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UPPER TAIL LARGE DEVIATION FOR THE ONE-DIMENSIONAL FROG MODEL

VAN HAO CAN, NAOKI KUBOTA, AND SHUTA NAKAJIMA

ABsTrRACT. In this paper, we study the upper tail large deviation for the one-dimensional frog model. In this model,
sleeping and active frogs are assigned to vertices on Z. While sleeping frogs do not move, the active ones move as
independent simple random walks and activate any sleeping frogs. The main object of interest in this model is the
asymptotic behavior of the first passage time T(0,n), which is the time needed to activate the frog at the vertex n,
assuming there is only one active frog at 0 at the beginning. While the law of large numbers and central limit theorems
have been well established, the intricacies of large deviations remain elusive. Using renewal theory, Bérard and Ramirez
[2] have pointed out a slowdown phenomenon where the probability that the first passage time T(0,n) is significantly
larger than its expectation decays sub-exponentially and lies between exp(—n!/2t°(1)) and exp(—n'/3+t°(1). In this
article, using a novel covering process approach, we confirm that 1/2 is the correct exponent, i.e., the rate of upper
large deviations is given by nl/2. Moreover, we obtain an explicit rate function that is characterized by properties of
Brownian motion and is strictly concave.

1. INTRODUCTION

In this paper, we treat the interacting particle system consisting of “active” and “sleeping” states as follows: First of
all, we place infinitely many particles in some space, according to a deterministic rule. Active particles can randomly
move around in the space and sleeping particles do not move at first. However, sleeping particles become active and
start moving around as soon as they are touched by active particles. Initially, only one particle is active and the others
are sleeping. When the system starts, the first active particle gradually generates active particles by touching sleeping
ones, and they propagate across space, with time.

We call the interacting particle system above the frog model and regard particles as frogs in the present paper.
However, the frog model has several names circumstantially. The frog model was originally introduced in the image of
information spreading (see the introduction of [4]): every active frog has some information and shares it with sleeping
frogs touched by active ones. In [29, Section 2.4] (which is the first published article on the frog model), the frog model
is called the egg model. It is said that R. Durrett coined the name “frog model” proposing a discrete space-time version
(see the introduction of [1] again). On the other hand, a continuous-time version of the frog model is interpreted as
a combustion phenomena described by a system composed of two types of frogs. In this case, the frog model is often
called the “combustion model” or “the reaction A+ B — 2A” (see for instance [28]). One of interest object of the frog
model is the diffusion speed of active particles, and it has been investigated in the view of the probabilistic theory for
several decades: the law of large numbers, the central limit theorem and the large deviation principle, which provide
the asymptotic behavior, the fluctuation around the average behavior, and the decay rate of the tail probability for
the diffusion speed, respectively.

The study of the diffusion speed has mainly made progress in the case where an underlying space is the d-dimensional
lattice Z¢ (d > 1) and each site of Z¢ initially has one frog (the genetic active frog is put on the origin 0 of Z%). We

hereafter focus on this frog model. Alves et al. [4] and Ramirez and Sidoravicius [28] completely solved the law of
large numbers for the diffusion speed in all dimensions and both discrete and continuous-time settings. On the other
hand, the central limit theorem and the large deviation principle on Z are studied in [7] and [5], respectively.

This paper deals with a part of the large deviation principle for the diffusion speed in the discrete-time frog model
on Z. Bérard and Ramirez [5] investigated this topic in the continuous-time setting. In particular, they observed the
so-called slowdown phenomenon for the propagation of active frogs by giving some partial estimates for the upper tail
large deviation probability for the diffusion speed, which is the probability that the diffusion speed deviates upward
from its typical behavior (see the discussion above Theorem 1.2 for more details). The argument used in [5] might
work for the discrete-time setting as well. However, in this paper, we take a different approach using a novel energy
coming from the one-dimensional Brownian motion (see (1.3)), and completely solve the upper tail large deviation
probability for the diffusion speed in the discrete-time setting.
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1.1. The main result. We first state the dynamics of frogs and define the diffusion speed precisely. Let d > 1. The
dynamics of frogs are given by independent simple, symmetric random walks on Z? (we drop the adjective “symmetric”
below, as is customary). For each x € Z¢, write (S%)32, for these random walks on Z? with S = z. This describes
the trajectory of the frog initially sitting on x after becoming active. For any z,y € Z¢, the first passage time from x
to y is defined by

k—1
. kE>1and zo,21,...,25 € Z¢
T := inf g t(ri, Tit1) 1 T ;
(z,y) :=in {iO (@i, 2ig1) with g = 2 and 2, = ¥y

where
t(i, @) = inf{n > 0+ S = wipq}.

The main object of interest in this paper is the first passage time T(0, -), which represents the diffusion speed at which
active frogs propagate from the origin 0. Let us now explain the dynamics of our frog model and the intuitive meaning
of the first passage time T(0,y): First, we put the particle on all sites of Z?. The behavior of the frog sitting on a
site z is controlled by the simple random walk S*, but not all particles move around from the beginning. At first, the
only frog sitting on 0 are active and perform a simple random walk. On the other hand, the other frogs are sleeping
and do not move. Each sleeping frog becomes active and starts to perform a simple random walk once it is touched
by an active frog. When we repeat this procedure for the remaining sleeping frogs, T(0,y) represents the minimum
time at which an active frog reaches y. It is clear that the first passage time is subadditive in the following sense:

T(z,2) < T(x,y) + T(y.2),  z,y,2 €L

Furthermore, Alves et al. [4, Section 3| showed the integrability of the first passage time T(x,y). Combining these
with the subadditive ergodic theorem (see for instance [13, Theorem 6.4.1]) yields the following asymptotic behavior
of the first passage time: there exists a (nonrandom) norm fx(-) on the d-dimensional Euclidean space R? such that
P-a.s.,

(1.1)

where | - |; denotes the /!-norm on R?. Furthermore, ju(-) is invariant under permutations of the coordinates and
under reflections in the coordinate hyperplanes. The norm p(-) is called the time constant and T(0,y) asymptotically
behaves like p(y) as |y]1 — oo.

From now on, we assume d = 1 and set u := p(1). Before stating our main result, we shall explain the motivation
for the present work. As stated at the beginning of this section, Bérard and Ramirez [5]' studied large deviation
principles for the continuous-time frog model on Z. In particular, they observed that the slowdown phenomenon for
the propagation of active frogs, i.e., the upper tail large deviation probability for the first passage time decays slower
than exponential [5, Theorem 2|: for any £ > 0,

(1.2) <P(T(O, [t]) = (u+&)t) <e

where |t] is the greatest integer less than or equal to ¢t. However, this estimate is not optimal, and hence the present
work is motivated by the desire to complete the upper tail large deviation estimate.

Let us prepare some notation to state our main result. First, for any £ > 0, denote by C(§) the set of all functions
f:R — [0, 00) satisfying the following three conditions:

T(0,y) — p(y)

lyl —o0 lyl1

:07

_1/2+0(1) _1/3+0(1)
e

as t — oo,

e f is non-increasing and non-decreasing over (—oo, 0] and [0, 00), respectively;
e lim, o f(x) = 0 holds;
o ||flloo :=sup,ep f(z) < €& and lim, o f(x) =&
Next, for each z € R, let PEM be the law of one-dimensional Brownian motion starting at z. In addition, write (B;):>0

for the trajectory of Brownian motion, and 7, := inf{t > 0 : B, = y} stands for the hitting time to y € R. Then, for
any f € C(£), the energy of f is defined by

(1.3) E(f) = —/RlogIP’EM(Ty > f(y) — f(z) Vy€eR)dz.
In addition, set for any £ > 0,
(1.4) r(§) =inf{E(f): f € C(&)},

1Actually, [5] adopts a little different setting from the one-particle-per-site frog model on Z as follows: Initially, every site of the left of
0 has a random number of active frogs, and every site on non-negative integers has a common fixed number of sleeping frogs. Although
it seems that arguments used in [5] also run along the same lines for the discrete-time, one-particle-per-site frog model on Z, we use a
completely different approach in the present article to complete the upper tail large deviation estimate.
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which is the minimum energy over C(§).

Remark 1.1. As we will see later (Step 2 in Section 1.3), the key of the present work is to observe a localization
phenomenon of the upper tail large deviation event {T(0,n) > (u + &§)n}. More precisely, {T(0,n) > (u + &)n} is
mainly affected by frogs siting on a bad interval, whose length has order \/n but whose passage time is more than
&n. The ensemble C(§) can be referred as the set of functions recording all possible profiles of the space-time rescaled
first passage time on a bad interval whose left endpoint is 0, i.e., f(u) = T(0,uy/n)/n for u € R. Moreover, as
explained Section 4.1, given f € C(&), the event that the scaled passage time T(x+/n,ys/n)/n is approximated by the
(f(y) — f(z))+ has probability roughly equal to e=V™"Ef) . Hence, we refer to E(f) as the energy of f, following the
custom of statistical mechanics.

We are now in a position to state our main result. For the discrete-time, one-particle-per-site frog model on Z, the
following theorem completely provides the upper tail large deviation.

Theorem 1.2. Let 7, := r(1) and p := p(l). Then, r. is positive and finite, and the first passage time of the frog
model on Z satisfies the upper tail large deviation with speed \/n and rate function & — r/€ (€ > 0). More precisely,
for all £ > 0,

lim L log P(T(0,n) > (u+&)n) = —r\/E.

n—oo v/MN
1.2. Related works. Let us finally comment on earlier literature for the frog model. The recurrence/transience
problem was the first published result on the frog model. Telcs and Wormald [29, Section 2.4| treated the one-particle-
per-site frog model and proved that it is recurrent for all d > 1, i.e., almost surely, active particles infinitely often
visit 0 (the frog model is said to be transient if it is not recurrent). This result was developed into the relation
between the strength of transience for a single random walk and the number of frogs. Actually, Popov [25] introduced
the frog model with random initial configurations and exhibited phase transitions of the recurrence and transience
in terms of the density of initial configuration. After that, Alves et al. introduced the frog model on an arbitrary
graph with random initial configurations and random lifetimes, and studied phase transitions of the survival of frogs
and recurrence/transience (see [4] and [26] for more details). Recently, Kosygina and Zerner [18] obtained a zero-
one law of recurrence and transience for the frog model with random initial configurations. Furthermore, in [12, 14]
and [15, 16, 22, 23, 24], the recurrence/transience problem is also studied for the frog model with drift (this means
that active frogs perform asymmetric random walks) and on (some d-ary, Galton—Watson and non-amenable) trees,
respectively.

The spread of active frogs, which is the interest of the present paper, was first investigated for the frog model on
Z% in the discrete- and continuous-time settings (see [4] and [27]). More precisely, they showed that the asymptotic
behavior of the first passage time can be controlled by the time constant, which is a (nonrandom) norm on R? (see
(1.1)). Hence, the central limit theorem and the large deviation principle are the next step to understand the behavior
of the first passage time in details. However, there are a few results for these topics. In the multi-dimensional case,
the authors proved that the first passage time has a sublinear variance and satisfies a concentration inequality, and
its tail probability decays sub-exponentially (see [6] and [19]). These results give some clues for the central limit
theorem and the large deviation principle for the first passage time, but are not enough to solve these problems
completely. Moreover, since the main tools used in [6] and [19] are percolation arguments, those do not work in the
one-dimensional case. This means that we need completely different approaches to study the central limit theorem
and the large deviation principle in the frog model on Z. Actually, Ramirez et al. [5, 7] discussed the central limit
theorem and the large deviation principle for the frog model on Z by using a renewal structure, which is developed
in the study of random walks in random environments. Moreover, in the present article, we complete the upper tail
large deviation estimate by using the energy E(f), which is never seen in previous works.

In forthcoming papers, we will study large deviations for the first passage time in higher dimensions. Then, for the
upper tail large deviation, it is also useful to observe a localization phenomenon: let e; be the first coordinate vector
of Z2, and the upper tail large deviation event {T(0,ne;) > (u+&)n} is affected by frogs sitting on a bad region which
is the ball centered at ne; and of radius O(y/n). Due to the geometry of the bad ball, the results in higher dimensions
are different. Particularly, when d = 2 (resp. d > 3), the speed is n/logn (resp. n) and the rate function is linear
& — cq€ (where ¢4 is a constant depending on d). In contrast, it appears that the lower tail large deviation event
{T(0,ne1) < (u— &)n} is affected by overall frogs and the lower tail large deviation probability decays exponentially
regardless of the dimension.

Similar localization phenomena have been observed in other models, including First-passage percolation and the
chemical distance in percolation. In a study of First-passage percolation with weights under tail estimates, Cosco
and Nakajima [9] established a specific rate function for upper tail large deviations, known as the discrete p-capacity.
Furthermore, Dembin and Nakajima [10] demonstrated the existence of the rate function for upper tail large deviations
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of the chemical distance in super-critical percolation when the dimension is three or higher. This is characterized by a
space-time cut-point that all paths between the endpoints must pass through later than a specified time. These upper
tail large deviations share similarities in the sense that the passage times are abnormally large due to the environments
surrounding the endpoints. In our current study of the one-dimensional frog model, we also confirm the appearance
of localization phenomena on the event of upper-tail large deviations. However, we do not know its location, which
makes the structure complicated. Moreover, the analysis of the models mentioned above heavily depends on the slab
argument, a concept introduced by Kesten, which is not applicable in our current study due to its one-dimensional
nature. Instead, we introduce a new argument of covering process (see Section 5 for details), which will be also used
for upper tail large deviations in the two-dimensional frog model in the forthcoming paper.

1.3. Sketch of proof. In this subsection, we summarize the main steps in the proof of Theorem 1.2. The symbol
op (1) stands for some constants satisfying limps_, oo limsup,, ., |oar(1)] = 0, which may change from line to line.

Step 0: Scaling invariance of energy. In Lemma 2.2 (see Section 2.1 below), we demonstrate the scaling invariance
of the rate function taking advantage of the scaling invariance of Brownian motion:

(1.5) r) = inf B(f)=r. Ve re=r(),

Step 1: Localization of upper tail large deviation event. Let us next observe that a certain localization
phenomenon affects the upper tail large deviation event. Intuitively, a good strategy to delay the transmission on Z
is to retard the propagation of active frogs on a bad interval whose length is of order /n, but the passage time is of
order n: for all sufficiently large M € N, as n — oo,

-1 -1 ;

n log P(T(0,n) > (p+&)n) ~ n log P(T(0, [Mv/n]) > &n) + oar(1).

However, this strategy does not work directly. Instead, we show the following inequalities in Proposition 3.1 (see
Section 3 below), which are weaker versions of the above approximation:

P(T(0,n) > (1 + &)n) > exp(on(1)v/n) P(T(0, LM\/HJ) > (€ +om(D))n),
P(T(0,n) = (1 +&)n) < expoar(1)y/n)  sup HP 0, [Mv/n]) = (& — on(1)/M)n).

E1yeenéM 20

E1t+.. =€ "
These inequalities tell us that the upper tail large deviation event can be localized around several bad intervals whose
length is of order v/n and where the total passage time is approximately greater than &n.

Step 2: Upper tail estimate for the first passage time on the bad interval. Thanks to Step 1, it suffices
to take care of the upper tail probability of the form P(T(0, | M+/n|) > &n). Our task is now to prove that for all
sufficiently large M € N, as n — oo,

-1
1.6 — logP(T(0, | M+/n|) >&n)~ inf E(f)+on(1).
(16) = loxP(T(,LMVA) > €n) ~ inf E(f) + on()
The heuristic ideas of the above approximation is as follows: Let f(u) := T(0,u+/n)/n be the space-time rescaled
passage time on the bad interval. Then, T(0, M\/n) > &n if and only if f € Cy (&) :={f € C(&) : f(M) > ¢} I
addition, it always holds by the triangle inequality that

t(z,y) =2 T(0,y) — T(0,2) = n(f(y/Vn) — f(z/Vn)) Vay€EL

Since t(x,y)’s are the hitting times of simple random walks, one can expect by Donsker’s invariance principle that as
n — oo,

P(Va,y € [-M~/n, My/n], t(z,y) > n(f(y/vn) — f(x/v/n))) = exp(—v/n(E(f) + on(1))),

where for any a,b € R, [a, b] is the set of integers on the interval [a, b] (see Section 4.1 for more detailed explanation
of this approximation). These observations imply (1.6). It should be noted that the final approximation is essentially
heuristic in nature, even though we have chosen f as a random quantity included in the class Cpr(€) in our previous
discussion. Specifically, certain approximations are only valid when applied to step functions. Consequently, we will
establish the final outcome through a two-step proof.
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Step 2a: Arising of energy functional. Let C5%P(¢) be the set of all step functions in C(£). In Proposition 3.2
(see Section 3 below), we estimate the left-hand side of (1.6) precisely:

1
limsup — log P(T(0, |[M+v/n]) > &n) < inf  E(f)4+opm(1
msup - log (T(0, [My/n]) > &n) redi o B +om(D)
and

log P (T(0, [M/n)) > &n) > inf_ E(f) — onr(1).

-1
liminf —

n— 00 \/ﬁ

Step 2b: Energy approximation. In Proposition 3.3 (see Section 3 below), we show that the ground state energy
in C(&) can be approximated by the energy of step functions:

1.7 inf F = inf  E(f).
(1.7) st (f) et o (f)

Conclusion: It directly follows from Steps 0 and 2 that as n — oo,

(1.8) :/—11; log P (T(0, | Mv/n]) > €n) ~ r.\/€ + onr(1).

Plugging this into Step 1, we arrive at

mng%%MNQMZw+OMSmV§

-1
liminf —= log P (T(0,n) > > lim inf lim inf . on(1) > 1V,
iminf = 1ogP(T(0m) 2 (u-+ On) = minflimint ¢ sup v (VEL+ ...+ VeEur) on(1) 3 >1.0/€
ISR NI VESS

by using the inequality \/z1 + ...+ \/Tp > /21 + ...+ 2. Therefore, the proof of Theorem 1.2 is complete.

1.4. Organization of the paper. Let us describe how the present article is organized. The rest of the paper is
devoted to justifying the steps in Section 1.3. First of all, in Section 2, we summarize properties of the simple random
walk, the Brownian motion and the frog model, which are used throughout this paper. In particular, by using the
scaling invariance of Brownian motion, Lemma 2.2 gives the scaling invariance of energy and completes Step 0 in
Section 1.3.

