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We study rotating compact stars that are mixtures of the ordinary nuclear matter in a neutron star
and fermionic dark matter. After deriving equations describing a slowly rotating system made up
of an arbitrary number of perfect fluids, we specialize to the two-fluid case, where the first fluid
describes ordinary matter and the second fluid describes dark matter. Electromagnetic observations
of the moment of inertia and angular momentum directly probe ordinary matter and not dark
matter. Upon taking this into account, we show that the I-Love-Q relations for dark matter admixed
neutrons stars can deviate significantly from the standard single-fluid relationships.

I. INTRODUCTION

Dark matter admixed neutron stars are mixtures of
the ordinary nuclear matter in a neutron star and dark
matter modeled as either a bosonic or fermionic particle.
If a sufficient amount of dark matter is present in the
star, observable properties such as the mass and radius
can be affected. Models exist in which dark matter is
enveloped by ordinary matter and forms a dark matter
core or dark matter envelopes ordinary matter and forms
a dark matter cloud. Neutron star observations therefore
offer the intriguing possibility of indirectly probing the
properties of dark matter.

Static spherically symmetric dark matter admixed neu-
tron stars have been studied extensively. For a sam-
pling of work in which dark matter is assumed to be
a bosonic particle see [1-8] and for dark matter assumed
to be a fermionic particle see [9-22]. If one moves away
from static and spherically symmetric spacetimes, then
there are fewer studies. Spherically symmetric dynam-
ical studies have simulated dark matter admixed neu-
tron stars with bosonic dark matter [23-31] and fermionic
dark matter [32]. Axisymmetric spacetimes allow for ro-
tating dark matter admixed neutron stars. Reference
[33] studied the gravitational waves produced by a ro-
tating star with bosonic dark matter, Ref. [34] studied
a rotating neutron star with fermionic dark matter us-
ing a single-fluid model, and Refs. [35, 36] studied rotat-
ing white dwarfs using a Newtonian formalism. A full
three dimensional simulation of a binary inspiral where
the stars contained bosonic dark matter was performed
in [26]. Possible formation mechanisms leading to sys-
tems with sufficient amounts of dark matter have been
considered in [24, 27, 32, 36-40].

In this work, we study rotating dark matter admixed
neutron stars with fermionic dark matter. As far as we
are aware, this has not previously been considered in de-
tail using a multifluid model. We use Hartle’s slowly
rotating approximation in which the stationary axisym-
metric metric is written as a perturbation about the
static spherically symmetric metric with perturbations
kept through second order [41, 42]. Hartle’s formalism
requires ordinary matter and dark matter to be rotating
uniformly, though it allows them to rotate at different

speeds. By slow, we mean that

Q, < /GM,/R3, (1)

where €2, is the angular velocity of either ordinary matter
or dark matter, G is the gravitational constant, and M,
and R, are the mass and radius of the nonrotating star.

There are a couple important reasons why using the
slowly rotating approximation can be more advanta-
geous than numerically solving the full Einstein equa-
tions. First, in the slowly rotating formalism, the angu-
lar dependence is described analytically with Legendre
polynomials. This results in a set of linear ordinary dif-
ferential equations (ODEs) that are significantly easier to
solve than the set of nonlinear partial differential equa-
tions which follow from the full Einstein equations. As
a consequence, when applicable, the slowly rotating so-
lutions are the most accurate available. Second, the vast
majority of observed neutron stars have rotation speeds
consistent with Eq. (1) [43]. The slowly rotating approx-
imation therefore has significant practical value, in addi-
tion to being easier to solve.

Dark matter direct detection experiments have placed
strong bounds on the interaction strength between nu-
clear matter and dark matter. With respect to bulk
properties of the star, such as the mass and radius, these
bounds indicate that the interaction strength is negligibly
small and can be ignored [16, 37]. We model both ordi-
nary matter and fermionic dark matter as perfect fluids.
Our system is then a two-fluid system where the fluids
have only gravitational interfluid interactions.

A two-fluid system using Hartle’s slowly rotating ap-
proximation was developed by Andersson and Comer in
[44] (see also [45]) for the study of superfluid neutron
stars, in which neutrons act as a separate fluid from
the remaining charged particles. Their construction al-
lows for nongravitational interfluid interactions and relies
heavily on notation that is largely unfamiliar in the study
of dark matter admixed neutron stars. In this work,
we neglect nongravitational interfluid interactions for the
reasons explained above and use more familiar notation.
As a generalization to [44], we derive the system of equa-
tions for an arbitrary number of perfect fluids. We then
specialize to the two-fluid case, where the first fluid de-
scribes ordinary matter and the second fluid describes
dark matter.



