aj(b(zpei(e—n))—l/s)+Ai(_b(2peie)—1/3)+Ai(b(2pei(a+n))—1/3))

is a drift-dependent function ° and the remainder estimate [E(p,0)| < Ce""(flg/2 for some positive
constants C and y.
Since ¢ > 0 is arbitrary, we shall see that the choices

9x2

3
=5 and p=—xQ, =0, (5.25)

c /3

107t is clear that H _p is the same as Hy, and note the constancy Hy = 2 in the drift-less case.
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as implied from the drift-less case in [33, Tolmatz, 2003, Eqgs. (92) and (93)], are workable for prepar-
ing ( ) in a form suitable for applying the generalized Laplace’s method in Lemma 5. Subject to
( ), using the asymptotic expansion of Bi’ again we have that as x — oo,

1 72/353/2
(3Qx)1/6 \/ﬁ

" 2112, /(9x2/(2¢%) + b2/2)VA(1 + itan0) V4

0 2v2t3e (1 +itan0)®2 9x2 b2\32
x exp(— - v2£e (1 +itano) (E5+2) Ja+oa)
6 9px 24 ' 2
Va2V , (g _efa +itan0)3/2(6x2+b2t4))(1+ 062 (5.26)
Bx)3(1+itand)* T 6 2013 ' '
Also, subject to ( ), by Lemma 4 we have the estimate
Ai(Fb(2pe' @) 13) L Ai(+b(20e%)713) + Ai(FB(2p ) By =1+ 0(x ™), (5.27)
which implies
Hp(p,0) = (e3be’i9(1+itan9)x/(2gt) + e—3be’ie(1+itanG)x/(29t))(1 + O(x_l)) as x — oo. (5.28)

After collocating ( ), ( ), and ( ) with ( ) and simplifying things, we obtain for x large,

3x f/ sec?0
4v2(rt)32 JIR, x(n2,m/2) 032(1 +itan )14
« (PPt 4 (~b¥E0t)

Fx (x;0=1)=1-

ib%ttan b2te ¥(1+itan)®? 6 «” .
xexp(——5— - % -5~ 5 Pe0)de.0)a+0:T),  (5.29)

with the functions
3e %1 +itan®) B 3secl
20 2
. . 9
®(p,0):=30pe'? +3p71e (1 +itang)¥? - S (1+itano).

¥Y(p,0):=

b

It is easily verifiable that the function Re®(p,0) = 3pcos 6 + 39_1 cos(0—3/2arg(1+itanf)) sec320—
9/2 attains its global minimum of 3/2 at (p,60) = (1,0), with the Hessian matrix

b

Hess(p(l,O):( 6 31/2)

3i/2 3/4
at the same point, the function ¥(p,0) has the gradient V¥(1,0) = (3/2,0)T.

These form the basis to apply the generalized Laplace’s method in Lemma 5. Indeed, by spec-
ifying d =2, D = Ry x (-7/2,71/2), go = +b¥/t, gs = ®/t3, and g1 consisting of everything else in
the integrand, conditions (i) and (ii) are automatically satisfied, while condition (iii) is verified by
checking that ¥/Re® < 8/7. Consequently, we obtain

ff ~ 27.[t3e—b2t/2(e3bx/(2t) n e—3bx/(2t))e—3x2/(2t3)
R

ox(em2m2) x2\/detHessp(1,0)
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b2:(V¥)T(1,0)Hess;1(1,0)V¥(1,0)
xexp( : 2 )(1+O(x_1))
43 —3b2¢/8, ,3bx/(2t) 4 o~ 3bx/(2t) —3x2/(2t3)
_ire (e ¢ Je 1+0G™Y). (5.30)
3v/3x2

Putting ( ) into ( ) and simplifying yields

943 o—3b%t/8-32/(2¢%) 3b
Fx,(;o=1)=1-/ 3—e— cosh 2—;“(1 +0(xY),
T

X

from which ( ) is recovered upon applying b = y/o and x — x/o.
Differentiation of ( ) with respect to x gives the corresponding formula ( ) for the density
function after simplifications, completing the proof. O

A few remarks are in order. When rearranged for general o > 0, ( ) has given an alternative
double-integral representation for the cumulative distribution function, namely

2

c+b%/2 _5/3 b 2i0 pellx 2
FXt(x)_l_m[f]Rer( ”/27-[/2)p exp( (c+1(c+§)ta 9)—?— pn )sec 0

&(p,0)
xi(Al(p,6)+f0 A2(p,9,z)dz)d(p,9), x>0,

where ¢ > 0 is arbitrary, b = u/o, &(p,0) = 21/3p_2/3e_219(c +b2/2)(1+itan@), and A; and Ay are as
specified in ( ).