Section 3 is devoted to the proof of our main result (Theorem 1.2). Proposition 3.1 guarantees the validity of
Step 1 in Section 1.3. In particular, we can also observe a slowdown phenomenon for the first passage time (see
Proposition 3.1-(iii)). This is a weaker version of Theorem 1.2 but tells us that r. = r(1) € (0,00). Furthermore,
Proposition 3.2 and 3.3 deal with Steps 2a and 2b in Section 1.3, respectively. We just give the statements of the
above propositions in Section 3, and complete the proof of Theorem 1.2 for now.

The aim of Section 4 is to show Proposition 3.2. This section consists of two parts: In Subsections 4.2, we optimize
the energy for the lower bound of the upper tail probability (see Proposition 3.2-(i)). Note that at this stage, the energy
on C5%P(¢) (not C(€)) is used for the lower bound (In Section 6, we check that the energy on C(¢) is approximated by
that on C5*P(¢)). On the other hand, in Subsections 4.2, we optimally estimate the upper tail probability from above
by using the energy on C(£) (see Proposition 3.2-(ii)).

Section 5 gives the proof of Proposition 3.1. This proposition consists of parts (i)—(iii), and those proofs are mainly
given in Sections 5.1, 5.3 and 5.4. The proof of part (ii) is the most difficult, and the key lemma is Lemma 5.1 stated
in Section 5.1. Since its proof is a little bit long, we postpone it into Section 5.2.

In Section 6, we prove Proposition 3.3, which guarantees that the energy on C(&) is approximated by that on
CSter(¢). More precisely, we shall use a delicate multi step deformation that gradually transforms a function in C(¢)
to another in C5'°P(¢) with approximated energy.

In Appendix, we prove some technical lemmas used in the paper. In particular, we show a version of conditional
FKG inequality for Brownian motion, which may be of independent interest.

We close this section with some general notation:

e For any a € R, |a] is the greatest integer less than or equal to a. In addition, [a] is the smallest integer larger
than or equal to a.

e For any a,b € R, [a, b] is the set of integers on the interval [a, b].

e For any subset A of Z, denote by |A| the cardinality of A.

e For any A, B C R, d(A4, B) denotes the Euclidean distance between two sets A and B:

d(A,B) :=inf{lx —y| : 2 € A,y € B}.
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e Forx € ACZ and y € Z, we denote by T 4(z,y) the first passage time from z to y using only frogs inside A,
or more formally

k—1
Ta(x,y) := inf {Zt(zi;zi-‘rl) kzlanday,..., 21 € 4 }

— "and g =z and x; =y
1=

Moreover, define for A, U,V C Z%,
TaA(U, V) :=inf{Ta(z,y):x € UNAyecV}

Note that we have T4 > T for all subsets A of Z¢.
e Throughout the paper, ¢, ¢/, C, C’, ¢; and C; (i = 0,1,...) denote some constants with 0 < ¢,¢/,C,C’, ¢;, C; <
oo. If it is necessary to emphasize the dependence on some parameter a, then we write ¢(a) for instance.

2. PRELIMINARIES

In this paper, we use often properties for the Brownian motion, the simple random walk and the frog model. Hence,
this section summarizes those properties. In particular, Lemma 2.2 proves the scaling invariance of energy, which
corresponds to Step 0 in Section 1.3.

2.1. Some properties of simple random walk and Brownian motion. We start with some simple estimates for
the hitting time and the range of the simple random walk.

Lemma 2.1. For simplicity of notation, we use the notation (S;), to express the simple random walk (SP)$2,
starting at 0. Then, the following results hold:

(i) Let R; be the range of the random walk up to time t, i.e., Ry := {S; : i € [0,t]}. There exists a positive
constant ¢ such that for all t > m?,

P(|R¢| < m) < exp(—ct/m?).
(i) For any a > 0, there exists a constant ¢ = c(a) € (0,1) such that for all n € N,

sup P(¢(0,z) > n) <ec.
je|<aym

(i1i) There exist positive constants ¢ and C' such that for all x € Z and n € N,
P(t(0,z) < n) < Cexp(—cz?/n).
Proof. By the usual central limit theorem,
lim P(Sp: <k)=P(Z<1) <1,
k—o0
where Z is a standard normal random variable. Therefore,

sup P(|Re2| < k) < supP(Sk2 < k) =ra < 1.
k>1 E>1

This combined with the Markov property implies that for ¢ > m?,
P(|R:| <m) < P(!{Si i€ [im?+1, (G +1)m?]}Y <m Vje o, t/mZ]]) < ol/2m*
and part (i) follows. For part (ii), we use Donsker’s invariance principle: as n — oo,

sup P(t(0,2) > n) = P(t(0, [av/n]) > n) — Bg™ (7, > 1) € (0,1),
|z|<av/m

where PEM is the law of Brownian motion starting at 0 and 7, is the hitting time of Brownian motion to a (see also
above (1.3)). This implies part (ii) immediately. Let us finally prove part (iii). From [21, Proposition 2.1.2-(b)], there
exist constants ¢ and C such that for all z € Z \ {0} and n € N,

P(t(0,z2) <n) <P ( max |S;| > |x|) < Cexp(—cx?/n),
1<i<n
and part (iii) follows. O
Let us next state some properties for the hitting time of the Brownian motion.

Lemma 2.2. Given £ > 0 and f € C(€), we define the rescaled function fe(z) := £ f(\/€x). Then, fe € C(1) and
E(f) = VEE(fe) for any € > 0 and f € C(§). As a corollary, the function r defined in (1.4) satisfies

r(§) = Veér(t) vE>o.
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Proof. Let £ > 0 and f € C(¢§). Since lim, o f(z) = &, we have lim, o fe(x) =1, and fe € C(1) holds. Moreover,

by the scaling invariance of Brownian motion, i.e., the laws of (By)i>0 and (Bg;/+/€)i>0 coincide (see for instance [17,
Lemma 9.4]), we have

_B(f) = / logPPM (r, > f(y) — f(z) Vy€R)de

— [108P2 (e 2 €00 - @) o€ R)

By the change of variables t = 2//€ and s = y/+/, the rightmost side above is equal to
\/E/logPtBM (rs > f(VEs) — €T (Ve Vs ER)
R
= \/EleogPtBM(Ts > fe(s) — fe(t) Vs € R)dt = —/EE(fe).

Therefore, we obtain the equality E(f) = v/E(f¢), which also implies that r(£) = /&r(1). O
d 2 2
—]P’BM (max B, < u) =4/—e " /2,
du 0<s<1 T
9 [w/Vi 2 U
PBM( >t:\/7/ e 5 /2ds < 1A —.
0 ( u = ) 7 Jo \/i

Proof. The first statement is proved in [17, page 96]. Hence, the scaling invariance of Brownian motion shows that for

all t,u > 0,

The last asymptotic formula follows from that for all > 0,

A1l x
xé\lg/ 6_52/2ds§/ 6_32/2ds§x/\ﬁ,
0 0

and the proof is complete. O

Lemma 2.3. We have for any u > 0,

As a consequence, for all t,u >0,

In Step 2 of Section 1.3, we use Donsker’s invariance principle and approximate the trajectory of the simple random
walk by that of the Brownian motion. To do this procedure rigorously, for any function f on R and ¢ > 0, we define
two perturbed versions f*:€ of f by

(2.1) fTw)y=sup fv), fow)= inf f(v) Yu € R.

vE[u—e,utel vE[u—e,u+te|
In particular, the following lemmas play a key role in approximating the energy by using step functions in Step 2a of
Section 1.3.

Lemma 2.4. Let f and g be bounded functions on R with f(x) < g(x) for all x € R. For all positive constants
€1,€2, M, there exists ng € N such that for alln > ng and x € [-M+/n, M+/n],

PR (72 P 0) — gla/Vi) Vo e [FMM]) — e
(2:2) < P(ta,y) = n(f(y/vn) — gla/Vn) ¥y € [-Mv/n, MVn])
<PRY(r 2 17 0) — gle/VR) Vo€ [-M,M]) + e

Proof. Let €1,€e3, M > 0. Without loss of generality, we assume that g(z/y/n) = 0 by subtracting g(x//n) from f
and g if needed. Let (By);>0 be the Brownian motion starting at z/v/n, and (5;):2,, the simple random walk starting
at . The Komlos—-Major-Tusnady approximation (see [11, Lemma 17] for instance) allows us to couple (ﬁS Int])t>0
and (Bt)¢>0 on a common probability space with probability measure P in such a way that for all n large enough
depending on €y, €3, f,
€1
)

(2.3) P(&;) < €2, where &, := { sup |B: —

0<t< || flloo

1
7 Sint
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We first consider the second inequality in (2.2). Suppose that &, occurs, and assume further that for all y €
H_M\/ﬁ7 M\/E]L
(2.4) t(z,y) = nfly/vn).
If y > z, then (2.4) implies sup{S; : t < nf(y/v/n)} <y. Thus, by &,, choosing y := [(v — (e1/2))+/n], one has for all
v € [z/v/n+ e, M],

sup{Bt it < f*’fl(y)} < Sup{Bt 1 < f(y/\/ﬁ)} < % + %1 <w,
which implies 7, > f7 (v). By symmetry, we have 7, > f—(v) for all v € [-M,z/+/n — €1]. Observe that for all
v € R with |[v — 2/y/n| < €, by the assumption that f < g, we have f—¢ (v) < f(xz/y/n) < g(x/+/n) = 0. Hence, we
have 1, > f7 (v) for all v € [-M, M]. In conclusion,
&0 {tw,y) = nf(y/vn) vy e [-Mvm, MyAl} € {r, > f(v) Voe[-M, M]}.

This combined with (2.3) yields the second inequality of (2.2).
Next, we consider the first inequality in (2.2). Suppose that &, occurs and that 7, > f7 (v) holds for all v €
[—M, M]. If v > x/\/n, then sup{B; : t < nfT (v)} <wv. Thus, by &,, for all y € [x, M\/n], with v := y//n —€1/2,

sup{Sn :n < f(y/vn)} <sup{Bt:t§f+’€1(v)}+i <vt2=L

2 SVt = U
which implies t(z,y) > f(y/v/n). By symmetry, we have t(z,y) > f(y/v/n) for all y € [-M+/n, z]. Putting things
together, we reach

Enn{rnz o) e =M M)} {Hay) 2 nfy/V) Wy [-MVa, Myl }.
This combined with (2.3) yields the first inequality of (2.2). O

Lemma 2.5. Fiz & > 0. Let f € CS5tP(&) (which is the set of all step functions in C(£)) and let T be the set of all the
points of discontinuity of f. Then, for any u € T'°,

;@)PEM (1o > fT0(v) = fu) Vv eR)=PEM (7, > f(v) — f(u) YveR).

Proof. Since f is bounded, we can take a constant M such that the support of f is in [—M, M]. Hence, it suffices to
show that for any u € T'¢,

(2.5) Hm P2 (r, = £50(0) = flu) Yo (<M, M]) = PP(r, 2 f(0) = () Vo € [=M, M),

To this end, we fix u € I'°. Due to the monotonicity of f1+9 in §, the limit of the above expression exists and
gi\%PEM (1o > fT0(v) = fu) Vo€ [-M,M]) <PEM(r, > f(v) — f(u) Vv e [-M,M)]).

For the opposite inequality, let I be the set of all the points of discontinuity of the function f. Note that I' is finite
since f is a step function. Moreover, set f¥(z) := lims\ o f7°(x) and consider the event

&= {Vw el o # fH(w) — f(u), nILH;OTWil/” = Tw}.
Clearly, PEM(£) = 1 holds due to the finiteness of I'. Hence, the desired opposite inequality follows once we prove that
(2.6) (V6 >0,Fve[-M,M], 7, < fH°0) - flw)}NEC{ve[-MM]), 71 < fv)— flu)}
Indeed, (2.6) combined with the monotonicity of f*9 in § implies that
%i{%IP’EM (1o > f0(v) = fu) Yve[-M,M])=PEM({36>0,7 > () - flu) Yve[-M M]}UE)

>P(ry > f(v) = f(u) Ve [-M, M]),
and the desired opposite inequality follows.

To prove (2.6), suppose that the event in the left-hand side of (2.6) occurs. Then, for each § € (0, 1], we can take
vs € [~M, M] such that 7,, < fT%(vs) — f(u). By the compactness of [0,1] and [~M, M], there exist a sequence
(6%)%, on (0,1] and v, € [—M, M] such that & N\, 0 and vs, — v« as k — oo. If v, ¢ T, then fH%(vs,) = f(vs,)
holds for a sufficiently large k. This means that we have 7,; < f(vs,) — f(u), and thus the event in the right-hand
side of (2.6) occurs. Let us next treat the case where v, € I'. Since f is a step function, f*% (vs,) < f¥(v.) holds for
all large k. Hence,

limsup 7, < limsup fHo%(vs,) — f(u) < fH(v,) = f(u).

k—o0 k—o0
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This, together with the fact that 7,, # fT(vi) — f(u) and Tus, — Tv, a8 k — 0o on the event &, implies 7, <
ft(ve) — f(u). Hence, there almost surely exists a (random) constant € > 0 such that 7, < f*(v.) — f(u) for all
v € [vx — €,v,4 + €|. Moreover, since f is a step function and v, € T', there exists an open interval I C [—M, M] such
that v, is an endpoint of I and f(v) = f*(v,) for all v € I. Since [v, — &,v. + €] N T is not empty, we can take
v € vy —&, v, +]NT C [—M, M] such that

7o < fH(v) = flu) = f(v) = f(uw),
and the event in the right-hand side of (2.6) also occurs in the case where v, € I'. Therefore, (2.6) is proved. O

2.2. Some prior estimates of the one-dimensional frog model. In this part, we present some lemmas on large
deviation behaviors of the first passage time of the frog model around the starting point.

Lemma 2.6. There exists ¢ € (0,1/64) such that for any § > 0, A > 4c¢\V/$, and n large enough, we have
(2.7) P(|Bsn| < cdv/n/A) < exp(—Avn),

where fort >0,
B :={z€Z:T(0,z) <t}

Consequently, for any n, A > 0 satisfying A > 32¢n,
(2.8) P(T(0, [nv/n)) AT(O, = [nv/n]) = 243m/e) < exp(~Av/n).
Proof. For any k > 1, let us define
Ty == min{t € N : |B,| > 2¥}.
By Lemma 2.1-(i), there exists a positive constant ¢y such that for ¢ > m?
(2.9) P(|R:| < m) < exp(—2cot/m?),

where R; is the range of the simple random walk starting at 0 up to time ¢ (see also the statement of part (i) in
Lemma 2.1). Let

€ = (cod/4A)?, Ky, := |logy(V/en)].
Next, we consider the filtration (F;);>1 defined by
JT"j = O'(Tl,'” ,Tj).
By the Markov inequality, for any « > 0

kn
(2.10) P(|Bsn| < ven) <P(Ty, > on) < e *"Ee®Tn = e~ | [] E[e* ™1 | Fj 4]
j=1
Since [Br,_,| > 271 using (2.9), we have for t > 2%
. j—1 j
(2.11) P(T; — Ty > t]| Fj_1) < (P(Re| < 2))° < eoot/?,

Taking a := co/(2y/en) = 2A4/(5\/n), we have cy/27 > co/2k» > cy/\/en = 2a for all j € [1,k,]. Hence, for all
J €L, kal,

E[ea(Tjiijl) | -Fj—l} S Ol/ Bat]P)(Tj - Tj—l >t | fj_l)dt
0

o0

oo
: 2j _ j 2541 _ 2541
Sa22jea2’+a/ e cgt/ZJdtgeo&] _|_a/ e atdt§26a2] )

227 227
Thus, since 22kn+2 < 4en < on/4 and ad/2 = A/\/n by the choice of €, & and the condition A > 40\/3, we have for n
large enough depending on ¢y, ¢, 4,

k’n kn . kn .
e—aénE H E[ea(Tj—Tj,l) | fjfl] < e—aén H (ea221+1 n 1) < e_a5n H 2ea221+1

j=1 j=1 j=1
< exp (704571 + ky, log 2 + a22k"+2)
< exp(—adn/2) = exp (—Av/n).

This combined with (2.10) yields (2.7).
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Next we treat (2.8). Given n, A > 0, we set § := 2An/c. Since A? > 32Acn = 16¢25 by the assumption A > 32cn,
Part (i) gives
B([Bsal > 20vi) > 1 — exp(— AV
Moreover, if |Bs,| > 2n+/n, then either T(0, [ny/n]) < dn or T(0, —|n+/n]) < n. Hence,

P(T(O, Lpv/m) ) AT, ~ [v/inl) < 6n) > 1~ exp(~AVn),
and the proof is complete. O

Lemma 2.7. The following results hold:
(i) For any a > 0, there exists ¢ = c(a) > 0 such that if n € N is large enough, then for all x € [—/n, \/n],

P<T[—m,m] 0,z) > n) < exp(—cy/n).

(ii) There exists a universal constant ¢ > 0 such that for any a, 8 > 0, if n is sufficiently large depending on «
and 3, then

P(T(0, lav/]) > Bn) < exp(—ca~'y/n).

Proof. First of all, let ¢ € (0,1/64) be the constant as in Lemma 2.6 and recall Ty = inf{t : |B;| > 2*}. Fix @ > 0 and
x € Z with |z| < /n, and define
e :=min{a,c?/4}, ky, := [log, Ven|.

Then, for all n sufficiently large (independently of ¢, « and €),
(2.12) P(Tk, > n/2) <P(IBy/2| < Ven) <P(By 2| < ev/n/2) < exp(—v/n),

where we have used Lemma 2.6 with 6 = 1/2, A = 1 > 4¢V/J in the last inequality. Note that, at the time Ty, , the
number of active frogs is larger than /en/2 and the set of sites visited by active frogs is a subset of [—+/en, \/en].
Therefore, by the strong Markov property, we have for any x € Z with |z| < \/n,

Ven/2
} < eXp(—C/\/ﬁ>,

P(T[fﬁ’m(o,x) >n, Ty, < n/2) < { max_P(t(z,x) > n/2)
|z|<ven

for some constant ¢ = ¢/(¢) > 0. Here the last inequality follows from Lemma 2.1-(ii) and that max{|z — z| : |z] <

ven,|z| < 4/n} < (14 +/€)y/n. Combining this with (2.12) yields that

P(T[‘ﬁvﬂ(ov@ z ”) < exp(—v/n) + exp(—c'V/n).

Hence, part (i) of the lemma follows since T(_ /z /zn)(0,%) > T\_ /am /an)(0,2) by € < a.
Next, we consider part (ii). Fix o, 8 > 0. Then, letting n large enough and taking m := [a?n] and v := 3/(2a2),
one has

P(T(0, |av/) > Bn) < P(T(0, [v/m]) > ym).