The use of a perfect fluid to describe matter requires
specification of an equation of state, which describes the
particle content and interactions between the particles.
Unfortunately, properties of nuclear matter at the ex-
treme pressures found in the core of a neutron star are
largely unknown. As a consequence, the correct equa-
tion of state for the ordinary matter in a neutron star
is also unknown and many equations of state have been
proposed. The situation is worse for dark matter, since
even less is known about the properties of dark matter.
Nonetheless, a choice for the equation of state for dark
matter must be made.

The I-Love-Q relations for neutron stars are relation-
ships between the moment of inertia I, the Love number,
and the quadruple moment @) that are universal in that
they are approximately independent of the equation of
state [46—49]. These relationships were originally discov-
ered using the slowly rotating approximation, but have
since been confirmed for rapidly rotating [50, 51] and
magnetized [52] neutron stars. The I-Love-Q relations
allow one to make nontrivial statements about neutron
stars without having to rely on a choice for the equation
of state.

In this work, we study the I-Love-Q relations for dark
matter admixed neutron stars. Two-fluid studies of I-
Love-QQ) were recently made for superfluid neutron stars
in [49, 53] using the formalism of [44, 45]. We present a
complementary two-fluid study of I-Love-Q before focus-
ing on dark matter admixed neutron stars. An important
difference between an arbitrary two-fluid system and a
dark matter admixed system is that dark matter cannot
be probed electromagnetically. We study how properties
of I-Love-@ that rely on electromagnetic measurements
would then depend on ordinary matter alone, while prop-
erties of I-Love-@ that depend on gravitational measure-
ments would depend on the full mixed star. After taking
this into account, we find significant deviation from the
standard single-fluid I-Love-Q relations. Further, the I-
Love-Q relations can no longer be parametrized by one-
parameter curves.

This paper is organized as follows. In Sec. II, we
present a detailed derivation of the system of equations
for a slowly rotating star with an arbitrary number of
perfect fluids that have only gravitational interfluid in-
teractions. In Sec. III, we explain our numerical methods
and present example configurations. In Sec. IV, we de-
scribe the I-Love-Q) relationships, present results for a
straightforward generalization of I-Love-Q for two fluids
and results for I-Love-() for dark matter admixed neu-
tron stars. We conclude in Sec. V. In writing equations,
we use units such that ¢ = A = 1 and retain the gravita-
tional constant G.

II. SLOWLY ROTATING MULTIPLE-FLUID
SYSTEM

In this section, we derive the equations describing an
arbitrary number of slowly rotating perfect fluids. We
assume the fluids rotate uniformly about a common ro-
tation axis. As described in the Introduction, we further
assume that the fluids have only gravitational interfluid
interactions.

Following Hartle [41], we write the stationary axisym-
metric metric as a perturbation about a static spherically
symmetric metric,

ds? = — e’ [1 4 2h(7, 0)] dt*
7 2m(7, 0) o
T M [ - 2GM(F)} ar @)
P21+ 2k(7, 0))] {d92 +sin® 6 [do — w(F)dt]Q} :
where

3)

In this metric, v and M are equilibrium fields which
parametrize the static spherically symmetric metric; w
is a perturbation that is first order in the angular veloc-
ity Q; and h, hg, ha, m, mg, ma, k, ko, and vy are second
order perturbations. Py(cosf) = (3cos?0 — 1)/2 is the
second order Legendre polynomial. Subscripts on per-
turbations indicate whether they are spherical (¢ = 0) or
quadrupole (£ = 2) perturbations. The bar on 7 indicates
that this is the original radial coordinate. Soon, we will
transform to a new radial coordinate.