It is also clear from ( ) that the distribution of X; always has a light right tail, regardless of
drift. This observation agrees with the behaviors of its skewness and excess kurtosis discussed in
Corollary

By setting ;1 = 0 in Theorem 6, the main result of [33, Tolmatz, 2003] is immediately recovered. In
this case, Lemma 5 becomes the standard Laplace’s method for which the relative error order in (5.6)
is O(x™2), and the asymptotic expansion of Ai in ( ) goes away, and thus the associated relative
error of O(x™1) in ( ) and ( ) can be reduced to O(x~2).

Yet another implication from Theorem 6 is the large deviation for the moments. We state the
next corollary.

Corollary 3. The moments (4.1) of X; satisfy

MXt(n):(g)m"n\j;n/2 (”;1)1&( n1 —3L2t)(1+0(n‘1)), as n — . (5.31)

3 -2’21 8g2
Proof. Using ( ) we have that as n — oo,

MXt(n):f0 x" fx,(x)dx

6 o Sux
=\ — Se—3#2”<8"2> 2"e 3120 osh 22 (140 1)) dx
ot 204t
03K t/(8c72) —3x/(202t3)x(n—1)/2 sh .U\/_(l+0( ~12))4,
2n02t3
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The last integral is the Laplace transform of the function x"cosh(3uy/x)/(202%¢) in x evaluated at
p =3/(20%t3), where v € {(n—1)/2,n/2—1}. For example, we may consult the formula in [25, Prudnikov
et al., 1992a, Eq. 2.2.1.16] and use the connection formulae in [1, Abramowitz and Stegun, 1972, Eqs.
19.2.1 and 19.3.1] to write it in terms of {F (for notational consistency) and obtain

Ca2iaat (2\20M 32 py1 n+1 13u%t
Mx,(n)=e 3””(8”)(—) N ( ) )1 1( 2 % 8‘:72

3
which is the same as ( ) by the Kummer transformation on ;F; (see [1, Abramowitz and Stegun,
1972, Egs. 13.1.27]). O

)(1 +0(n7Y), asn—oo,

6 Numerical experiments

This section serves to illustrate the exact formulae that we have derived before, in particular those
in Theorem 2, Theorem 3, and Theorem 4. Similar experiments on the asymptotic formulae given in
Theorem 5, Theorem 6, and Corollary 3 show that the approximations are generally very sharp in
the stated directions for the arguments, but their numerical results are excluded in the paper for a
concise presentation.

To truncate the infinite series in (3.2) for the probability density function, we may rewrite for any
fixed t >0 fx,(x) = ZZOZO hp (x) with Ay +(x), (k,x) € N x R, being the summand in the k-series, and
consider stopping the series at some (sufficiently large) integer K > 0. Note that the zeros of Ai’ have
the asymptotic estimate ([1, Abramowitz and Stegun, 1972, Eqs. 10.4.94 and 10.4.105])

_ 2/3
w) (1+0(2), ask— oo.

a;e=—( 5

This along with the estimate (5.4) implies the following geometric error bound for the remainder:

o |hK t(x)hK+1 t(x)|
h . ’ , 6.1
| < e (6.1

which, of course, increases with the magnitude of drift relative to dispersion, i.e., one will generally
demand a larger K for a larger value of |b| = |ul/o. A similar argument goes for the truncation of the
series in (3.8) for the cumulative distribution function.