Hence, for part (ii), it suffices to check that there exists a positive constant ¢ (which is independent of o and ) such
that if n is large enough depending on « and 3, then

(2.13) P(T(0, |[v/m]) > ym) < exp(—ca™'By/n).

Since Ty(0,-) > T(0,-) for all I C Z, part (i) implies that there exists a positive constant ¢; (which is independent of
a and ) such that for all ¢ sufficiently large,

(2.14) P(T(0, [VZ]) > €) < exp(—c1V¥).

In the case v > 1, (2.13) is a direct consequence of (2.14). However, (2.13) is not trivial in the case v < 1 since
{T(0, |v/m]) > ym} D {T(0,|v/m]) > m}. To overcome this problem, we use the subadditivity to obtain

K-1

T, Lvim)) < 3 T(il(/2)vm], (i + 1)il(v/2)vm))

=0
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with K := [2/7]. Therefore, the union bound, the translation invariance and (2.14) show that there exists a positive
constant ¢ (which is independent of o and () such that if n is large enough depending on « and 3, then

P(T(0, [vm]) = ym) < K x B(T(0, [(v/2)vm)) = 1)
< K x P(T(0, [v/(Z/Am]) = (+/4)m)
< (% + 1) eXp(—%oflﬂ\/ﬁ) < exp(—ca”'By/n).

This is the desired conclusion (2.13), and part (ii) is proved. O
Lemma 2.8. There erists a universal constant o > 0 such that for all L € N and a,h > 0 satisfying a®> > h, we have
P(T[,aﬂ (0,L) > h) < exp(ah/a)P(T(0,L) > h).

Proof. We notice that
{T1—a,21(0, L) > h} N{¥x < —a, t(x,0) > h} C {T(0,L) > h},
and that the two events appearing the left-hand side are independent. Thus,
P(Vz < —a, t(z,0) > h)P(T(_q,1(0,L) > h) <P(T(0,L) > h).
Hence, once it is proved that there exists a universal constant o > 0 such that for all a, h > 0 with a® > h,
(2.15) P(Vz < —a, t(x,0) > h) > exp(—ah/a),

the desired conclusion follows immediately. To prove (2.15), we use Lemma 2.1-(iii): there exist positive constants ¢
and C' independent of z, h such that

P(t(x,0) > h) > 1 — Cexp(—cz?/h).

Moreover, if 22 > h, then
1 — Cexp(—ca®/h) > exp (—c exp(—cz?/h)),

with some ¢ = ¢/(¢,C') > 0. Hence, since

f exp(—cx?/h) < /OO exp(—ct®/h)dt < exp(—ca®/h) /000 exp(—cs®/h)ds < \/h/c exp(—ca®/h),
r=—a—1 a
we have
P(Vz < —a, t(z,0) > h) > exp (— f d exp(—cm2/h)> > exp (—c” hexp(—caQ/h)) ,
z=—a—1
where ¢’/ = ¢ /y/c. In addition, using e™* < 1/(1 +t) for t > 0 and the Cauchy—Schwarz inequality, one has
Vhexp(—ca®/h) < Vh < vh__ _h

- 1—|—(ca2/h) 92 ca2/h_2(l\/a7
With these observations, for all a, h > 0 with a? > h,

I/h
P(Vz < —a, t(xz,0) > h) < exp (—20\[> ,
ay/c

and (2.15) follows by taking a := ¢’ /(2+/c). O

The following lemma gives a rough upper tail large deviation estimate, which is a counterpart of the result for the
continuous-time frog model [5, Theorem 2-(b)].

Lemma 2.9. There exist positive constants ¢ and C' such that for all n sufficiently large,
P(T(0,n) > Cn) < exp(—ent/?*).
Proof. By the subadditivity and the fact that T4 > T holds for all subsets A of Z, we have for all C' > 0,

(2.16)  P(T(0,n) > Cn) < nP(Ta,(0)(0,1) = vn) +P (Z Ta, @i +1) {Ta, @i +1) </n} > Cn) ;

=0
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where Ay (i) := [i — /t/4,i +\/t/4] for t > 0 and i € N. Let us first estimate the first probability in the right-hand
side of (2.16). Note that by Lemma 2.7-(i), there exists a constant ¢y > 0 such that for all ¢ > 1,

(2.17) P(Ta,(0)(0,1) > t) < ¢5 ' exp(—coV).
This implies that for all n € N,
(2.18) P(Ta,0)(0,1) > v/n) < P(TAﬁ(O)(O, 1) > \/ﬁ) < ¢g ' exp(—cont/?).
We next estimate the second probability in the right-hand side of (2.16). Define for ¢ =0,...n — 1,
Xi=Ta, @i+ 1) H{Ta, @ i+1) < v}

By definition, X;’s are bounded from above by y/n almost surely. Moreover, the translation invariance and (2.17)
imply that for all i = 0,...,n — 1 and t € [1,/n],

P(X; > 1) =P(Ta,0) >t) <P(Ta,0) >1t) < ¢y exp(—coV).

This means that for all : =0,...,n — 1,

2 o0
E[exp(?\/,&)} <14 cgl/ t73/2dt < oo.
1

With these observations, the mean-value theorem proves that there exists a constant o = a(cg) > 0 such that for all

1=0,....,n—1,
E x| <1+-2 E|x, _9_x,
XPl g At = + 3pl/4 Pl 3, 1/4

Co Co
(219) < 1+ W]E |:Xz exp(gv X,>:|
<1+ % g o x| <1
< +00n1/4 exp 3 i < +n1/4'

Here we used the fact that X; < /n almost surely in the second inequality. Furthermore, the third inequality follows
from the fact that exp(cov/?/3) > cit/18 for all t > 0. To estimate the sum of (X;)7=, by using (2.19), we divide
[0,n — 1] into |y/n] groups as follows:

Lvnl-1
,n-1]= |J 7, Zi={iclo,n-1]:i=j (mod|[vn])}.
§=0

Remark that X; depends only on the frogs (S7),_;<,/m/4- Thus, for each j < [\/n], the random variables (X;);ez,
are independent. Therefore, Markov’s inequality and (2.19) show that if & > 6c|Z;|/co, then for each j =0, ..., |v/n],

Co Co
P( X wz0) -r(3 g )

i€ i€,

ol ) ()
< coh a \ % < coh
S exp —W 1+m S exXp _W .

For each j = 0,...,[v/n] — 1, we have 12a/n/co > 6c|Z;|/co due to |Z;| < 2y/n. This enables us to use the above
estimate with h = 12a4/n/co to obtain

i, 120 el 120
P(ZX > n) Z ]P’(ZX > 0\/ﬁ> < Vnexp(—ant/*).

=0 i€L.

Therefore, combining this estimate with (2.16) and (2.18), we get the desired conclusion. O
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3. LARGE DEVIATION OF THE FIRST PASSAGE TIME: PROOF OF THE MAIN THEOREM

The aim of this section is to show Theorem 1.2. To this end, we fix £ > 0 and prove

(3.1) Ty € (0700)
(3.2) Qﬁﬁp b@ﬂ(om (n+&n) < (&) = /¢,
(3.3) lim inf 7 L log P(T(0,n) > (1 + &)n) > r(€) = rav/E.

The proofs of these claims are based on the following three key propositions. The first proposition treats Step 1
of Section 1.3, which asserts a localization phenomenon of upper tail large deviation. We also observe a slowdown
phenomenon for the upper tail large deviation probability of the first passage time.
Proposition 3.1. The following results hold:
(i) For any &,0 > 0, there exists ¢ = ¢(&,8) > 0 such that for any M € N, if n € N is large enough depending on
M, then
P(T(0,n) > (p+&n) = P(T(0, [My/n]) > (€ + 8)n) — exp(—en®/?).
(i) For any &,¢,0,A > 0, there exists My = My(&,¢,0, A) > 2+ & such that for any M > My, if n € N large
enough depending on M,

P(T(0,n) > (1 + &)n) < exp(— Af>+expcf2 > HP 0, [Mv/n]) > hy),

ml(h)mleH =1

m,n

where
(34) ,Hfrsn,n = {(hl)zril e N™: (f — (5)71 < Zhl < M’I’L} .
i=1

(11i) (Slowdown phenomenon) For any £ > 0, there exists a positive constant ¢ = ¢(§) such that
B(T(0,n) > (11 +€)n) < exp(—cy/m).

The following two propositions justify Steps 2a and 2b of Section 1.3, which surfaces energy functionals and claims
that the ground state energies in C(¢) and C5**P(¢) coincide, respectively (see above (1.3) for the definition of C(¢) and
recall that CS*P(¢) is the set of all step functions in C(€)).

Proposition 3.2. For any & > 0, the following results hold:
(i) We have
-1
lim sup lim sup —= log P M >¢én inf  E(f).
im sup lim sup —= log (T(0, [MV/n]) > &n) < red o B
(i) For any M sufficiently large,
hmlnf—lo P(T(0, [ M+/n]) >¢&n inf E(f)— M2,
minf 2 log P(T(0, LMV > €n) > inf E(f)
Proposition 3.3. We have

inf {E(f) : f € C¥P(&)} = inf {B(f) : f € C(€)}.

The proofs of Propositions 3.1, 3.2 and 3.3 will be presented in the subsequent sections, and let us here complete
the proofs of (3.1), (3.2) and (3.3).

Proof of (3.1) and (3.2). We first prove r, < co. Use the fact that log(1 —t) > —t/2 for t € (0,1) and Lemma 2.3
to obtain

1
logIPOBI\/I(T$ >1)> —§IP(]J3M(TI <1l)>- e~ /2,

V2
Since the function g(x) = 1{z > 1} belongs to C(1), we have

1 o)
re < E(g) = —/ log PEM (7 > 1) dz = —/ log PEM (7, > 1) d
(3.5) oo 0

1 o0 2 1
< — e "2 dr = = < 0o
_\/271'/0 2
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Let us next prove (3.2). Lemma 2.2 and Propositions 3.3, 3.2-(i) and 3.1-(i) show that for any § > 0,

re/E+ I = inf E(f) > limsup lim sup -1 log P(T(0, [M+/n]) > (£ + 6)n)

FECSteP (£46) M—oco n—oo \/ﬁ

(3.6) zlﬁfgnmn{;lkgPﬂYQn)z(u+£mmmfm}

= hﬂbolip 7 log P(T(0,m) > (1 + &)n),

and (3.2) follows by letting 6 \, 0.
It remains to show 7, > 0. Due to (3.6) and Proposition 3.1-(iii) with £ =6 =1,

—7,V/2 < lim inf T log P(T(0,n) > (1 +1)n) < —¢(1) <0,

n— oo

where ¢(1) is a positive constant as in Proposition 3.1-(iii). Therefore, r, > 0 holds and we obtain 7, € (0, c0). O

Proof of (3.3). By Proposition 3.1-(ii), for any ¢, d, A > 0, there exists My > 2 + £ such that for all M > M,

hmlnf logP(T(0,n) > (u+ &)n)

> min{A —c—l— mln lim inf f ZlogIF’ 0, M+/n]) > hl)}

<m<M n—oo (h;) 1€7—£

Thus, it suffices to prove that for any § € (0,£/2), M > My and m € [1, M],

(3.7) lim inf f Zlog]P’ 0,[My/n]) > h;) >ra\/€—26 —2M 1.

n—00 (h "”167{
Indeed, by (3.7),

hmmelog]P’( (0,n) > (p+&)n) > min{A, —c+ 71/ —25 — 2M*1}.

n—oo

Hence, letting M — oo, and then ¢, \, 0 and A — oo proves (3.3).
To prove (3.7), we fix M > My and m € [1, M]. By Proposition 3.2-(ii), if n is large enough depending on M, §,
for any i € [1, M?/d],

\_/—% log P(T(0, [M+/n]) > ién/M) > r.\/i6 /M — 2M 2.

Therefore, for n large enough, we have

\FZIOgIF’ O LMVA) = h) > - min leog“"< o i = [ 5] )
> i, Em: (r* V\g?” % - 2M‘2>

=1

>r, X min —_—— —oM 1
- (h )wileHé Z < >+

m,n o _q

(hw)m 16Hm n

Since r, > 0 and /ai + -+ - + Jag > +/a1 + - -+ + ap for any aq,...,ap > 0, this is further bounded from below by

re X min Z(m]\i) 72M712T*\/§*2572M713
+

n
O

which is the desired bound (3.7). O
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4. ARISING OF ENERGY FUNCTIONAL: PROOF OF PROPOSITION 3.2

In this section, we focus on proving that

. .o —1 .
(4.1) Jm im0 B(T(0, [MVA]) > n) = inf B()

The section is divided into four parts. First, we explain the heuristic of the proof in Section 4.1. Second, we prove the
lower bound (Proposition 3.2-(i)) in Section 4.2. Third, we prove the upper bound (Proposition 3.2-(ii)) in Section 4.3.
Finally, we prove an auxiliary result, Lemma 4.2, that is used in the proof of Proposition 3.2-(ii).

4.1. Heuristic behind the proof. We explain here general ideas to prove Proposition 3.2. Observe that
(42)  T(0,[Mvn])z¢&n = 3feC(); Yo,y € [-Mvn, MVn], t(z,y) = n(f(z/vn) - f(y/Vn)),
(43)  T(O,[MVn])>én < 3feCHPE); Va,y € [-Myn, MV/n], t(z,y) > n(f(z/vn) = fly/Vn)),
Indeed, if T(0, |[M+\/n]) > &n, letting f(u) := T(0, v/nu)/n for u € [-M, M] so that f € C(£), then

t(w,y) = T(0,y) — T(0,2) = n(f(y/vn) — f(z/Vn)),

where we have used the triangular inequality. This implies (4.2). On the other hand, Lemma 4.1 below shows that
if the right-hand side of (4.3) holds for some step function f € C5*P(¢), then T(0, | M+/n]) > én. Additionally, as it
will be shown in Section 6, we can interchange the spaces C(£) and C5*P(¢) in the computation of the rate function,
and hence we essentially have the equivalence relation in (4.2).

As a consequence,

(44)  P(T(O,[M V) > tn) ~ B(3F € C(©); Vay € [-Myn, Myl t(z, ) > n(f(y/v/n) — F(/v)).

By the Laplace principle, one expects that the right-hand side of (4.4) is approximated by

sup B(va,y & [-Mvin, MVA, t(e,y) > n(f(y/Vn) ~ F(x/ V)

fec()

= s ] (Ve =My, MVaL, te,y) = nl(f /v f/vi).
fec(e) 2€[-M/n, M/n]

By Donsker’s invariant principle, one further expects that

B(vy € [-Mv/, MVl a.y) > n(f(e/vn) - f(y/V)
~ PR (Vo € [=M M), 7 2 f(v) = f(w/v/n)).
Hence, one would get
[T P(vwe =My, Myl te,y) > n(fy/v) - fa/Vn)
z€[—M~+/n,M+/n]
~ I Ea(we =M MLm= f() - fla/vi)
z€[—My/n, M/n]

= exp n% Z 1OgP5}VI\/ﬁ(VU€ [-M, M], 7, > f(v) — f(z//n))
zE€[—My/n, My/n]

M
A exp (ﬁ/_MlogPEM(VU E-M,M], 1, > f(v) — f(u))du)
= exp(—vn(E(f) + on(1))).

Combining these approximations we arrive at the desired equation (4.1).

In fact, some of them are not straightforward and we will only prove that

it B(7) —on(1) < lim —ZlogP(T(O,MVA]) > &n) < _inf  E(f)+ o ().



16 V. H. CAN, N. KUBOTA, AND S. NAKAJIMA

4.2. Proof of Proposition 3.2-(i). Let us start with a simple observation.

Lemma 4.1. Let £ > 0 and f € C3*P(&). If M is large enough, then for all n € N,
1ogIP(T[,Mﬁ7Mm (0, [My/n)]) > §n)

> Y 10gP(te,y) = nlf(y/V) — f(e/vm) Yy € [-Mya, Mya).
€[~ M/m, M\/n]

Proof. Fix ¢ > 0 and f € C5%P(¢). By definition, f(0) = 0 holds and we can take a sufficiently large My € N such that
f is constant outside [—My, My]. Note that f(My) = || flleoc = &, where ||f|loc = sup,cr f(u) (see also above (1.3)).
Let M > My + 1 and n € N. Suppose that

t(z,y) = n(f(y/vn) = f(z/v/n)) Vr,y e [-Myn, Myn].
Then, since £ = f(M —1) < f(|My/n]/v/n) < f(M) = £ holds, one has for all sequence (z;)¢_, on Z with 29 = 0 and
zp = [My/n],

i Hrio1v2) 2 30l s/ V) — Fraos V) = (/) 50) =
which implies T/(0, L;wlﬁj) > én. T};;efore,
1ogIP>(T[,Mﬁ’Mm (0, [Myan]) > gn)
> logP(t(w,y) = n(f(y/v/n) = f@/V)) Va,y € [-My/n, Mv/n])

= > 1oP(twy) Z nlfly/VR) — f/vm) Yy € [-Ma, M),
ze[-My/n, M/m]
where the last equation follows from the independence of the simple random walks. Hence, the lemma follows. O

We are now in a position to prove Proposition 3.2-(i).