The total energy-momentum tensor, T}s, , which is used
on the right-hand side of the Einstein field equations,

GH = 8nGTY™, (4)

where G*¥ is the Einstein tensor, has contributions from
each fluid. With only gravitational interfluid interac-
tions, the total energy-momentum tensor separates and
is given by

Ttlg‘: = Z v, (5)

x

where z labels the fluid, and
13" = (Ex + Pr)ubuy + Pugh” (6)

is the energy-momentum tensor for an individual perfect
fluid. In (6), &, is the energy density, P, is the pressure,
and u# is the four-velocity for fluid . Each of these
quantities depends on 7 and 6 and accounts for effects
having to do with rotation. The four-velocities are given
by

ut =l (1,0,0,9,), (7)



where (2, is the angular velocity of the fluid. Since we are
assuming each fluid rotates uniformly, €2, is a constant.
From g, uful = —1, we have

b = [= (g + 20000 + 90602)] 2 ()

As mentioned, the energy density &, and the pressure P,
take into account the effects of rotation. We can therefore
write these as

Ex(F,0) = €, (F) + 6E:(F, 0)
P (7,0) = po(F) + 6P, (7,0),

where €, and p, are the equilibrium fields and §&, and
0P, are perturbations.

With only gravitational interfluid interactions, the
equations of state for each fluid also separate,

Py = Pw(gw)a (10)

in that P, only depends on its respective energy den-
sity £, and not on properties of other fluids, and the
individual energy-momentum tensors are independently
conserved,

9)

Vv, TH = 0. (11)

A. Equations of motion

Conservation of the individual energy-momentum ten-
sors in (11) lead to the equations of motion

0, Py = (Ex + Pr)0u(Inul). (12)

This equation can be solved analytically. Defining

dé"
n(&, +Py) / T PE (13)

where a prime labels the integration variable, the equa-
tions of motion can be written

Oy (Ty —Inul) =0, (14)
with solution

I, —Inu’ =Inpu,, (15)

where the u, are constants.
Following [41, 54], we expand T', analogously to the
metric fields,

T.(7,0) = TSUF) + 6pro(F) + 0paa(F)Pa(cosh),  (16)

where I'S? is the equilibrium value and dp,o and dpyo are
second order perturbations. The use of the symbol p in
O0pyo and dpgo is standard, but we note that these are
not perturbations to the pressure. Indeed, the pressure
and energy density perturbations are defined in (9). Us-
ing that d', = dP,/(Ex + P.), one can show that the
pressure and energy density perturbations are given by

5P (7, 0) = [€x(T) + pa(7)][0p20(F) + Spaa(7) Pa(cos )]

Oe(T)
ol )57? (7, 0). (17)

5E,(7,0) =

B. Coordinate transformation

A subtlety in defining the rotational perturbations
arises even at the nonrelativistic level [41]. In the absence
of rotation, the star is a sphere. Rotation causes the star
to deform and become oblate, pushing matter into re-
gions that previously did not have matter. The matter
in the previously empty regions is described entirely by
perturbations, since the equilibrium values vanish. As a
consequence, in these previously empty regions, the per-
turbations are not small with respect to the equilibrium
values.

This can be handled by transforming the radial coor-
dinate [41],

Fr€(n0),  €(r0) = &) +E(r) Pacost), (18)
where r is the new radial coordinate and &, &, and &
are second order perturbations.* The edge of the star in
both the rotating and nonrotating cases is defined by the
smallest radial coordinate such that the total pressure
vanishes [45]. Since we are assuming equations of state
that take the barotropic form in (10), this is equivalent to
the smallest radial coordinate such that the total energy

density vanishes. We define the new radial coordinate r
such that [45]

> Pulr(r,0),0) = > pa(r). (19)

This equation can be understood as follows [41]: An ar-
bitrary point inside the rotating star resides on a surface
of constant total pressure. The new coordinate r is de-
fined to be the radius of the surface in the nonrotating
configuration with the same constant total pressure.

In terms of the new radial coordinate, the energy den-
sity and pressure perturbations are well defined. In trans-
forming these, let &, and P, be the perturbations in
the original coordinate system and let AE, and AP, be
the perturbations in the new coordinate system. The
transformations are then

AE,(r,0) = 5E,(r,0) + £(r, 0) dff)

AP, (r,6) = 6P, (r,0) + (r.0) ;Y) :

(20)

These may be derived by inserting (18) into (9) and then
expanding through second order in perturbations. This
same calculation in (19) leads to

> AP, (r,0) =0. (21)

* Hartle writes the original radial coordinate as r and the trans-
formed radial coordinate as R in [41]. Our definitions for 7 and
r agree with those in [44].