Allowing for easy comparison, in what follows the dispersion parameter and time are fixed at
o =1 and ¢ =1 and only four choices of the drift parameter u € {0,1,3/2,2} are considered. This
parametric range is sufficient for visualization of the impact of drift on the actual distribution and
thus demonstration of overall stability and efficiency of the formulae in applications. Again, recall
that changing the sign of y makes no difference. It is understood that we will focus on the following

functionals:
1 1 1 3¢
/IWslds, [|s+Wslds, /|—+Ws
0 0 0o !2

In these four cases, with (6.1) the series in (3.2) is truncated at K = 6,9,10,11, respectively, and
the series in (3.8) at K =6,7,9,11, respectively. These choices have been carefully made to ensure
an error bound of less than 10~ for all input x-values (especially at the right tail) for plotting and
Figure 2, Figure 3, Figure 4, and Figure 5 show the results.

1
ds, f |2s + Ws|ds.
0
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For the moments the formula (4.3) along with (4.4) and (4.5) is used for obtaining analytic ex-
pressions and their corresponding numerical values are all rounded to 10 significant digits. All
implementations are done in Mathematica® ([ , Wolfram Research, Inc., 2023]) and results are
reported in Table 1,"" Table 2, Table 3, and Table

Importantly, for small to moderate values of b = p/o # 0 it usually requires a high machine preci-
sion to correctly convert the exact values of some high-order moments to numerical values. Clearly,
this challenge is caused by taking differences of large numbers subject to division by irrationals.
Somewhat surprisingly, such numerical conversion can easily fail in many other programming lan-
guages, including Matlab®, at least in default settings — check, e.g., the last three rows in Table
To effectively avoid this issue, one may switch to the formula ( ) with proper truncation of the
infinite series, as discussed in Section 4, while the asymptotic estimate ( ) can also come in handy
when necessary.

Taple 1 is the same as [ , Takacs, 1993, Tab. 3].

28



Absolute-value Brownian integral

Xia and Zhang

fx, (X)
2.0

1.5

1.0

0.5

0.5

1.0
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Table 2: Exact and numerical values of first 10 moments (II)

n Mx,(n), u=1
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7 Concluding remarks

Present a drift component, the absolute-value Brownian integral functional can have a platykurtic-
to-leptokurtic distribution. Formulae in terms of rapidly converging series for the distribution func-
tions (Theorem 2 and Theorem 3) come directly after termwise inverting an asymptotic series rep-
resentation for the marginalized space Laplace transform (Theorem 1), with direct implications on
small-deviation probabilities (Theorem 5). The key step in deriving the moment formulae (Theorem

) is to obtain asymptotic expansions of the exponential Airy integrals through integration-by-parts
and then collect powers via regularizing the incomplete Bell polynomials so that matching terms is
possible. Derivation of large-deviation probabilities (Theorem 6) is based on transforming a double-
inverse of the space-time Laplace transform along the lines of [33, Tolmatz, 2003], where the contour
deformation is nonetheless realized through a probabilistic argument, in conjunction with various
advanced properties of the exponential Airy integrals, which only appear in the presence of drift. To-
wards this end, we have also developed and applied a generalized Laplace’s method for multivariate
integral approximation (Lemma 5). Overall, the results in this paper can be considered a complete
characterization of the distribution of the absolute-value integral and they facilitate corresponding
applications for both exact and asymptotic computations (refer to Section 1).

Another class of Brownian integral functionals worth exploring are the sinusoidal type, i.e., func-
tionals of the form ( fot cos(us + oWs)ds) +=0- Notably, the centered case (u = 0) subject to constant
shifting has been studied in [24, Pintoux, 2010, Chap. 4], using the Feynman—-Kac formula; in partic-
ular, see [24, Pintoux, 2010, Prop. 4.3.2] for a series representation for the space Laplace transform in
terms of Mathieu functions. Aside from similar applications mentioned before, such functionals have
applications in modeling presumably bounded financial quantities such as interest rates or volatility
components (see [19, Lim and Privault, 2016] and [36, Wang and Xia, 2022]). They are also closely
related to the so-called “imaginary exponential functionals” considered in [11, Gredat et al., 2011],
which naturally generalize the extensively studied real exponential functionals as well.

On the other hand, further analysis of the distribution — both exact and asymptotic — of other
power integral functionals of the Brownian motion (with or without drift) except for 1 (as in the
present paper) or 2 (as in [39, Xia, 2020]) will be arduous, simply because the resultant differen-
tial equation governing the space Laplace transform from applying the Kac formula does not have
solutions expressible in terms of known functions. Speaking of applications, the benefit from such
analysis will be marginal as the L! and L? cases are arguably the most commonly used.
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