Proof of Proposition 3.2-(i). Using Lemma 2.8 with a = M+/n, L = | M+/n|, and h = &n, one has

-1 af 1

— > <= >

= logP(T(0, [M/)) 2 én) 5 OB (Tioarymarya (0, LM Vi) 2 €n).
where « is a universal, positive constant as in Lemma 2.8. Therefore, it suffices to prove
4.5 lim sup lim su 10 P(T M >&n inf  E(f).
(45) msuplimsup — = 1og P(T(_ayymarym (0 [MV)) > én) < int B(f)
Let n > 0 and M € N be sufficiently small and large, respectively. We take f, € CS5*P(¢) such that
4.6 X f E(f)+n.
(1.6 E(f.)< | int E(f)+n
Lemma 4.1 yields that for all n € N,
(4.7) 1og P(T(_ryim a0 (M) > én) > I,
where

I, = 3 logIP(t(x,y) > n(f.(y/vn) — fu(x/vVn)) Yy e [-Myn, M\/ﬁ]]).

z€[—M~/n, M/n]

We enumerate the points of discontinuity of f. as u_p < u_1 <0 < wuy < --- < up and set ug := 0. Given € € (0,1)
and n € N, let

K& = (/oKW nzZ, K2 :=(/nK®)n

where
¢ ¢
KW = [-M, M]\ U [u; — 2¢,u; +2¢], K@ .= U [u; — 2€,u; + 2¢].
=t =t
Now, decompose
I, =10 4 1
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where

18 = 3" togP(t(w,) = nlfuly/Vi) — fula/V) Yy € [-Mym, Mya]),

18 = 3" logP(t(.) = n(fuly/V) = fola/V) Yy € [-Mn, MVA]).
meKé%r)L
Once we prove
M

(4.8) lim sup lim sup — 16(172 < - / log PPM(7, > f.(v) — fu(v) Yo € R)du

eN0 n—00 \F —M
(4.9) lim sup lim sup ;16(32 =0,

e\0 n—00 n

these combined with (4.6) and (4.7) imply

lim sup lim sup — 1ogIP’( =y i) (0, [My/n]) > «fn)

M—o00o n—oo

—1
< lim sup lim sup lim sup —(I(l) + I(z))
e ;

M —o0 e—0 n— o0

<- / log P2 (r, > £.(0) = fu(u) Vo € R)du = B(£) < inf B(f)+n,

and hence (4.5) follows by letting 7 \, 0.
It remains to prove (4.6) and (4.7). We first check (4.8). Let 6, € (0,¢) be sufficiently small. Given u € R, we
define

hi(u) = PBM(TU > f:r’é(v) - f*(u) Yv € R)

Remark that since f, is a step function, we can take M sufficiently large such that fi|—cc,—ar+1] and fu|(ar—1,00) are
both constant functions, and thus for any v € R,

(4.10) hd (u) = PBM (TU > fH0) — fulu) Yoe [-M+1,M— 1]).
Lemma 2.4 with f = g = f, and €; = §, €3 = ¢’ yields that if n is large enough and z € Ke(lrz, then
(4.11) P(t(e,) > n(fu(w/V) — fule/V)) iy € [-MVi, Mya]) > K(e/vi) &

Moreover, due to the definition of K" and the fact that I f<llco = &, we have for all u € KM,

(412) ) 2 PP A e 2 €)= BB um [B < ) = e(e.0) € (0.)
By (4.11) and (4.12), for all z € K&,
P(t0.0) 2 n(£u/VA) ~ 1oV o € [0y ML) = (1= s Y (e v,
It follows that
(4.13) 18) > > loghl(x/vn)+ (2M/n+1)log (1 - 6(26)) .

wEKe(,ly),,
Notice that if 0 < h < 4, then for all z € KSE and v € R,

fele/Vn+h) = fu(z/v/n), 52 (0+h) > f70(0).
This together with (4.10) yields

W2 (x/y/m + h) < PE/MIM(TU > fH2() — fu(z/Vn+h) Ve |-M, M])
= P2 (ron > £H2(0) — fula/VR) Yo € [-M, M)
=P (> f 0+ h) — fule/v) Vo€ =M — b, M —B])

= PB/f(TU W) = fulz/v/n) Yoe[-M —h, M — h]) < h8(xz/\/n).
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Hence, if n is large enough so that 1/y/n < § < e, since log h?°(u) = 0 for any u > M — 1, then we have

f/ log h2° (u) du < Z sup  log h?’(z/\/n+ h) < Z log kS (x/+/n).
6/2

0<h<1
sek () OShSL/Vn veK®)

This together with (4.13) proves that

6/
lim sup —16(1,2 < lim sup log h5 (x/v/n) — 2M log ( )
n—oo \F n—oo mezK:(l) / ) (f,e)

5/
< - loghzéu du—2M10g<1—>.
Pt o9

e/2

(4.14)

Since f, € C5%*P(¢), Lemma 2.5 and the monotone convergence theorem imply
M

lim log h2° (u) du > /

log PEM (7, > f.(v) — fu(u) Vv €R)du.
NGO M ( )

Combining this with (4.14), we have for any € > ¢’ > 0,
-1 M &
lim sup — 1) < 7/ log PEM <7’v > fu(v) — fulu) Yo e R) du — 2M log (1 - ) .
n— o0 n v M C(g? 6)

Therefore, (4.8) follows by letting 6’ N\, 0 and then € \, co.
Let us finally check (4.9). Define for i € [—¢', /] and ¢ > 0,

Lsn(i) = [Vn(u; — 26), v/n(u; +20)] N Z

Let 6 € (0,1) be small enough (depending on f.) so that for any n € N, (Lsn())ic[— ¢ are disjoint. Take an
arbitrary € € (0,9/2) and note that Ke(z) = Uf:%, L ().

We first consider ¢ € [1, ¢] and z € L., (7). Since f. is increasing in [0, 00) and decreasing in (—oo,0] and satisfies
0 < fu(u) <& for all u € R, we have

P(t(2,0) > €, t(w,ys) > €n) < P(ta,y) = nlfoly/vVi) = fo(a/Vi) Yy € [-M, Myi]),

where A, := [dy/n] and
) Tugy/n] if (u; — 2€)v/n < x < ui/n,
Yo 7 Tua/m] + An i wi/m < @ < (us + 26/,
The strong Markov property shows
P(t(z,0) = &n, t(z,y2) = &n) = Po(0 2 &n, 7, = 1§)

P, (TAn < Ty, ke%a? 1 |Smn +k — TAn| < An)

Y%

— 0
=Py (72, <7y )P <0£I]1€3é);€ |SE| < An> )

A standard result for the simple random walk (see for instance [20, (1.20)]) and the fact y, > 2A,, give

Yo — T >ym_x
Yo — Ap T O/

Moreover, by Donsker’s invariance principle, for n large enough,

P, (TAn < Tym) =

0<t<¢

1 8
0 - .
P (051%);& |SE| < An> > QP ( sup |B:| < ) =:¢(£,0) >0

Therefore,
-

\/ﬁ )

P(t(e,y) = nlfuly/Vi) — fo(a/vVm) Vy € [-Mv, Mya]) = .
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with ¢, 1= ¢(§,0) :=c(§,0)/6. Hence,

fmsup —= 3~ Lo P(t(r.9) = n(f(u/ Vi) ~ £.(a/V) ¥y € [-MVi, M)

zEKé,Q% (4)
[2en]

(4.15) <_ — 9liminf —— L
< —4elog(cy) 21171111>1£f\/ﬁk22110g NG

2e
= —4elog(cy) — 2/ logtdt = —4e(log(2c.€) — 1).
0

In the case i € [—¢', 1], the above argument also works by symmetry, and (4.15) is valid for ¢ € [—¢', 1]. In the case
i =0, setting for « € L, ,(0),
0 if x <0,
Yz =

A, ifz>0,

one can apply the above argument again and obtain (4.15) for ¢ = 0. In conclusion, we reach

—1
0 < limsup —I?) < —4e(l + ¢ + 1) (log(2¢.€) — 1),
< limsup =2l < ( ) (log(2c.€) — 1)

and letting € N\, 0 proves (4.9). O
4.3. Proof of Proposition 3.2-(ii). For any &, M,n > 0, we define
Corr(§) :=={f €C(E) : fl(—o0,—m] = const and f|[ps,0c) = const},
Carn (&) = {f €C(&) : fl(—oo,—n) = const, f|ar,00) = const and flj_, ,; = 0}.
Recall the notations f* from (2.1). For any &€ > 0 and f € C(&), set

M
Eyn(f) = —/_MlogIP’EM (1o = f(v) — f(u) Vv € R)duy,

M
Efy(f) =- /_ . log PEM (n > f70(0) — fTOu) Yo e R)du.

Lemma 4.2. For any & > 0, there exists My € N such that for any M > My and £ € (0,&),

inf E > inf E(f)— M2
PR M(f)ffec(g) (f)

Furthermore, for all M > 1 and n € (0,1),

lim inf EF = inf
0—0 fe€Cnr,n (&) 6’M<f) feCr n(§)

En(f)-

The proof of Lemma 4.2 is postponed until Section 4.4, and we complete the proof of Proposition 3.2-(ii) for now.

Proof of Proposition 3.2-(ii). Fix £ > 0 throughout the proof. By Lemma 2.6 with 27 in place of  and A = (&),
there exists C' = C(&) > 0 such that for any n € (0,7(£)), if n € N is large enough, then

(4.16) P(T(0, [20v/]) AT(0, ~[20v/]) = Cipn ) < e OV,

By Lemma 2.7-(ii) with o = 2M and 3 = 4M?, there exists a universal constant ¢ > 0 such that for any M > 0, if
n € N is large enough, then

(4.17) B(T(0, |22 /3 )) v T(0, (201 V/1]) > 4M%n) < =MV,
Set My := |r(§)|/c and no := min{{/(2C),1/4}. We fix M > My and n € (0,79). For simplicity, we are not explicitly

mentioning the dependence on M and 7 in the absence of any ambiguity. We define for n € N,
o T(0,[My/n]) = &n,
£, = { o T(0, [20y/n)) A T(0, ~[2ny/R)) < O,
o T(0,|2M+/n|)VT(0,—|2M/n|) < 4M?>n
First, assume

N .
(4.18) lim inf 7 logP(&,) > inf Enia2(f),

n—oo - feCJ\/I+2,n(£_C77)
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and complete the proof of Proposition 3.2-(ii). By (4.16) and (4.17) and the choice of M, we have

—1 -1

iminf — > > liminf —— —r(€)vn

lim inf 7 log P (T(0, [M+/n]) > &n) > lim inf NG log {26 + P(En)}
feCrt2,5(6—Cn)

By Lemma 4.2, since Car12.,(& — Cn) C C(& — Cn), if M > My(§) the constant as in this lemma, then

inf E > inf E > inf E(f)+M 2=r(—-Cn— M2
reen e on M“(f)*feC(g—cn) M“(f)*fec(g—cn) (f) (& —Cn)

Letting 1 \, 0 with continuity of r (Lemma 2.2), as desired in Proposition 3.2-(ii), we have for M > max{M;, My}

>win{r(©). il Bl |

-1
lim inf — log P (T(0, | M > > - M2,
iminf = log (T(0, [MV/n]) > €n) > r(€)

Our task is now to prove (4.18). To this end, let 6 € (0,7) be sufficiently small, and set J := 2[2M/§]. For
n € N sufficiently large, we consider the sequence x; ,, := i(d/2)y/n| for i € [—J, J]. Furthermore, the subset A,, of
(Np)2/*1 is defined by

tyj2 = &n,

to Nt_e < Cnn,

0<t; <4M?n for alli e [-J, J],
ti < titl for all i € [[0, J - 1H7

ti > tit1 for all i € [[—J, —1]]

A, = (ti);]:_J € (N0)2J+1 :

where o := [4n/0| and C is the constant appearing in (4.16). This describes the space induced by the configuration
of (T(0,z;,,));]__; conditioned on the event &,, and note that |A,| is at most (4M?n)?/*!. Hence,

PE)< Y. PTO0xn) =t Vie[-J,J])

(ti)]__ €A,

(4.19) < (M) max  P(T(0,z45,) =t; Yie [-J,J]).
(ti)]__ €A,

For each n € N, let (¢;,,)7__; be an element of A,, attaining the above maximum. To derive the desired bound (4.18),
we take the following steps (1) and (2):

(1) For all sufficiently small § > 0, if n € N is large enough, then we can construct a step function ¢ = ¢, on R
satisfying that ¢(u) > € for all u > M + 1, ¢(n) A ¢(—n) < Cn, and

1
% logP(T(O,xi,n) = ti,n Vi € [[—J, Jﬂ)
(1:20) s
< / log™ [PEM (Tv > ¢~ 0(w) — ¢ (u) Yo e [—(M+3), M+ 3}) + 6} du,
—(M+3)

where log™ v :=log (u A1) <0 for u > 0.
(2) We build a function ¢ = 1, € Cary2,,(& — Cn) such that

M+3
/ log[B2™ (7, > 67 (v) — 6*(u) Vo € [~(M +8), M +3]) +4] du
(4.21) ~(M+3)

M+2
< / log [PEM (Tv > O (v) — O (u) Vo € R) + 5} du.
—(M+2)

These guarantee that for all sufficiently small § > 0,

—1
liminf — logP(T(0, ;) = tin Vi€ [—J, J]) > liminf E; n) > inf Ef )
im in T og P(T(0, zi,n) , ie[ D= min s (¥ )_feCM+12r,ln(£—Cn) sv2(f)
This together with (4.19) leads to
-1
lim inf —= log P(&,) > i inf EF :
e m 8 ( )_J%fecM;;l,,(g—Cn) sar+2(f)

and (4.18) follows. We shall complete the proof by carrying out steps (1) and (2).
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Step (1) For simplicity of notation, we write ¢; = ¢; ,, and x; = x; ,. We define for u € R,

0
t_g t;
= = — < Uu_ — . < .
Qj)(u) ¢n(u) n ]l{u—u J}+. Z n]l{ul 1<U_ul}
i=—J+1
— t
+ ; i H{u; <u < wipr}(u) + z‘] {uy < u},

where u; = u;p := % n/+/n for i € [—J, J]. From the definition of A,, ¢ is a step function on R satisfying that
d(u) > & for all u > M + 1 and ¢(n) A ¢(—n) < Chn.
We suppose T(0, ;) =t; for any i € [—J, J] . Note that for all z,y € [-2M+/n, 2M+/n],

t(w,y) = T(0,y) = T(0,2) = n(¢~(y/Vn) — ¢*(z/Vn)).

Hence, by the independence of the simple random walks,

< IP’(t(ﬂw) >n (¢ (y/vn) — ¢t (x/v/n))  Va,y € [-2Mv/n, 2M\/ﬁ]])

= I Pl zn(e™w/Va) - 6T @/V) Yy € [2MVn, 2MVa]).

rE[—2M/m,2M /7]
By Lemma 2.4 with f = ¢=%, g = ¢, ¢, = €5 = 6, for all large n, this is bounded from above by
I1 (LA hs(z/vn)),
z€[—2M /n,2M /1]

where for u € R,
hs(u) := PBM (Tv > 6B (0) — ¢t (u) Vo e [~2M +6,2M — 5]) +26.
Note that if x € [-2M+/n, 2M+/n], v € R and 0 < |h| < 1/4/n < §, then
¢t (x/vn+h) > ¢TP(x/vn), P (w+h)<dP(v), Yo eR.

Hence, for all large n,

1 (z+1)/vn
D Y N E SR | log™ has(u) du
v ze[—2M+/n,2M /1] ze[—-2M/n,2M /1] z/vn

M+3
< / log™ [BM (r, > 6™ () — ¢+ (u) Vo € [~(M +8), M +3]) +45] du.
—(M+3)

Therefore, (4.20) follows by replacing 4§ with .
Step (2) We write

Po(u) := ((o(u) NE) = Cn)y,  weR
Since

(05°(0) =03 (u)4 < (97°(v) =™ (w)4,  w,vER,

we have

M+3
/ log™~ [PEM (n, > ¢ 0(w) — ¢T0(u) Vo e [—(M+3),M+ 3]) + 5} du
—(M+3)

< /_ A;:;) log™~ [IP’E‘M (Tv > 670 (v) — ¢ (u) Vo € [—(M+3), M + 3}) + 5} du.

Note that min{¢(n), #(—n)} < Cn from step (1). We define a function ¢ = v, as follows:
Y() = ¢o(-+m) if ¢(n) < Cn; U() = ¢do(- —n) otherwise.



22 V. H. CAN, N. KUBOTA, AND S. NAKAJIMA

Then, ¥ € Cary2,,(§ — Cn). In the case ¢(n) < Cn, applying the change of variables w = u — 7, we have for any
d € (0,1/5),

M+3
/ log™ {]P’EM (Tv > ¢;0(v) — % (u) Ywe [—(M+3),M +3]) —|—5} du
—(M+3)

M+3—3n
< / log™ [IPEM (TU >y 3(w) — T (w) Vwe|[-M+3—nM+3— n]) + 5} dw

—(M+3)+2n
M+2
< / log [IP?UM (Tv > =9 (v) — o (w) Vo e R) + 5} dw = —Efy, ().
—(M+2) '
When ¢(—n) < Cn, by the change of variables w = u + 1, we have the same. Therefore, (4.21) follows. a

4.4. Proof of Lemma 4.2. This subsection is devoted to the proof of Lemma 4.2. We first introduce a variant of
the Lévy distance in Car,,(£): given f, g € Car5(§), we define

D(f,g) :=inf{e>0: f(z) > g “(z) —eand g(z) > f(z) —€¢ Vaz€R}.
The next lemma provides the compactness of the distance.

Lemma 4.3. Let (fx)72, be a sequence on Cpry(§). Then, there exist a subsequence (fy(n))ne=1 and f. € Car,y(§) such
that D(fi(n), f«) — 0 as n — oo.

Proof. Since the same argument works when dividing these functions by &, without loss of generality, we suppose
¢ =1. Given f € C(1), we define the new functions

1 fa>M+1
ifz>0
f+(z) = /@) ?x_ , fo@)=qf(-2) f0<z<M+1.
0 ifz <0 )
0 ifz <0

Given increasing functions F, G with lim,_,, F(z) = lim,_, . G(x) = 1, the Lévy distance is defined as

L(F,G):=inf{e >0:Vz € R, F(z) > Gz —¢) —¢, G(z) > F(xr —¢) — e}.
By the definition of D, we have

D(f,9) S L(f*.g") +L(f.97).

By Prokhorov’s theorem and the fact that weak convergence implies convergence of Lévy distance (c.f., [, Theorem
5.1 and Remark (iv) on page 72|), there exist a subsequence (f,, )k>1 and f such that L(f,] , fF) — 0 as k — oc.
Applying the same results again, there exist a subsequence (n})g>1 of (ng)r>1 and f, such that L( fn—ﬁc’ f) = 0as
k — oo. Letting

1 ife > M,
Tz ifn<z<M,
ful) =00
0 if [z <,

f;(fx) ifz < =,
we have D(f,, f«) — 0 as k — oo. By definition, f. is non-decreasing in [0,00) and non-increasing in (—oo, 0].