Once solutions are found, we can return to the original
radial coordinate. To do so, we will need expressions
for £ and & in (18). We can obtain such expressions
from the transformations for the pressure perturbations.
Using (21) in (20) gives

Z Py (r,0) = e)dir me (r). (22)

Combining Egs. (17), (18), and (22), we find the desired
formulas for the radial coordinate perturbations,

> pl€x(r) + pa(r)]0pao(r)
>, dpy(r)/dr

Do plea(r) + pa(r)]opaa(r)
>, dpy(r)/dr '

We must write all equations in terms of the new ra-
dial coordinate, since it is the new radial coordinate that
leads to well-defined energy density and pressure pertur-
bations. This requires transforming the Einstein tensor
and the energy-momentum tensor. Let 6G*” and dT+"
be the perturbations in the original coordinate system
and let AG*” and ATH” be the perturbations in the new
coordinate system. The coordinate transformations are
then

o(r) = —
(23)

a(r) = —

AGH (r,0) = 3G (1, 6) + £(r,0) 200 )
iy @Y
ATE(r,0) = OTL (r,0) + €(r.0) =57

where G#¥(r) and T#¥(r) in the derivatives are equilib-
rium values.

The equilibrium energy-momentum tensor for an indi-
vidual fluid is

[Tm(r)]ﬂu Ez(r)apm(T)’pz(T)vpx(r)]' (25>

Using this and the equilibrium Einstein field equations,
the components of the Einstein tensor perturbations we
will need are

= diag[—

AGH,(r,0) = §G*,(r,0) — 87GE(r, 0)—

WAL
WG
i )
Ym0

AG" (r,0) = dG" .(r,0) + 87GE(r, 0) —
AG?(r,0) = 6G%(r,0) + StGE(r, 0) —

AG? ,(r,0) = 6G? ,(r,0) + 87GE(r, 0) ——

AG y(r,0) = 06G" y(r,0)
AGt¢(r, 0) = (5Gt¢(r, 0). (26)
For the components of the energy-momentum tensor

perturbations, we plug the energy density and pressure
perturbations in (9) into (6) and use (8). Expanding

the results through second order in perturbations and
canceling terms using (21), we find

r2sin? 0

Tl Z[Gx (1) + pa (7)) s
=) A&(r,0)

[ATiou(r, 0)]', = — (r)$2s

r2 sin?
(Moo (1,001, =+ LS fea () 4 )l (r)
r2 sin?
(AT (0] =+ S lea ) + palr) ),
“‘ (27)
where
@ (r) = Qp —w(r), (28)

with all other components vanishing. In particular,

(ATtOt)Tr = 07 (ATtOt)ee = 07 (ATtOt>T¢ = 07
29)
which we shall use. In (27), sin?  can be written as
2 2
sin? @ = 3 ng(cos 0). (30)

C. Integrals of motion

The equations of motion in (15) are written in terms
of the constants p,. Following Hartle [41], we can write
these constants as

pe = p5t [1 47, + O0(QY)], (31)

where pS? are the equilibrium values and the v, are con-
stants that are second order in €. To derive the integrals
of motion, we insert the expansion for I'; in (16), u, in
(8), and p in (31) into the equations of motion and then
expand through second order in the perturbations. We
then transform to the new radial coordinate and use (30).

We find for the integrals of motion

1
Yo = 0pzo(r) + ho(r) — 37"26_”(7")1@6(7")
3 (32
0 = 6pya(r) + ha(r) + grze_”(”wi(r),

where w,, is defined in (28).

D. Einstein field equations

In this subsection, we present the Einstein field equa-
tions, which are the principle equations we solve in our
study of rotating dark matter admixed neutron stars.
The Einstein tensor for stationary axisymmetric space-
times can be found, for example, in [41, 55]. In the exte-
rior of the star, all fluids have vanishing energy density



and pressure. As a consequence, the solutions to the Ein-
stein field equations take the same form in the exterior
as they do in the single-fluid case and we can use the
analytical exterior solutions presented in [41].

1. Egquilibrium: v and M

For the equilibrium equations, we drop all per-
turbations. The Einstein field equations and the
equations of motion reduce to the multifluid Tol-
man—Oppenheimer—Volkoff (TOV) equations,

dv  87Gr®Y. p. +2GM

dr r(r —2GM)
dM 5

dp, 1 dv
ar Tl e

These equations may be integrated outward from r = 0
using the inner boundary conditions

v(r) =v(0)+ 7“2? Z[e@(O) + 3p.(0)] + O(r*)
4m
= TS? Zew(O) +0(r°
521G
palr) = pa(0) = 2 T2 [ea(0) + 9o 0)] Y[y 0) + 30, 0]
+00Y). (34)

The edge of each fluid occurs at the smallest value of
r = R,, such that

pz(Rz) = 0. (35)

We label the edge of the outermost fluid as r = R,, which
marks the edge of the star. The total nonrotating mass
of the star is given by

M, = M(R,). (36)

In the exterior of the star, the equilibrium solution
is the Schwarzschild solution. The interior and exterior
solutions must match at r = R,, which means

1-— 2GM, (37)

*

eu(R*) —

and that M, gives the Arnowitt-Deser-Misner mass.