Moreover, by the convergences in Lévy distance, fi|(ar,00) = 1, fel[=nn = 0, and hence f. € Casy(1). g

We next consider a modification of the energy ngM( f): for any f € C(&),
M
Efy(f) = f/ log [PBM (7, > f(y) — fT°(z) =6 Vy € R) + 4] dz.
-M
By definition, E;“M(f) < E;M(f) < Ep(f) holds for all § > 0 and f € C(¢).
Lemma 4.4. Let M > 1 and n > 0. If

lim inf EF < inf F ,
0—0 feCnr,n () 6’M(f) fECM . (E) M(f)

then we can find a sequence (8)%2, L 0 and f. € Cary(€) such that

lim Ef ,,(f.) < inf E .
kl)n(}o 5k,k{(f) feclzg‘n(g) m(f)
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Proof. We fix € > 0 such that

4.22 lim inf EF +e< inf E — e
(422) 30 fECh1 () s (f) FECA . (E) (/)

Since ¢ +— infrecy, . (e) E;M(f) is non-decreasing, there exists §; > 0 such that for any § € (0,d0), we can find
f5 € Car (&) satisfying

4.2 Ef <1 inf EF .
(4.23) 5’M(f5)_61—1}3)fe(2113w(§) sau(f)+e

By Lemma 4.3, there exist a sequence (6;)7°; C (0,060) and f. € Cas(&) such that §; | 0 and D(f5,, f«) = 0 as | — oo.
Fixing k € N, we take [ > k large enough satisfying that §; < dx/4 and D(fs,, f«) < dx/4. We show that for all z € R,

_ _ ) )
(4.24) Fo% @) < S @)+ S S @) > £ @) -
The first inequality directly follows from D(fs,, f«) < 0x/4. Since fs,, f« € Cary(§) and max{D(fs,, f+), 01} < 6r/4,
_ 0
Ok (1) = sup fely) > sup inf f 9k/4 y+68)— =
( ) YyE[x—0k,x+0k] ( ) YE[x—0k,x+0k] 0€[—0r/4,0k /4] o ( ) 4
1 0
> f(;:,ﬁk/4(x) _ Zk > f;;’él(l‘) _ Zk

Hence, the second inequality of (4.24) holds. Therefore,
PEM (2 [0 (y) = [0 (2) = 8 Wy €R) 2 PEM (7 2 7% (y) — S (@) — 6 Wy €R).
Combining this with (4.22) and (4.23), we obtain for all k,

£ < Et < ' £ i —e.
Es, a(fe) < Eg i (fs) < lim feclﬁ,f,,(f) Esy(f)+e< feggfn(g)EM(f) €

This completes the proof by letting & — oo. O
We are now in a position to prove Lemma 4.2.

Proof of Lemma 4.2. Fix £,n > 0. We first prove the first claim, i.e., there exists My € N such that for any

M > My and § < &,

inf E > inf E(f)—- M2
ped o Bulf) 2 If E(S)

We take My = My(&) € N sufficiently large such that for any M > My,
1 4 Rl B 2
PEM (101, < &0) < =, —/ / e /2 dtde < M2
0 ( 0 ) 2 \/ﬂ Y~

Suppose that M > My and £ < &. For any f € Cp(§), since § > f > 0, and f is a constant function on (—oo, —M]
and [M, o0), we have
-M

Bu(f) = B(f) = [ 10gP2(r, = fuly) ~ fuule) Wy 0)do
—M fe'e)
> / log PEM(TO > &) dx > / log IF’OBM(TQU > &o)dux.
— o0 M
By Lemma 2.3 and the fact that log(1 —¢) > —2t for 0 < ¢ < 1/2, we have for all z > M,
4 2
log PEM (7, > &) = log {1 —PEM (7, < &)} > —2PEM(7, < &) = ——— e t/2at.
o 1R < o)) o Ver Joyves

Combining the last three displayed equations, we reach
4 R e 2
EM(f)fE(f)zf—/ / e /2 dtde > — M2
V2 M Ja/vE
This estimate holds for all f € Cps(€) and thus the first claim follows.

Let us next prove the second claim, i.e., for all M > 1,

lim inf EF = inf F .
550 fECA () s (/) FECA () ()
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Since E;M(f) < ngM(f) < En(f) for all f € Carqy(€), it suffices to show that for all M > 1,

4.25 lim inf EF > inf E )
(4.25) 30 fECh () sl )—fecM,,,ms) ()

Suppose, towards a contradiction, that

lim inf EF < inf  Em(f).
0—0 feCnr,n (&) 67M(f) fE€CMn(E) JW(f)

By Lemma 4.4, we can find a sequence (dx)53>; | 0 and f. € Car,n(§) such that

lim EY ., (f. inf E .
o 5k,M(f)<feCIE‘n(£) m(f)

Once we prove
(4.26) Ex(f) < Jim Ef y(f.),
the following inequalities hold:

inf E <Eyu(f) < lim Ef ,,(f)< inf FE ,
FECH(E) wlf) < Bu(f) < im B5, pe(F) FECH(E) wlf)

which derives a contradiction. Therefore, one has (4.25). It remains to check (4.26). Let T', be the set of all the points
of discontinuity of f.. Since f, € Cary(€), '« is a finite subset of [—M, M]. Hence, by the monotone convergence

theorem and limy_,o fii'% () = f.(2) holds for any z € [-M, M] NT¢,

—Ey (f) = /[ . log [PEM (7, > f,% (y) — £ (2) — 6k Vy € R) + 6] da

< / log [PEM (ry > o0 (y) — [0 (x) — 8 Wy e I'¢) + 6] da
[— M, M]

@.27) o B2 ) - ) wert)de

Let &, be the event appearing in the last probability. Fixing z € I',, we can find a sequence (y;)$2; on I'¢ such that
lim; o0 ys = 2z and lim; o fu(yi) > fu(2). Moreover, if &, occurs, then 7, > fi(y;) — f«(z) for all ¢ > 1. This
combined with [17, (8.8)] shows that PPM-a.s. on &,,

ro= lim oy, > i L) L) 2 L)~ fu(a).
Since I', is finite, this implies
PPM(E,) = PPN (7y > fuly) — fulw) Yy ER).
Combining the above with (4.27), we obtain (4.26). |

5. LOCALIZATION PHENOMENON: PROOF OF PROPOSITION 3.1

In this section, we consider the localization of the rare event and show that

1 1
(5.1) Jim 7n log P(T(0,7) > (e +&)n) = lim. 7n log P(T(0, My/n) > &n) + on(1).
This roughly implies that the best strategy to delay the transmission from 0 to n is to slow down the infection in a
bad interval (in the sense that T(a,b) > |a — b|? for the interval [a,b]) of size O(y/n). This section is organized as
follows: The first two subsections are devoted to the proof of the upper bound in (5.1), i.e. Proposition 3.1-(ii), which
is the most difficult part. The last two subsections are devoted to the proofs of Proposition 3.1-(i) and (iii).

5.1. Proof of Proposition 3.1-(ii). In this subsection, we aim to show that the large deviation event can be localized
around several bad intervals whose total passage time is larger than {n. Let us summarize here the main ideas of the
proof. We shall use a multi-step covering process to localize the bad intervals.

Step 1 (Control of small bad intervals): We show in this step that the bad intervals of size less than (logn)?
are harmless to the upper tail large deviation event. More precisely, we divide [0, n] into subintervals:

o.n]c | i+ Kadu | livi+ K,
i¢Red i€Red
where Red denotes the set of red intervals, i.e. bad intervals of size K, = |(logn)?|:
Red := {i € K,NN[0,n]: T(i,i + K,) > K2},
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and then prove that
]P’( > Tliyi+ Kn) > (u+ 0(1))n) < exp(—n?/3).
iZRed
Step 2 (First covering of red intervals): We aim to aggregate these intervals into larger ones that are far from

each other. Precisely, we seek for a covering such that
¢

(] U [Z,Z+Kn] - U[Sj7Tj+£j],
icRed j=1
(] T(SJ,T]—FE])SI(SE? forj=1,...,¢,

o (xj— g,xj—l—%)ﬂ(xk—ﬁmk—l—ﬂk) gfor1 <j<k<l,

where z; is a focal point of [S;,T; + £;]. Roughly speaking, £; is the largest bad radius in dyadic scale: £, :=
max{2¥ : 3z € [0,n], T(z,z + 2%) > 22*} and take [S;, T1] := [x1 — L1, 21 + £1] with 1 a maximizer in the definition
of £;. The second interval is obtained by the same process applied to the remaining [0, n] \ [S1,71]. We continue this
procedure until all red intervals are covered.

Furthermore, by construction of such a covering, applying Perles’s type arguments, we are able to control the
number of bad intervals at a given size. In particular, we can show that the moderate bad intervals of size o(y/n) are
controllable, i.e. there exists a constant ¢ > 0 such that for any ¢,5 > 0

14
D T(S;, Ty + L) 1{L; < ven} > on | < exp(—cdy/n/e).

Jj=1

Step 3 (Refined covering of bad intervals): We apply an additional aggregation process to cover the large bad

interval
m

U 18575+ £5) ¢ Ulsintal,
JiLi=\/en i=1
where ([s;,1;])™, are intervals satisfying

d([siati]v [sjvtj]) > MS\/ﬁv and Z |ti - Si‘ < MG\/ﬁv

i=1
with some m < M. Combining the constructed coverings, we arrive at

[0,71] C U T(i,i + Kn) U U [Sj,Tj + EJ] U G[Siati]'

iZRed JiL;<\/En i=1

Remark that since the intervals ([s;, ¢;])7, are sufficiently far from each other, by nearly independence of the passage
times on these intervals, we can show that with e = ¢(d, M) chosen suitably,

(ZT Siyt z 5 5) ) 5 Z HP 517 i >’Il1) 12 n;>(E=8)n>

(ng)2, €Nm =1
which implies Proposition 3.1-(ii).

To this end, let us prepare a lemma and a corollary.

Lemma 5.1. For any 6, A > 0, there exists My = M1(9, A) € N such that for any M > My, £ > 0, and for anyn € N
large enough,

P(T(0,n) > (1 + &)n) < exp(—Av/n) +n*M ot 7)m1aé<SM(n) (ZT iy ti) > (£ —d)n )
where
e me 1, M],
o s;,t; €[0,n] and s; < t; for alli € 1, m],
o d([si,ti], [s5,t;]) > M3\/n for all i < j,
o >ty lti =il < MCy/n.

Recall that d([s;, ], [s;,t;]) stands for the Euclidean distance between two intervals [s;,t;] and [s;,t;], see Section 1.4.

S]\/j(n) = (Siati)gl .
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We postpone the proof of Lemma 5.1 to the next subsection. Although the next corollary is a direct consequence
of Lemma 5.1, it is useful to control the probability that the first passage time extremely deviates upward from the
time constant. We use the corollary in not only the proof of (ii) but also that of (i) in Proposition 3.1.

Corollary 5.2. For any A > 0, there exists Ms = Ms(A) € N such that for any M > Ms, and for any n € N large
enough,

P(T(0,n) > Mn) < exp(—Av/n).

Proof. Fix A > 0 and let ¢ > 0 be a universal constant as in Lemma 2.7-(ii). We use Lemma 5.1 with § := 1 and 24
in place of A: there exists M7 = M1(1,2A) € N such that for all M > My, £ > 0 and for all n large enough,

(31 7)1 1651»{(71

P(T(0,n) > (u+ &)n) < exp(—24v/n) + n*M max (ZT si,t) > (€—1) >

Take L := L(A) > (M; + p+1)° large enough to have L exp(—cLy/n) < exp(—24/n) for alln € N, and let £ = L* —p
and M = M;. Then, since £ —1 > L3,

(s4,t) 1631\41

(5.2) P(T(0,n) > L*n) < exp(—24y/n) + n*M max (ZT si,t) > L3n >

Note that if (s;,%;); € Sa,(n), then m < M; < L and [t; — 8] < Mlﬁ\/ﬁ < Ly/n for all i € [1,n]. Hence,
Lemma 2.7-(ii) with o = L and 8 = L? shows that there exists a universal constant ¢ > 0 such that for all large n € N,

m

max <ZT si,t) > L3n ) max ZP(T(si,ti) > L%n)

(84,t)7, €S, (n (si:t:)721 €Sny (n)
< L x P(T(0, |Lv/n]) > L*n)
< Lexp(—cLy/n) < exp(—2A+/n).
This combined with (5.2) yields that for all large n € N,
P(T(0,n) > L'n) < (n?" +1) exp(—24v/7) < exp(—AV7),
and the corollary follows by taking M, := L*. O
We are now in a position to prove Proposition 3.1-(ii).

Proof of Proposition 3.1-(ii). Fix 4, A > 0. Lemma 5.1 with A replaced by 24 implies that there exists M; =
M;(6,2A) € N such that for all L > M7, £ > 0 and for all large n € N,

(5.3) B(T(0,m) > (u+ &) < exp(~24Vn) + 02 max (ZTSN (€ —3) )

For each (s;, ;) € Sp(n),

P(ZT(si,ti)z(f— n> <IP’(ZT siti) > Ln )

+ > P(T(siti) > hy Vie[l,m]) x L{(§—0)n <", hi < L?n}.
(hi)™, EN™
We first treat the first term in the right-hand side of (5.4). Note that if (s;,¢;)7; € Sp(n), then m < L and

maxi<i<m [t — 8;| < L°/n < n for all large n. Hence, Corollary 5.2 with A replaced by 24 implies that for any
L > M5(2A), if n € N is large enough, then

(5.4)

(5.5) max (ZT si,t;) > LPn > < LP(T(0,n) > Ln) < Lexp(—2A4y/n).

(Shti);{n:l €Sy, (’I’L)

Let us next estimate the second term in the right-hand side of (5.4). Fix (s;,t;)™, € Sp(n). Then, the intervals
([ss — (L3/2)\/n,t;])™, are disjoint. Thus,

]P)(T(S“ ) >h; Vie [[1 m]]) < ]P(T[s —(L3/2)/m,t; ](527 Z) >h; Vie [[l,m]D

P(T[si—(L3/2)\/ﬁ,t 1(8iyti) > hi )

,:13

i=1
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Furthermore, Lemma 2.8 and the fact that maxj<;<m [t; — si| < LG\/E yields that there exists a universal constant
«a > 0 such that

P<T[s7:—<L3/2>\/mi1(Sw i ) ( 22y ti—si) (0t — 8i) = hi)

P(T(0,t; —s;) > h;
< exp 2ah; IP’(T(O \_LG\/HJ) > h)
- L3/n ’ -
With these observations, for all n € N and for all (s;,t;); € Sp(n),

> P(T(sit) > h; Vie[l,n]) L{({—d)n < 3", hi < Ln}
(hi)j2, €EN™

<o () S afe- 6>n<z”h<Ln}HP (0, LLOV)) > hy).

(hi)iL, eN™

(5.6)

Due to (5.4), (5.5) and (5.6), for any L > M3(2M), if n € N is large enough, then

T(si,t;) )
(s0.t0) 2y €51 ) <§; =167 )>

M
SLexp(—2A\/ﬁ)+eXp(2a£/ﬁ>Z S {E-om<Yn b <L2n}H1P> 0, [ LSv/n]) > hy).

m=1 (h;)7, EN™ i=1

Replace L with M'/¢ in (5.3) and the above expression and take My = My(c,d, A,€) € N large enough to have
My > (My(8,24) + M2(24) + (4a/c))® + € + 2.
It follows that for any ¢, 0, A,£ > 0 and for any M > My, if n € N is large enough, then
P(T(0,n) = (n+&)n)

< (Mn*M 4 1) exp(—24v/n) + n*M exp(eyv/n/2) Z > H[P’ (0, [Mv/n]) > h;).

m=1 (h;)7  €HS

m,n

Therefore, we obtain the desired conclusion since (Mn2? + 1) exp(—2A+/n) < exp(—Ay/n) and n?M exp(cy/n/2) <
exp(cy/n) hold for all large n € N. O

5.2. Proof of Lemma 5.1. We define for n € N,
N := [2logy(logn)], N =2VZn[0,n—2"].

Divide the interval [0, n] into subintervals {[i,i +2"]};car and classify them to two colors: blue and red. Given i € N,
if T(i,i +2%) > 22V then we write i € Red; otherwise (i.e., T(i,i + 2V) < 22VV), we write i € Blue. Let us now
cover the interval [0, n] with red and blue intervals as follows:

(5.7) o.n]c |Jli+2V1= | Gi+2¥u | [i+2V).
iEN i€Blue i€cRed

First, Section 5.2.1 takes care of the total passage time of blue intervals. Next, in Section 5.2.1, we estimate the
contribution from red intervals to the first passage time, and prove Lemma 5.1 by combining estimates for blue and
red intervals.

5.2.1. The total passage time of blue intervals.

Lemma 5.3. For any fized 6 > 0 and n € N sufficiently large,

i€Blue

(5.8) P ( > T(i+2N) > (u+ 2(5)n> < exp(—n?/?).
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Proof. Given § > 0, we define
K =[C+8/d],

where C' is the constant as in Lemma 2.9. We divide blue intervals into three classes Lblue (light blue), Mblue
(moderate blue) and Dblue (dark blue) as follows:

Lblue = {i € N': T(i,i +2V) < (u+ )2V},

Mblue = {i € N : (u+6)2" < T(4,i+2V) < K2V},

Dblue = {i € N': K2V < T(i,i + 2V) < 22N},
Then, using the fact that [Lblue| < |N| < n/2V, we have for all n sufficiently large,

> T(,i+2") < (u+ 6)2"|Lblue| + K2V [Mblue| + 2*"|Dblue|
(5.9) icBlue
< (u+ 6)n + K2V |Mblue| + 22 |Dblue|.

Hence, our task is now to prove that for all n sufficiently large,
) 1) .
(5.10) P<K2NMb1ue > 2n> +P(22N|Db1ue| > 2n> < exp(—n?/?).

We first treat the probability for |[Mblue|. The translation invariance and (1.1) yield that for all n sufficiently large
and for any i € N,
P(i € Mblue) < P(T(0,2") > (u+0)2V) < 1/K>.
Divide N into 4K disjoint groups as follows:
4K -1
N = U M, Mj:={ieN: 7 =j (mod 4K)}.
§=0
Notice that the event {i € Mblue} depends only on frogs {(S*)},—s<kx2~. Moreover, by the definition, for each
j=0,...,4K — 1, we have |i —i'| > 4K2" for all distinct 7,7’ € M;. Thus, these events ({i € Mblue});cr; are
independent. Therefore, |M; N Mblue| is stochastically dominated by the Binomial distribution Bin(|M,|, K—2).
Hence, using Chernoff’s bound, we have for all j =0,...,4K — 1,
P(|]M; N Mblue| > n/(2VK?)) < exp(—n/2V T K?)).

Hence, by K > 8/§ and the union bound, for all n large enough,

P<K2N|Mblue| > gn> < P(|[Mblue| > n/(2V?K?))

(5.11)
<exp(—n/2VT?K?)) < 1eXp(—nQ/?’).

Finally, we estimate the probability for |Dblue|. By Lemma 2.9, since K > C' (the constant as in this lemma), for
n sufficiently large
P(i € Dblue) < P(T(0,2V) > C2V) < exp(—c2™/*) < 274N,

with ¢ a positive constant. Divide A into 2V*2 disjoint groups as follows:

oN+2_

N = U Dj, Dj:={ieN:5x=j (mod2V?)}.
§=0

Observe also that the event {i € Dblue} depends only on frogs (S7)|,_;j<22~. Thus for each j € D;, the events ({i €
Dblue});cp, are independent, and hence |D; N Dblue] is stochastically dominated by Bin(|D;|,27*Y). Therefore,
Chernoff’s bound proves that for each j = 0,...,2N%2 — 1,

P(|D; N Dblue| > n/2°") < exp(—n/2°V*1).

This together with the union bound implies that for all n sufficiently large,

)
IP’<22N|Dblue| > n) < P(|Dblue| > n/2*N~?)
2
(5.12) .
< exp(—n/2°V*2) < o exp(—n?7?),

With these observations, (5.10) follows from (5.11) and (5.12), and the proof is complete. O
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5.2.2. A covering of red intervals. We will use a covering process of disjoint boxes to aggregate the red intervals whose
first passage time larger than the square of its distance. Initially, we define
Ly = max{Qk 3z € [0, n]; T(z,z+2%) > 22k}.

By Lemma 2.7-(ii), P(T(0,2%) > 22¥) < exp(—c2¥). Then we have £; < oo a.s. We take x; € [0, n] such that
T(z1,21 + £1) > £2 with a deterministic rule breaking ties. Let Iy = (x1 — £1,21 + £1) and we define Sy, Ty such
that [S1, T1] = [x1 — L£1,21 + £1] N [0, 00). Inductively, we define for j > 1

Li1 :=max{2": 3z € [0,n] \ I;; T(z,z +2%) > 22+,
We take 21 € [0, n] \ I; such that T (41,2541 + L£j41) > £3,, with a deterministic rule breaking ties. Let

iy = [z =Ly zjn + L \
Livi = LiU(zje — Ljvn,zion + L)
Note that I; is the union of some intervals whose lengths are all larger than that of [z;41—L;+1, zj4+1+L,;+1], since £; >
L1 for any i < j. Therefore I;, is an interval (if not, then there is an interval included in (41 — Lj41, 241+ Lj41]
and so L£;41 > £; for some 7 < j). Hence, we can define S;11 < T4 such that [S;11,T;11] = I;11 N[0, 00). Recall
= [2log, (logn)] and let us define
¢ :=max{j: L; > 2N}
Lemma 5.4. The following hold:
(i) We have
¢
U Gi+2Y1c IS5 + L)
i€Red Jj=1
(i) For any 1 <j <U,
T(Sj,Tj + ﬁj) < 16£]2
(iti) For any 1 <i#j </,
(J}i — El/?),:z:z +£1/3) N (Ij — Ej/-?),fﬂj +£]/3) =g
Proof. Suppose that i € Red, i.e., T(i,i +2V) > 22V If i ¢ I,, then £,y; > 2", which contradicts the definition of
¢. Thus we get ¢ € Iy, and hence there exists j < ¢ such that i € [S}, T;]. Therefore, 2N < L; and so
[i,i+2Y] C [S;,T; + L),

and (i) follows. For (ii), notice that S; & I;_ since fj NIj_1=0,and T; — S; < 2L;. Hence, thanks to the maximal
property of £;, we have

T(Sj7Tj + [:]) < T(Sj, Sj + 4£j) < 16[:?
Finally we consider (iii). Assume that i < j. Then z; ¢ (x; — L;,x; + L;) since z; ¢ I;_1. Hence, |z; — z;| > L;
max{L;, L;} since L; > L;, and (iii) follows.

Ol

We introduce some notations: for any k£ > 1 and for a > 0,
ap == #{j < L: L; =2}
N, = [logy(an)/2].
Fix £ > 0, which is chosen later (see (5.24) below). Then,
(5.13) U li+2c U (S, T + L] U s.m+c0u |J 18T+ £5,
icRed j=1 §iL;<2Ne jily>2Ne
The lemma below helps control the passage time of intervals [S;, T; + £;] with £; < 2/e.

Lemma 5.5. There exists a universal constant co > 0 such that the following statements hold:
(i) For any § >0 and e > 0, and for all n € N large enough,

4 4
P> T(S;, T+ L) 1{L; <2} >6on | < P (Z L21{L; <2V} > 5n/16>
j=1

=1

exp(—cod/n/e).

IN
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(ii) For any K > 1 and € > 0, and for all n € N large enough,

Ng
P <ak =0Vk > Ng; Z a < K) > 1 —exp(—coK+/en).
k=N.

Proof. We first recall that for each j we can find z; € [0, n] such that T(z;,z; + £;) > E?. Hence, by the definition
of (ak)g>1, for each k there is a sequence of points (m?)?gl such that

(5.14) T(af, ol +2%) > 2%

For x € Z and t € R, we write B(x,t) := [ — ¢,z + t]. Moreover, by Lemma 5.4-(iii),
(5.15) B(ak, 2% /3) N B(a% 2" 3) = @, Y (k,j) # (K, ).

In addition, by Lemma 2.7-(i), there exists an universal constant ¢ such that for all k£ € N,

(5.16) IP(TB(O,Qk/g) (0,2%) > 2%) < exp (—c2").

We fix 0, > 0. The first inequality in (i) directly follows from Lemma 5.4-(ii).
For simplicity of notation, we set & := §/32. We observe that if a;, < §n2~*+Ne) for any k € [N, N.], then

ZLQ 1{L; <2V} = Z ap2?* < 6n/16.

=1
Therefore, using the union bound,
‘
2 N. 1 o—(k+N.)
(5.17) (25 1{C; <2V} > 5n/16> < Ne max ]P’(ak > §'n2- )

To estimate the last probability in (5.17), we fix N < k < N, and define
Byes = [6'n2~ F+N) ],

Given by, € By ¢,5, we define

Blb) = {y = (u;)}) < [0.m] : Bly;,2°/3) N Bly;.2/3) = 0 V1 < j # ' < by .
Then we have for all by, € By . 5,
(5.18) #B(by) < (n+ 1) < exp(2by, logn).
Remark that ar < n, and thus using (5.14) and (5.15)

Plag > dm2=FHND)y < N N P (V1< < by, T(y;,y; +2%) > 2%).

bk €Br,e,5 YEB(bY)

Observe that T 4 is independent of Tp if AN B = &. Therefore, for each y € B(by),

P(V) < b Tlyiys +29) 2 2%) < P(V) < by Ty, oesm (i +2°) 2 22°)

by,

= H P(TB(y,-,zk/g) (yj,y; +2%) > 2%)
j=1
exp (—ckak) ,

IN

by using (5.16). Combining the last two inequalities, we arrive at

P(ay, > 62~ KNy < N w1 B(by) exp(—ckak)

brEBk.c,s
< Z exp ( - cbk2k_1) < exp (—2_765\/71/6) ,
b €Bk,e,s

where we have used (5.18) with 2* > (logn)? for k > N in the second inequality, and that #Bj.s < n + 1 and
bp2k > on27Ne=5 > 2765, /n /e for all b, € By <5 in the last line. Combining this estimate with (5.17), we obtain (i).
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We next consider (ii). Observe that
P(H/{>NK'&]€>1 ZPak>1

k>Ng

< Z P(3i € [0, n]; T(i,i+ 2%) > 22k)
k>Ng

(5.19) -

< Y (n+ DP(T(0,2%) > 2%
k>Ng

<(n+1) Z exp(—c2¥F) < 2(n 4 1) exp(—cVKn),

k>Ng

by using (5.16) and 2Nk > \/Kn. Now we consider the event that ZQLKNE ay > K. Define

Nk
B = {b = )Ny C 0] S b K},
k=N,
and for any b € B; k, we set
B(b) = {y = () 1<yen, C[0.n]: B(y}.2/3) N Bl 2 /3) = 2 (k. j) # (K.5) }.
NESkSNK

It is straightforward that

(5.20) #B. x < (n+ 1)V < exp((logn)?),

and
Ny

(5.21) #B(b) < H n+1)% < exp( Z by logn)
k=N.

Using the same argument for Part (i), for each b € B. x and y € B(b), we have
P(VN. <k < Ng, Vj<bp, T(yhyf+2F) > 2%)
< P(¥Ne Sk < Nie, V5 < by T oy (uh,vf +25) > 22°)

Nk bk

k=N, j=1

Nk
exp (c Z bk2k> .
k

=1iVg

IN

Therefore, by using the union bound and (5.21),

Nk
P ( > ar > K) < > Y P(YN.<k<Ng, Vj<by Ty yf+28) >2%)
k=N. beB. k yeB(b)
Nk
< Z #B(b) exp <—c Z bk2k>
beB: k k=N,
Nk
< Z exp (c Z bk2k1> .
beB: x k=N,

Moreover, using N. = [log,(v/en)], we have ZkaNE bp2k—1 > gNe—1 Ziv:KNE b > K2Ne=t > K\/en/2 forany b € B. k.
Hence, the last display equation together with (5.20) implies that

Nk
P ( Z ap > K) < #B. k exp (—cKﬁ/2) < exp (—CK\/ET”L/ZL) )

k=N.
Combining this estimate with (5.19), we obtain (ii). O

We prepare a lemma that tells us how to group intervals.
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Lemma 5.6. For any R > 0 and a sequence of intervals ([x;,y:])7,, there exists a sequence of intervals ([s;, t;])7",
with m’ < m such that

(si)ity C (z5)Ly and (t:)i2) C (¥;)7Ly,
o Yo [t —sil <2mR A0 [y — @il

d d([siatiL [Sjatj]) > R foralll <i#j<m,

b Ugl[zlayl] C inl[siati]-
Proof. We write A; := [z;,y;]. We define an equivalent relation on {1,...,m} as follows. Given 1 < i, < m, we write
i ~ j if there exist (ix)j_, C [m] with 4y :=4,i, := j such that maxye[—1)d(As,, Ai,,) < R. It is not hard to check
that ~ is an equivalent relation. Given p € C :={1,...,m}/ ~, we define

sp:=min{xz; : i € p}, t,:=max{y;: i € p}.
Note that by construction,
(5.22) By = [sp,tq] C U[xz - R,y + R].
i€p

We will prove that ([s,,tp])pec satisfies the desired properties. Note that m’ := |C| < m. By construction, since

UAi C U B, C LJ[xZ - R,y; + R],
i=1 peC =1

the first, second and fourth conditions follow. We prove the third one. Let p # ¢q. Without loss of generality, we
suppose t, < ty. Let i € p be such that ¢, € A;. If s, < t,+ R, by (5.22), then there exists 2’ € A; with j € ¢ such that
x’ € [tp, t,+ R], which implies A; ~ A; and derives a contradiction. Thus, we have s, > t,+ R and d(B,,B,) > R. O

In the next lemma, we show that with overwhelmed probability, we can find a covering composing of elements in
Snr (defined in Lemma 5.1 with some M large) for the intervals [S;, T} + £;] with £; > 2N=.

Lemma 5.7. For any A > 1 and € > 0, there exists My = My(e, A) such that for M > My and n € N sufficiently
large,

]P)(gcov) >1-— exp(_A\/ﬁ);

where

gcov = {3(817151)?11 S SM(TL), U [Sj,Tj +£]] C U[Si7ti]},

jiL;>2Ne i=1
and Sp(n) is given in Lemma 5.1, that is,
e me[l, M],
o s;,t; € [0,n] and s; < t; for alli € [1,m],

S]V](’Il) = (Siati);’;l .

d([si, ], [s5,t5]) > M3y/n for alli < j,

s |t —sil < MOn

Proof. Fix A > 1 and € > 0. Let ¢g be a positive constant as in Lemma 5.5. We set
My = My(g, A) := coA/e>.

By Part (ii) of this lemma, for M > My, if n € N is large enough, then

(5.23) P(E) > 1 — exp(—coMy/en) > 1 — exp(—Av/n),
where
Npr
E:= {ak:OszNM}ﬂ{ Z akSM}
k=N.

Hence, it suffices to show that & C Ecoy. Let M > My(e, A). Suppose that & occurs. Then #{i : £; > 2N} < M.
Thus applying Lemma 5.6 with R = M?,/n to the sequence of intervals ([S;, Tj+L;]) ;. ,>2~-, we can find ([s;, ;])i%,
with m < M satisfying

d(Bi, Bj) > M*\/n Vi # j; U 857 +£] ¢ Jlsital-

jiLj>2Ne =1
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Moreover, since Ny = [log,(v Mn)], on the event &,

Sti—sil < 2mMim+ YT+ L;— S
=1

JiL;>2Ne

IN

Mom+2 Y L; < MPyn+2M2V < MO/,

JiL;>2Ne
Hence, Ecov occurs and we have £ C Eqov . O
Proof of Lemma 5.1. Let ¢y be a positive constant as in Lemma 5.5. We set
(5.24) £:=¢e(8,A) := (cod/64A)2.
Using Lemma 5.5-(i), we have
(5.25) P > T(S,Ti+ L) >0on | <exp(—24y/n).
i:L;<2Ne

Let us define

Ered = gcov N Z T(Sia Tz + L:z) S on )

i L; <2Ne
where oy is the event in Lemma 5.7, and
(5.26) Ebtue == { S T(i+2Y) < (u 25)n}.
i€Blue

Using (5.25), Lemma 5.7 and Lemma 5.3, there exists My = My(e,2A) such that for M > My, if n is large enough,
(527) P( r(':ed) + P(Eﬁlue) < 2eXp(_2A\/ﬁ) + exp(_nQ/B) < eXp(_A\/’E)

We remark that by (5.13), on the event Evea with (s;,t;)™,

0. c Jlii+2V1= | li+2¥u | [ii+2Y)

ieN i€Blue i€Red
m
c J mi+2YTu U 1SnTi+LiuJlsi tal:
i€Blue i:L;<2Ne i=1

Hence on the event Ered N Ebiue; T(0,n) < n(p+ 36) + Y.~ T(s;,t;). Therefore, we have

P(T(O,n) > (M + §)n) <P (3(8@%)?11 S SM(TL), ZT(Si’ ti> > (5 — 36)71)

=1
(5.28) + P (Erea) + P(Epiue)
< > P (Z T(si, t:) > (£ — 35)n> + exp(—Av/n).
(57‘,7ti)?;1681\/1(n) 1=1

Thus, since |Sys(n)| < n*, Lemma 5.1 follows by taking M; = My(e, 2A4). O

5.3. Proof of Proposition 3.1-(iii). Applying Lemma 5.1 with A =1 and 6 = £/2, letting M = M;(1,£/2) as in
this lemma, we have

P(T(0,n) > (u+&n) < e " +n2M Y }P’(T(x, z+ [ MSvn)) > §n/(2M))
z€[0,n]
<e n3M1P>(T(o, | MS/n)) > §n/(2M)>.

By Lemma 2.7-(ii), the last probability is bounded from above by e~¢V™ with some positive constant ¢ = ¢(&, M),
which yields the claim. O
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5.4. Proof of Proposition 3.1-(i). We first prove that there exists a universal constant ¢ > 0 such that for any

m €N,
(5.29) P(t(0,m) = T(0,m)) < exp(—em?/3),
Let My = My(1) as in Corollary 5.2. Since P(t(0,2) < h) < exp(—coz?/h) with some universal constant ¢y > 0 by
Lemma 2.1-(iii) and T(0,m) < T(0, [m*/3]),
P(t(0,m) = T(0,m)) < P(t(0,m) < Mom*3) +P(T(0,m) > Mym™/?)
< exp(—com?3/My) + P(T(0, [m*/3]) > Mym*/3),

By Corollary 5.2
P(T(0, [m*3]) > Mym®?) < exp(—m?/).
Hence, combining the last two display equations, we get (5.29).
We take ¢ := % so that

(5.30) wl—e)=pu—-4/3.
Define

En := {All the optimal paths from 0 to n must visit A}, with A:=={k € Z: M/n <k <en}.
On the event €5, there is © < M+y/n and y > en such that ¢(z,y) = T(x,y). Thus,

P(EL) < P(T(0,n) >n?) +P(EX; T(0,n) < n?)
< P(T(0,n) > n?) +P(3z € [-n?, My/n], Hy € [[En nl); t(z,y) = T(z,y))
< P(T(O,n) >0+ Y. > P T(z,y))
—n2<z<M/m en<y<n

(5.31)

with some ¢; = ¢1(g) > 0, by using Lemma 2.7-(ii) and (5.29).
By the lower tail large deviation [2, Theorem 1|, for any ¢ > 0, there exists ¢ > 0 such that for any m € N,

B(T(0,m) < (1 — )E[T(0, m)]) < exp(—cam),
Moreover, by (5.30), for all k € A, we have
(1= e)E[T(k,n)] > (1 - e)E[T(len),n)] = p(1 — &)*n — o(n) > (1 — O)n.
Therefore, we reach for some ¢z = ¢3(d) > 0,
(5.32) P(T(k,n) < (u—6)n) < exp(—csn).

Finally, we observe that

IN

exp(—cin) + exp(—cin®/?),

B(T(0.n) > (u+&n) > P(T(0,m) > (1 +E)n, €a)
> P(T(0, [ Mv/n]) > (£+ 5)n T(k,n) > (,u - 5)nd SANEIN)|
> P(T(0,[My/n]) > (§+6)n) — > P(T (b —0d)n) —P(€R)
keA
> P(T(0, [My/n]) > (£ + 8)n) — exp(—can®?),
for some ¢4 = c4(0,&, ) > 0, where we have used (5.31) and (5.32). O

6. ENERGY APPROXIMATION BY STEP FUNCTIONS: PROOF OF PROPOSITION 3.3

For the convenience, we recall the definition of the energy functional

B() == [ Togty()dn, 05(a)i= P(r, = ) — f(@) Yy € )
and our goal is to prove that

6.1 inf E(f)= inf E(f).
(6.1) rece) () fecster(¢) )

We also recall a result from Lemma 2.2 that will be used frequently in this section:
(6.2) E(f) = VEBE(fe), fe(x) ==& ' f(/€x) for any f € C(1) and £ > 0.