2. First order: w

The first order equation follows from the t¢ compo-
nent. The t¢ component of the Einstein tensor is

sin’ 0 e d <4 dw) (38)

t
G¢_ dr dr

where

j=eV?/1-2GM/r. (39)
Using (26) and (27) we find for the Einstein field equation

S sp [ L4 (o) 2
T Pe r4 dr dr rdr

xT

] —0. (40)

Equation (40) is a second order ODE. To facilitate solv-
ing it numerically, we write it as a system of first order
ODEs. Defining

dw(r)
dr ’

u(r) = —rtj(r) ne(r) = j(r)@e(r), (41)

Eq. (40) is equivalent to

du _ 167Gr® (e0 + p)

dr  r—2GM - € T Pa)lle-

42

dng w  4nGrin, (42)

dr ~ A r 2o 2 TR
y

Notice that each term on the right-hand side of the du/dr
equation is for an individual fluid. It will prove useful to
decompose u as

r) =Y ug(r), (43)

where the u, satisfy

duy 167 Gr®

ar m(em + P )T (44)

These equations may be integrated outward from r = 0
using the inner boundary conditions

) = 72 6, (0) 4 peO)]n(0) + OG)
1e(r) = ne(0) + {fz 0)+ 1, (O, 0
— 270G (0) > [ey(0) + py (0 }+O()
(45)
where
12(0) = e~ 2, (0). (46)

The interior and exterior solutions must match at r =
R,., which leads to [41]

2J

u(Ry) = 64, RS

where J is the total angular momentum of the system.
We expect the total angular momentum to be equal to



the sum of the angular momentum for each fluid. Using
the decomposition of u in (43), we can see that [12]

where

J=> Ja. (49)

€T

With these equations we can find the angular momentum
and angular velocity of each fluid. We can then compute
the moment of inertia for each fluid,

and the total moment of inertia of the system,

I= le. (51)

8. Second order: mo and dpgo

The relevant Einstein tensor perturbations are

)= 29 D (a9 | Lop (dw) T2 dimg
(OCG e = 353 dr( jdr>+6rj dr 72 dr
1 dw? dv 1\ 2m
SGT _ =22 _ [ = - 0
(0C",) 6 <d7“) (dr+r> 72
2GM \ 2dh
(1) 2 (52

To derive the desired equations, we use (26), (27), and
(29). We also use (20), (23), (40), the derivative of the
first integral of motion in (32), and the dv/dr TOV equa-

J

tion in (33). We find

dmy u? 8rGrd 9
ar 12t | 3(r—2GM) Z(GZ P20

+ 47 Gr? Z —5]9030 (€x + pz)

mo(1+87Gr? Y, py)
(r — 2GII)?

dépwo U2

dr— 12r(r —2GM)

4 Gr?
T TTaaM Z(Ey + Py)0pyo
Y

2r2n, U
+ R R R —
3(r—2GM) [ r3
nm(r —3GM —4nGr® Y py) 53
r—2GM - (53)
These equations may be integrated outward from r = 0
using the inner boundary conditions

47 G de,
mo(r) = 1° Z (dm ¥ 2)
% [e2(0) + p2(0)]n2(0) + O(r")
Spzo(r) = 7"2@ + O(rh). (54)

The interior and exterior solutions must match at » =
R.., which leads to [41]

J2

mo(R.) = 0M — 5. (55)

where M is the correction to the mass of the star due
to rotation. The total mass of the star is given by

M = M, + §M. (56)

4. Second order: ma

The relevant Einstein tensor perturbations are
5G — 6G*, = sin 0|~ > (hy + —T2__
0 ¢ 2\ 2 F-2GM

2 .
Jw d (g de
T (r dr)]

(57)
Using (26), (27), and (29), we find the algebraic equation
2
mo uw* 81G 4 _, 9
p—y=y VA —ho+— 6 + 5 e zz:wl(%—&—pz). (58)