Hence, we only need to prove the claim (6.1) with £ = 1. Given parameters ¢,0 > 0, our aim is to deform a function
f €C(1) to a step function g € C5*°P(1 — ¢) such that E(g) > FE(f) — 0. Then letting £, — 0, we can validate the
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FIGURE 1. Soft deformation over I = [a, b]; Hard deformation over I = [a, b]

claim of Proposition 3.3. The primary strategy involves the integration of two types of transformations: soft and hard
deformations. To illustrate, suppose that we have to deform a function f over a finite interval I C R. Then the hard
deformation simply forces the function f to the minimum value over I, that is

( :{f(x) ifrgl

x
9() minger f(y) fzel

This deformation does not change the maximum value of f and a lower bound of the change of energy is given by

_ O4(x)
(63) B(f) - Bo) > [ 1og g2,
since g(z) < f(x) for all x € R and f(z) = g(z) for all z ¢ I. In particular, if the length of I is 1/n, then
(6.4) E(f) = E(g9) = (O(1) +logn)/n.

The soft deformation defined in Lemma 6.2 below is more complicated, which gradually flatten the function f to get
a function g with lower energy: E(g) < E(f), and controllable height (and so the maximum): for all z € R

(6.5) g9(x) = f(x) — Ar(f),

where we define for each interval I C R,

(6.6) Ar(f) = Mi(f) =mi(f),  Mi(f)=sup f(y), mi(f):=inf f(y).
yel yel

We will partition the primary interval [— M, M], where M is appropriately large based on ¢ and ¢, into subintervals of
length 1/n. These subintervals will be categorized into three types based on their height:

1. Large height, if A;(f) > C.logn/n,

2. Moderate height, if A;(f) € [c.logn/n,Cilogn/n),

3. Small height, if A;(f) <c.logn/n.

Here, C, and c, are appropriately selected constants to be chosen later.

For intervals with large height, we apply the hard deformation and manage the total energy gaps using (6.4). Note
that the number of intervals with large height is at most n/C,logn. The details of this part will be presented in
Proposition 6.6. On the other hand, we apply a soft deformation to the function over intervals with small heights. By
its definition, the newly formed function possesses a lower energy. Using Eq. (6.5), we can manage the difference in
height post-deformation. This will be addressed in Proposition 6.8.

The intervals of moderate height present the most significant challenge. It is not immediately clear whether to
apply a soft or hard deformation to each. Rather than making this decision for each individual interval, we will group
these moderate height intervals into larger clusters. The choice of transformation for each group will then depend on
certain criteria related to the size of its group (i.e., the number of intervals it contains) and height (i.e., the difference
in the values of the function over the group). This approach will be detailed in Proposition 6.7.

The structure of this section is outlined as follows. The subsequent subsection will present a summary of some
preliminary results. The proof of Proposition 3.3 is provided in subsection 6.2, and it relies on several other results,
specifically Propositions 6.5 through 6.8. The proofs for these propositions can be found in subsections 6.3 and 6.4.

6.1. The two deformations and preliminaries. We present two key deformations allowing us flatten the function
with controllable energy and height. Let J = {I;}{_, be finite disjoint intervals, where I; is of form (a;,b;), [a;, b;),
(as, b], or [a;, b;] with a; < b; (a; and b; may take values +o00.)
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The hard deformation of f € C(1) over 7, denoted by fP%7 s a function given as

(6.7) PP () = infyer f(y) if o € Uregl,
. . f(z) otherwise.
Lemma 6.1. The following hold:

(1) If (9(x) = 9(y))+ < (f(2) = f(y))+ for all z, y € R then E(f) > E(g).
(ii) There exists a positive constant C such that for all f € C(1) and z, y € R with f(y) > f(x)

Cla —y|
Or(z) < ———.
= =1
(1ii) If g(z) < f(x) for all x € R then
_ O4(2) .
E(g) - E(f) > /{ Tt

As a consequence,

0 ¢ha,
E(fhd,j) _ E(f) > Z / log fhdj($> dz.
Proof. Parts (i) and (iii) directly follows from the definition of E(f) and "7 < f. Using Lemma 2.3

T —
05(x) < B (r, > fly) — F(2)) = BEY (o = £(0) — @) =~ ll__
fy) = f(z)
and thus (ii) follows. O
The soft deformation 7 of f € C(1) over J will be defined inductively as follows. Set fI° := f. By induction
in k> 1, f¥ is defined as:
mi, (fF1), if [ (@) € [m, (FF1), My, (FF1)],
@) = ¢ (), if f 1) < my (F571),
f[k_l] (l‘) - AIk (f[k_l}) if f[k_l} (.’IJ) > MIA-,(f[k_l])'
We set 587 .= fl8 with ¢ := | 7]|.
Lemma 6.2. Suppose that f € C(1). The following hold:

(i) f547|; = const for all I € J.
(ii) For any x,y € R,

(@) > fla) = > A(f), and

Ieg
(f7 () = 2T )+ < (F(2) = F())+-
As a consequence, E(f*¢7) < E(f).

Proof. Part (i) directly follows from the definition of f*%7. For Part (ii), by Lemma 6.1-(i), it suffices to show that
for any kK < ¢ and x,y € R,

(6.8) M @) > f (@) — A (), and
(6.9) (M) — MYy < (FE @) = ()

Since Ap, (f*=1) < Ay, (f) by (6.9), we have (6.8). Hence, our task is to prove (6.9). For simplicity of notation, we
write my, := my, (fF~ 1]) and My, := My, (flF=1).
When fF=1(y) < my, by f¥(z) < fF=1(z) and f¥(y) = [ 1(y),

(FM(@) = fM@))s < (@) — ()4
When fE=1(y) € [msy, My),

k)¢ _ lK] _ )0 if fIE=1(2) < My,
(fY"x) - f (Z/)>+—{(f[k1](z)Mk)+7 otherwise,

< (fEU() — )4
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We finally suppose f*=1(y) > M. If f*=1(z) < My, then (6.9) follows since (f*(z) — fI*¥(3)); = 0. Otherwise,

if fI-=1(2) > M, then
M (@) = @) — (M, —mp), M () = f5H(y) — (M = my).
Therefore, we have
(M @) = M)+ = (P4 ) = 150 ()s

Consequently, in all cases, (6.9) holds, and the lemma follows. O

The following technical lemmas will be proved in Appendix.
Lemma 6.3. For any 0 > 0, there exist c,¢ € (0,1) such that for any interval I C [6,00) with |I| <1 and f € C(1)
satisfying f|i—s.5) = 0 and f|; = const, we have for any x € I,

Of(x) > cPM(ry > f(y) — f(x) Vy=supl) >C(sup! — z).
Lemma 6.4. Let b > a > 0 and f, fjwo increasing functions on [0,00) satisfying f(x) < f(x) for any x > a. Let
lyo := f(b) — f(a) and by o := f(b) — f(a). It holds:
(lo,0)* PN (2 = () = fla) Va2 ) 2 (6,0)**PEN (72 = f(2) = f(a) Va2 D).
6.2. Proof of Proposition 3.3. Since the inequality r. < inf{E(f) : f € C5*P(1)} is always true, we now focus on
proving the converse inequality, that is
(6.10) r. > inf{E(f): f € C5*P(1)}.
Given M,n > 0, we denote by C(M,n) the set of all functions g : R — [0, c0) satisfying
e g is increasing in [0, 00) and is decreasing in (—oo, 0],
® gl(—oo,—m] = const, glar,00) = const, gli—nm =0, [|gllco := sSUper g(z) < 1.

From now on, fix an arbitrary ¢ > 0 and take f € C(1) such that
(6.11) E(f) <r(l)+e
Let § € (0,1/4) be small enough so that
E(f)+4¢

1—46
We prepare several claims that will be proved in the subsequent sections. The following proposition says that f can

be approximated by a function in | J,, n>0C (M, n) with lower energy.

(6.12) <r(1) + 2,

Proposition 6.5. There exist M,n > 0 and go € C(M,n) depending on § and f such that
E(go) < E(f), and f(x) =0 < go(x) < f(x) Vo &[-M,M].
Let n € N. Dividing the interval [—M, M] into subintervals of length 1/n, we define

IT:=ITUZ" {{11;) ie[[l,Mn]]}U{(ni,irjl} : ié[[l,Mn]]},

n

Let C, :=4/5. We also define
logn

(6.13) L* .= {IeIi:AI(go) > O, } L:=LTUuL.

n
Proposition 6.6. For n € N large enough, there exists g1 € C(M,n) so that the following hold:
(a) gilr = const for I € L, g1|r = golr for I € T\ L, and Ar(g1) < (Cilogn)/n for I € T.
(b) q1(z) < go(z) for all x € R and g1(x) = go(x) for x & [-M, M].
(c) E(g1) < E(g0) + 0.

We define
(6.14) M = {I €Tl:

i 1 C.1
cy logn < ogn

n

< Ar(g1) < C,.

. . d
}, with ¢, := 716(E(f)+1)

Proposition 6.7. For n € N large enough, there exists go € C(M,n) so that the following hold:
(a) g2|r = const for I € M UL and Ar(g2) < (cxlogn)/n for I € T.
(b) g2(x) < g1(x) for all x € R and go2(x) > g1(x) — 6 for x & [—M, M].
(¢) E(g2) < E(g1) + 6.
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Finally, we flatten g2 over the remaining intervals I € Z with small height A;(g1) < c«(logn)/n.

Proposition 6.8. If n € N is large enough, then there exists a step function g3 € C(M,n) such that E(gs) < E(go)
and ga(z) — 6 < g3(x) < go(x) for all x € R.

Assuming these propositions, we first prove (6.10).

Proof of (6.10). Let n € N be sufficiently large and fixed. By (6.11) and Propositions 6.5-6.8, g3 is a step function
on R, increases in [0, 00), decreases in (—oo, 0], and satisfies that lim,_, g3(z) = 0 by g3 € C(M,n) and

(6.15) E(gs) < E(f) +49 and f(x) — 4 < g3(x) < f(z) for all z & [-M, M].
Let o := sup,~( g3(y) > 1 — 46. We consider the function

¢(z) == a 'gs(Vax), wzeR
Lemma 2.2, (6.12) and (6.15) imply that ¢ € CSt*°P(1) and
1 E(f)+4¢

E(¢) = —=E(gs) <

< (1) + 2.
Ja T S

Consequently, one has

inf{E(f): f € C3*P(1)} <r(1) + 2e.
Since € is arbitrary, (6.10) follows by letting € ™\, 0. O
6.3. Proofs of Propositions 6.5 and 6.6.

6.3.1. Proof of Proposition 6.5. Let 6 > 0 and f € C(1). Since lim;_ o f(z) = 1 and lim,_, _, f(z) exists, we can
take L > 0 such that

f@>1-2 D> tm f@)- 2.

3’ T——00 3

We next take n € (0,6/3) small enough so that max, <, f(z) < %, which is possible thanks to lim,_, f(z) = 0. Apply
Lemma 6.2 with 7 := {(—o0, —L],[-n, 7], [L,o0)} to obtain the deformation

go(z) = f*47(z),  M:=L+u.
By the constructions of 547 one has
fle)=d<go(x) < f(z) Vz eR,  E(go) < E(f).
Moreover, by construction, go belongs to C(M, 7). O

6.3.2. Proof of Proposition 6.6. Recall the notations £* from (6.13). We consider the hard deformation

hd, infyergo(y), if z €1 for some I € L
g1(x) =g " (2) := .
go(x), otherwise.

Clearly, g1 € C(M,n) holds since gy € C(M,n). Moreover, Properties (a) and (b) of Proposition 6.6 are trivial from
the construction. Finally, we check Property (c). Since g is equal to zero on [—n,n], we have I C Ry \ [0,7/2] for all
I € £t when n € N is large enough depending on 7. Hence, by Lemma 6.3-(ii), there exists c3 = c3(n) € (0, 00) such
that for all I € L1 and z € I,

Oq,(x) > c3(sup I — x).
Thus for all n € N large enough depending on cs,

1/n
/log b4, (z) dz > / log (c3 z)dx > —2(logn)/n.
I 0

By cousidering h(z) = g1(—z), we obtain the same estimate for all I € £~. Hence, by Lemma 6.1,

(6.16) E(g0) — E(g1) > Z/logeg1 (z)de > —2(#LT +#L7)
rec”’!

logn
—
Note that since 0 < g9 < 1 and gg is monotone in R_ and R, we have

Z Ar(go) <1, Z Ar(go) < 1.

IeL+ Iel—
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Moreover, Ar(go) > Ci(logn)/n for all I € L. Therefore,

#LE <

C.logn’
This, combined with (6.16) and the choice of C, as in (6.13), gives
4
E(go) = E(g1) 2 = 7 2 =0,
and Property (c) follows.

6.4. Proof of Proposition 6.7. Our goal is to flatten g; over all the intervals belonging to

M=MTUM", where M*:={IeT*:c(logn)/n<As(g) < Ci(logn)/n}.

6.4.1. Clustering of moderate intervals. We define
(6.17) K =2+ (80" (E(go) + 6 +4/c.)].
Given a non-empty set A C M™T, we enumerate A = {I1,..., [} with inf I; > --- > inf I, and define
MA) :=max{j € {1,...,A}:infI; >supl) — (i/n)K Vi€ [1,j]}.
Similarly, for A C M~, we enumerate A = {I_q,...,I_»} with supl_y < --- <supl_,, and define
MA) :==max{j € {1,..., A} :supI_; >inf I, — (i/n)K Vi€ [1,j]}.
Let

F(.A) L {Il,.--,I)\(A)} if ACc Mt
CO e Iy} FAC M.

We set My :=T'(M™) and M_; :=T' (M), and define inductively,

7 —1
(6.18) My = F(M+ U Mj> fori>1, My = I‘(M’ U Mj) for i < —1.
i=1 j=i

Define also
-1

ot ::min{iZl:MJr\OMj:@}, I ::max{iﬁ—l:Mf\UMjZQ}.

Jj=1 j=i
Finally, for —¢— < i < /T | we set
su supl  ifi>1, ti— K)o ifi > 1,
n; == #MZ, t’L = . pIEMl. P e - B F’L = [ ' " Knl) ep - B
infreapm, inf I if i < -1, (ti, ti + =] if i < 1,

with the convention that ng := 0 and Fp := @.

Lemma 6.9. For n € N large enough, the following hold:
(i) It holds

o -1

n n
g ni = #MH < , g n; =#M™ < .
p cy logn cy logn

=L

(i) The intervals (Fi)f;, are disjoint and do not intersect [—n/4, n/4].
(iii) For all1 <i < /(' and x € [t; — Kn;/n, t; — 1/n],

Celt; —
q1(ti) — g1(w) > % log n;
forallt= <i< —1andz € [t; +1/n, t; + Kn;/n),
Clt; —
g1(ti) — g1(z) > gbgn.

2K

39
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Proof. By symmetry, we give a proof only for positive parts, i.e., 1 <i < ¢+,
(i): The equation is trivial since (M;);<;<¢+ is a partition of MT. On the other hand, since g; is increasing in
[0,00) and bounded by 1, the inequality follows from

1> 3 Asgr) 2 <c*1°g"> HM

Iem+ "
(ii): Suppose the contrary that there exists i € [1, £T] such that inf F; < n/4, or equivalently ¢; — Kn;/n < n/4.
Due to (i), if n is large enough, then
K
cy logn

K?’Li
t; <

n n n
1< T
+4_ +4_2,

On the other hand, since g1]| = 0, we have

—n,m]

n < inf supl < sup supl <t;,
Iem+ IeM;

which is a contradiction. Therefore, inf F; > n/4 holds for all 1 < ¢ < £T. We now show that (E)f; are disjoint

intervals by proving that inf F; > supFy11 = t;4q for 1 < i < ¢T — 1. Fixing an index 1 < i < T — 1, we denote
A= MT\ U;;ll M. We enumerate A as A = {I1,..., [z} with inf I; > --- > inf I. Since i < £*, A\(A) < A. The
definition of A(A) gives that

AA) +1

K
inf Iy 4y41 <suply — K=infF;, — —.
n

Moreover, since Iy(4)41 is the first interval in M,

ti+1 = supI)\(A)_H = ian)\(A)+1 + ﬁ
Therefore, we get that inf F; > t;11 = sup Fi41.
(iii): We claim that for all 1 <¢ < ¢ and z € [t; — Kn;/n,t; — 1/n],
(6.19) #{IeM;IC[xt]}> %m—ﬂ—l.

Assuming the above, we first conclude (iii). We fix 1 < i < ¢*. If t;, — Kn;/n < z < t; — 2K/n, by the definition of
moderate intervals, then

logn

gl(ti) —91(33) > cy n #{IEMi I C [.’L‘,ti}}

logn rn
> e, Zlti x| - 1)
=¢ n (K' g

ti— ti—
:7C*|ZK m'logn—c ZC*|£K il

Ift, —2K/n <z <t;—1/n, by g1(t; — 1/n) > g1(x) and [t; — 1/n,t;] € M, then

logn
*

log n.
logn _ c|t; — x|
g1(ti) —g1(z) > g1(t:) — g1(ti — 1/n) > cu 2~

Now it remains to prove (6.19). We fix 1 < i < ¢* and enumerate A := M™ \ U;;ll M; as A ={I,...,I,} with
inf I; > - >inf I). For all 1 < j < A(A), since inf I; > supl — 1K =t; — 1K,

log n.

(6.20) j> %(ti —inf ;).

If inf Iy 4y < 2 < t; — 1/n, then there exists a unique 2 < j(z) < A(A) with inf I,y < 2 < inf [j;)—1. Then, by
(6.20),

#{IeM,; IC[at]}>j(z)—1> %(ti —infIjp) — 1> %\ti —a|-1.

If t; — niK/n < x < inf I)(4), then one has

K.

H#{T e M, : I C[z,1;]} = AA), |ti_x|§%K:¥

Therefore,

#{le M, IC[r,t] > %ui —al.
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Lemma 6.10. For all n large enough,

Vs

3 Mgy > _9

' n &, T T
=0~

with the convention that ng =0 and 0log0 = 0.

Proof. By Lemma 6.9-(iii), if n € N is large enough, then for any 1 <i < ¢* and z € [t; — Kn;/n, t; — 1/n],

log9m<x><logP§M<ni>>gmu)—-gmx>><1ogPEM-(ni>>CQ”(:“logn>

1 1
= §log [ti — x| — iloglogn—i—(’)(logK)

IN

1
iloglt’t —JI‘7

where we have used PPM (7, > b) < |a — z|/V/b for a,2 € R and b > 0, by Lemma 2.3. Similarly, for any £~ <i < —1
and x € [t; +1/n,t; + Kn;/n],

log 6, () < log PEM(r,, > g1 (t:) — g1 (2)) < = log |t; — .

N | =

Therefore, since F;’s are disjoint by Lemma 6.9-(ii), we have
ot -1

t;—1/n ti+Kn;i/n
—E(g1) < Z/ log 8y, (z) do + Z / log 8y, (z) dx
i—1 Jti—Kni/n = ti+1/n

Kn;/n
/ log t dt.
ief{e— - et \foy 7 L/

<

N =

A straightforward calculation shows that

Kni/n Kn;  Kn;, Kn; 1 1 1
/ logtdt = i log i AT 1
1

o
/n n n n n n

Kni Kni

< log% + log K +

n n’
Moreover, by Part (i) of Lemma 6.9,

2n
cylogn’

Vas
<Yy m=#M<
=t
for n € N large enough. Therefore,

—E(g1) <

Vas
K n; n; Klog K +logn 2n
T2 eyt ‘

; n n celogn
=L~

Vas
< — —log — + —
-2 Z n OgnJrc*’

=0~
and hence by the choice of K as in (6.17),
ot 9
n; n; -1
z:zz; o log el _E(E(gl) +4c;)
> _2(B(f)+ 2644y > -0
- K * - 43

and the lemma follows. O

Recall that the function g; obtained in Proposition 6.6 satisfies
(al) g1 € C(M,n)
(bl) ¢y is constant in each interval I € £, and Aj(g1) < Cy(logn)/n for the other intervals.
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Let us define

Fn = {FZ-:K_ §i§€+7AFi(gl)§C*K2%logn}
Fs = {FZ-:K_ gig['ﬂAFi(gl)>C*K2%logn},
and
My = {IeM:ICUF forsome F; € F,}
Mg = {IeM:ICUF forsome F; € Fi}.
Note that

FonUFs=F:={F:{ §i§€+}, M = My U M.
Our strategy is to first apply the hard deformation with g; over the intervals in F},, and then apply the soft deformation
over the intervals in Mg. We finally confirm that the final function will satisfy all of the desired conditions.
We consider the hard deformation of g; over Fy, as

g1t — KTZ’) if x € F; for some F; € F, with i > 1,

=4 g1(t; + KT") if x € F; for some F; € F, with i < —1,
g1(x), otherwise.

qi(@) = 9" (@)

Lemma 6.11. For n large enough, the following hold:

@1) gl € 6(]\47 77)7

(b1) G is constant on each interval I € F, U L, and Ar(g1) < Cilogn/n for the other intervals.

1) 51(2) < 1(z) for all z and Gy(z) = g1(x) for & ¢ [~ M, M].

(d1) E(g1) — E(g1) = —6.
Proof. The first three properties of g; are trivial from the its definition and Properties (al), (bl) of g;. We now prove
the last property. By Lemma 6.1,

b5, (x) 05, (x)
1 d 1 g1
(6.21) Elgr) - Z / 991 x) " Z / o8 0g, (x)

F 6.7:11 F 6.7:],
We decompose the first term as
> o 2> (1) + (1),
i>1
F; E]:},
where , y
i N /N 0~
=Y / logfg, (z)dz, ()= Y / log 2 @) 4.
i>1 ti—mni/n i>1 ti—Kn;/n 091 (:E)
FeFy FeFy

For any ¢ > 1, since ¢1|r, = const and |F;| < 1 by Lemma 6.9-(i), Lemma 6.3 implies that there exist positive constants
C1,Cs € (0,1) depending on 7 such that for all x € F},

(6.22) 1> 065 (z) > Cl]PEM(Ty >q(y) —g1(z) for all y > t;) > Ca(t; — x).
Therefore,
o ot . ot .
VEDS / log(Ca(t; —2)) de = 3" " log ™ + (log O — 1) S_
i—1 Jti—ni/n i=1 i=1

For (II), by using (6.22) and Lemma 6.4, we obtain

0g,(x) _ , PEM(r, > Gi(y) — Gu(x) for all y > t,) g1(ts) — g1 (@) \*?
6y (@) = PN (7, > g1(y) —g1(2) for all y > £1) = °° ( 3 ) '
(
clti — x|

91(t:) — g1(x)
Moreover, if x € [t; — Kn;/n,t; — n;/n], Lemma 6.9-(iii) gives that

Cx tl x|

91(ti) = g1(x) >

Using the definition of g;, and F; € Fy,
g1(t:) —q1(x) = g1(ts) — g1 (t; — Kni/n) < C, K2—logn

logn > ﬁ X —logn
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Therefore, we arrive at

05, (x) e \Y?
> = _
by () ~ P (2C*K3) ’

which together with Lemma 6.9-(i) implies that for all n € N large enough,

i K—-1) ?’LlegCg > (K —1)logCs > 0

W~ |

ci logn

Using the above estimate and (6.23), we get

Z / 10g051(
i>1 Y 09, (2)

F,€Fn

ot
nz

n’
i=1

a8
1)
T > — 1 z; + (logCy — 1)

We have the same for the negative part. Thus, by (6.21), Lemma 6.9-(i), Lemma 6.10, for n large enough, then

Z+
n;
E(g1) — E(q1) >—*+ E —log——&- (log Cy — 1) E gz—é.
=0~ i=—0

Proof of Proposition 6.7. We consider the soft deformation:

g2 = (G1)" M.

Clearly, g» € C(M,n) and g, satisfies the following conditions:

e go(z) < g1(x) for all x.
e go|lr =const for all I € MUL and Aj(g2) < ci(logn)/n forall I e Z\ MU L.
e E(g2) < E(q1) < E(g1) +6.

Since g1(x) = g1(x) for all z & [—M, M], to show Property (b) of Proposition 6.7, it remains to prove

(6.23) g2(x) > gi(z) — 9.

By the definition of Mg and Fg, we have

(6.24) #M < > n|F|= > Kni.
F,eFs F,eFs

Combined with the fact that Ar(g1) < Ci.(logn)/n for all I € M, this yields

Z AL(G) CKlogn Z e

IeM; F,eFs

Since (F; )f ,— are disjoint intervals that do not contain 0, and g; is a monotone function both on (—o0,0) and (0, co)
with 0 < g1 < 1, by using Ar, (g1) > C.K?n;(logn)/n if F; € F,

C K?logn
2> A(Co0,0)(91) + Ag0,00)(91) Z Ar,(g1) Z Ar,(g1) e 08h Z ng,
i=—t- FicF. FieF.

It follows from the last two estimates that

Z Ar(g1) <2/K.

IeM;
Combining this with Lemma 6.2 yields that for all z € R,
g2(2) > Gu(x) — > Ar(G) = Gi(x) — 2K > Ga(z) — 6,
IeM;

and (6.23) follows. O
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6.5. Proof of Proposition 6.8. Let go be the function constructed in Proposition 6.7. We have go|; = const for all
I € M UL, so it remains to flatten g, to a step function using the soft deformation. Define

S(1) := {I €L:Ar(g1) < n_3/2},

S(2) := {I eT:n 32 <Aiqr) < c*(logn)/n},
§:=8(1)US(2),

and consider g3 := g;d’s. Thanks to Lemma 6.2, the condition E(g2) > E(gs) immediately follows. Hence, it suffices
to check that gs(z) > g2(x) — ¢ for all z € R. Use Lemma 6.2 again to obtain that for all x € R,

g3(x) — ga(w) > —n =32 #5(1) #S5(2)
(6.25) e
> —(2M + 1)n~Y/2 G logn

¢ logn

since #S8(1) < (2M + 1)n. To estimate #S5(2), note that if n € N is large enough, then for any I = [a,a + 1/n) €

S(2) NIT, since ga(x) = 0 on [—n,n], one has I — 1/n := [a — 1/n,a) € ZT. Moreover, by Lemma 6.1-(ii) with a
universal positive constant C, for all x € T — 1/n, we have

6,.(x) < C(supI —z) < 2C/n

Vg2(supI) — go(x) — Vn=3/2

The same inequality holds for all x € T 4+ 1/n := (a,a + 1/n] with I = (a — 1/n,a] € S(2) NZ~. Therefore, if n € N is

large enough, then
/ log 0, (z) dx
I+1/n

=20n"1*,

—E(g2) < Z /1 y logy, (z)dz +

IesS(2)nT+ 1es(2)nz—

1/n
< #8(2) / log (2Cn~1/4) du
0

logn
< — S(2).
< BT ()
The above estimate, combined with Propositions 6.5-6.7, implies that
n n
S(2) < 8FE <8(F 26) —.
#5(2) < 8E(ge) e < S(B() +2) 5

Combining this with (6.25) and the choice of ¢, (see (6.14)) yields that for all z € R,
45(2) — ga(a) = —(2M + \n~1/2 — 8(B(f) + 28)c, = —.

APPENDIX
In this appendix, for simplicity, we write P, for PBM  and write P for PEM.
Proof of Lemma 6.3. We claim that for any § > 0 there exists ¢ = ¢(§) > 0 such that for any > §, a > 0 and
J € C(1) satisfying f|_s56 =0,
(6.26) Po(ry > fy) = f(2)Vy € (00,0l U [z + a,00)) > cPu(ry > f(y) — f(2)Vy >z + a).

Assuming this claim for a moment, we finish the proof of Lemma 6.3. Let I C Ry \ [0, d] with |I| < 1 and assume that
f|r = const. Then, since f|; = const and 0 < f < 1 there exists ¢ = ¢(d) > 0 such that for any = € I we have

Op(x) = Po(ry > fly) — f(x) VyeR)

= Pu(ry = fly) = f(z) Vyé€ (—00,0]U[supl,o0))
cPy(my > f(y) — f(z) Vy>supl)
c¢Py(Tsupr > 1) > ¢(supl — x),

AVANY)

where we have used (6.26) in the third line and Lemma 2.3 in the last line. Now we focus on proving (6.26). Let
A={r_s>1}; B:={r,> fly)— flx)Vy>z+a}; C:={rptq >1}.

We claim and prove later an FKG type inequality that

(6.27) P.(C°NA|B) >P,(A|B)P,(C°| B).
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This inequality implies that

(6.28) P.(C°NANB) =P, (C°NA|B)P(B) > P, (A]| B)P,(C°NB).

Since C C B,
P, (AN B)P,(C) — Po(AN C)P,(B)
=P, (ANC)P,(C) + P.(ANBNCHP,(C) — P, (ANC)P,(C) — P (ANC)P(BNC)
=P, (C°NANB)P,(C) — P, (C°NB)P(ANC).

Therefore, by (6.28), we have

Py (AN B)P:(C) — Po(ANC)P,(B)

Py (A|B) —P.(A[C)

P (B)P.(C)
P (C°NANB)P,(C) — P, (C°NB)P,(ANC)
a P, (B)P.(C)
S P, (A| B)P,(CcNB)P,(C) — P (CcNB)P,(ANC)
- P (B)P.(C)
= Po(C°| B)(Po(A| B) —Pa(A|C)).
Hence, since 1 > P, (C° | B),
(6.29) P.(A|B)>P,(A]|C).

Since f is bounded by 1 and equals 0 in [—§, §], we have

Po(ry > f(y) — f(x)Vy > 2 +a,andy <0) > Py(r—s>1,7, > f(y) — f(z)Vy >z +a)
(6.30) = Po(ANB) =P.(A|B)P.(B) = P.(A | C)P.(B),

where for the last inequality we have used (6.29). Moreover, for all 2 > 0,
(6.31) P,(A|C)=Plr_s—p>1|7a>1) > li)ng Plr.s>1|m>1)= li)nf
>

By the strong Markov property,
P(r_s A1 > 1)

Y

P(r_s Ao > 1,7_5/2 < Tp/2)
P(ros Ay > 1| T_5/2 < Tpy2)P(T_5/2 < T/2)
]P),(;/Q(To NT_5 > 1)P(T,5/2 < Tb/2)
b
P_ _ 1)——
5/2(To NT—s > )b—i—é’

if u < 0 < wv. Observe that by Lemma 2.3,

AV

where we have used that P(7, < 7,) = Al

P(r, > 1) = (bA1).

>
Thus, inf Plrsnm21)

S e L is a positive constant depending on ¢. Together with (6.30) and (6.31), we have (6.26). O

Proof of (6.27) (Conditional FKG inequality). For simplicity of notation, we set x = 0 and f(0) = 0 and focus
on proving that
(6.32) P(AND | B) >P(A|B)P(D|B),
where
A={r_s>1}; B:={r, > fly)Vy>a}; D:=C":={r, <1}

with (Bs)s>0 being the standard Brownian motion. Observe that it is sufficient to consider the case where f is a step
function. Indeed, for a non-decreasing function f on [0,00) and ¢ € N, we define

Je(w) = [f(x)2°)27".

Since f is non-decreasing, f; is a step function and fy(z) increases to f(z) as £ — oo for any > 0. Define B, the
corresponding event of fi, i.e. By = {7, > fi(y) Vy > a}. Then (B)¢>1 is a sequence of decreasing events that
converges to B. If P(- | By) satisfies the inequality (6.32) for any ¢ € N, by the dominated convergence theorem, then
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so does the measure P(- | B). Therefore, we assume that f is a non-decreasing step function on [0, 00) bounded by 1.
With some 0 < b; <...<by<landa<a; <...<agand k € N determined by the step function f, we write

B:{ max Bs; <aj,..., max B <ak} a.s.
0<s<by 0<s<by,
Let us consider the Gaussian random walk (S, )m>0 with So = 0 and S, = X1 +...4+ X, for m > 1 where (X;);>1
is a sequence of i.i.d. standard normals. We take n € N that finally goes to infinity, and we define for i = [1, k],
n; = \_nsz
Given 3 > 0, let P,, g be a probability measure on R™ with the probability density p(s) which is proportional to

n

k  ny
q(s) :==exp (BH H 1 {5\/7% < ai} - %Z:(sZ - si_1)2> , s=(si)iw, €R",

i=1m=1

with the convention sy := 0. Since g is integrable, the measure IP,, g is well defined. On R" we consider the following

partial order s = (s;)f, <& = (s))i, if s; <&, for all i = 1,...,n. Moreover, for s = (s;)I" 1,8 = (s;)i-, € R", we
define

sVs = (s; Vs, sAS = (s; Nsi)iq,
and

n

k  n;
o) = togate) = ST] TT 1{ 5 <} = 5 3o 0 = 0 (0) + o

i=1m=1 i=1
We check that ¢ (or equivalently p) satisfies the log-suppermodular inequality, that is for all s, s’ € R™,
(6.33) I(sVs)+i(sns')>1(s)+1s).

Indeed, if I;(s) =11(s') =1, then l1(s Vs') =l1(s As’) =1, and if [;(s) +11(s’) =1 then l1(s A s’) = 1. Hence, in all
cases, l1(s V') +11(sAs") >11(s) + 11(s"). Next, for each i, we consider

! /\2 l /\2 2 / /\2
ri = (Sit1 V Sy — $i V 8i)" F (Sip1 Asiyy — 5 A ST = (siv1 — 8:)7 — (Siq — 85)”
If either s;11 > 57, and s; > s} or s;41 < sj,; and s; < s}, then we have r; = 0. If s;41 > 5], ; and s; < s} then
2 l 2 2 l 2 / U
i = (Sit1 = 87)7 + (Sig1 — 51)7 = (Sit1 — 81)7 = (81 — 83)7 = 2(8i41 — s541) (85 — 53) < 0.

Similarly, r; < 0 when s;41 < sg_H and s; > s;. In all cases, we have r; <0, and thus
1 n
la(s V') +la(sANs') —la(s) — la(s') = —3 ;7‘1‘ > 0.

Therefore, we have (6.33). Then, by [3, Proposition 1], P, g satisfies the FKG inequality. Note that P, 3 converges
weakly toward P, (- | By,) as 8 — oo, where P, is the probability measure of (S;)"_; and

Sﬂ’l .
= < ] - “ e .
B, {O<mn?<xni i S a; Yi=1, ,k}

As a consequence, since P, g satisfies FKG, by the dominated convergence theorem, so does P, (- | B;,). Define

S Sm
= in 2™ > _5\. = Zmosq b
An {Oérrlrlzrgln \/ﬁ - 6} k P {Oglrs}én \/ﬁ - (l}
Observe that the two events A, and D,, are increasing, and thus
P.(A,ND, | B,) >P,(A, | B.)P.(Dy | By).

Recalling the events A, B, D and n; = |nb;], since A = {minp<s<1 Bs > —d} and D = {maxg<s<1 Bs > a} a.s., by the
Donsker’s invariance principle, P, (A,ND,, | B,) = P(AND | B), P, (A, | B,) — P(A | B) and P, (D,, | B,) — P(D | B)
as n — oco. Therefore, (6.32) holds. O

Proof of Lemma 6.4. Recall that ¢, , := f(b) — f(a) and Zb,a := f(b) — f(a). We assume that EW and P, (1, >

fly) — f(a) Yy > b) are both positive since otherwise the lemma is trivial. As f(y) < f(y) for y > b, it suffices to
check that

- Pu(ry > f(y) = la) y>b) (eb,a>3/ 3
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We remark that for all y € R and ¢ > 0,
{ry >0} ={M, <y} as., where M, := Jnax, B, for ¢t > 0.

Therefore, by the Markov property and the fact that £, o — 0y o = f(y) — f(b), we have
Po(ry = f(y) — fla) Vy=1D)

=E, []1{Mgb,a < b} P, ( max B, <y Vy> b‘sz‘aﬂ

lb,agf"gzy,a
=E [H{Meb,a sb—a}Pp, (Myy)-so) <y Yy 2 b)] -

By [17, Proposition 8.1], for ¢ > 0, § > 0 and a < 3,

(B, € da, M, € dg) = 222 =) eXp{—W} dadB.

2mt3
It then follows that

P(ry, > f(y) — f(a) Yy >Db)
b—a b—a )2
/ / I{s <t} =—= 202t s) p{(Qg&S)}Ps(Mf(y)—f(b) <y Vy=b)dsdt.

A /27r€3

Using the same argument with f(a) in pleace of f(a), by Zy,a — Em = f(y) — f(b), we also have
P(ry > f(y) — f(a) Vy=0)

b—a b—a 2
2t — s
/ / s <t} ——= ( ) exp (22) Ps(Mp)—sy <y Yy = b)dsdt.
b,a

)

Since ly ¢ < Uy q,

_ )2 _ )2
exp{_w}<exp _@t—s)”
204,

Combining the last three displays, we get the desired estimate (6.34). (]
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