5. Second order: vo and ho

The relevant Einstein tensors are

1, (dw\® [dv 1Y 2my 2GM\ [2dhy  dky (dv 2 1
" e=2 = = —) —(=+= 1— S22 242 )| - S (6hy+4
(0G" o2 6 7 (dr) A T Far ar \d&r 7 73 (62 + 4ks) (59)
" - dhg 1 1dv dkg mo 1 1dv
(0 g)e—2 = = + ho (f 2 dF) dr T F_2GM (f T3 dF) '

To derive the desired equations, we use (26), (27), and (29). We also use (23), the second integral of motion in (32),

(58), and write ko = vy — he from (3). We find

dvy , 1 v u2 8rGrd
— =—v'h - -~ T x
dr v 2+<r+2 67“4 3(r —2GM) anEer
hg r 4GM 4U2 1
2 pd — St 60
dr 2{ V+T—QGM ! SWGZequpT) r3 } r(r—2GM) v’ (60)
u? (1 1 1 8w Gr rv 1 1 9
+&5<2_r%le)+3w2MC)(2+rmﬂww>2;%&w+M%
[
where v/ = dv/dr is given by the TOV equation in (33).  w=mn, =0 in (60),
The inner boundary conditions for these equations are .
dv
o = e
c
ha(r) = Ar2 + O(rY),  ws(r) = Br* + O(%), (61) hy el T L
dr r—2GM V'
(64)
4GM
where B zm:(% +p2) - r3 }
___MWF 1
e r(r—2GM) v/’
B =2 S e (0) + pe(0)]22(0) | -
- (62) The inner boundary conditions for the complementary

The value for A is determined by an outer boundary con-
dition [41].

Following [41] we can construct the general solution by
writing it as the sum of particular and complementary
solutions,

vy (1) +Cu (r),  ha(r) = hy (r) + Chg (),
(63)
where C is a constant. The particular solution is any
solution to (60), which means we may choose the value of
A arbitrarily (in practice, we use A = 1) and then choose
B according to (62). The complementary solution is the
solution to the complementary equations, which are the

homogenous versions of (60) and are obtained by setting

va(r) =

equations are

W) =ar + 00", W)=t +000), (65)
where
b= Y0 + 3.0 (66)

x

a may be chosen arbitrarily (in practice, we use a = 1)
with b chosen according to (66), since the integration
constant is accounted for by C' in (63). Equation (63)
gives the general solution when C' is arbitrary.

The interior solution in (63) must match the exterior
solution at r = R,. This leads to [41]

, oy M,
() + OO () = =+ K 2GR0

MR + O () = 7 (37 + ) + KGR
(67)



where K is a constant,

2
a0 =@~ =2 Som ()]

C+1Y\ 3¢ —5¢
¢—1 ¢ -1

are associated Legendre functions of the second kind, and
¢ = R./M, — 1. From (67), we can solve for C and K.

Using C in (63), we have the interior solution. With K,
we can compute the quadrupole moment [42],

(68)

@30 = 3¢ - 1

J? 8
+ —KM?2. (69)

Q:M* 5

6. Second order: dpgo

Opso is found algebraically using the second integral
of motion in (32). Having found dp.o and dp,2, we can
compute the radial coordinate perturbations &y and &» in
(23).

To find the shape of the star, we can replace dp, /dr in
&o and & with the TOV equation in (33) and then take
the limit » — R,. This gives

R.(R, — 2GM,)

o(r,) = 2O 5, (g
M (10
) = T2 5 ()

where dp.o and dp.o are perturbations for the outermost
fluid. The shape of the star in the original coordinate
system is then given by

R, = R + & (Ry) + &2(Ry) P2(cos 6), (71)

which follows from (18).

III. NUMERICAL METHODS AND EXAMPLE
CONFIGURATIONS

We solve the equations presented in the previous sec-
tion numerically. Solutions are identified by the central
pressures p,(0) and the central values @, (0) = Q; —w(0),
which are used in (46). Ideally, we would be able to spec-
ify the angular velocities €2,, but the angular velocities
are determined for each solution from (47). Once the
p=(0) and w,(0) are specified, the system of ODEs can be
integrated outward from r = 0. We describe our numeri-
cal procedure for solving the equations in the Appendix.

Once we have a solution, the shape of the star can be
computed using (70) and (71). The energy density and
pressure curves are given by

Ex(r,0) = €, (1) + AEL(r,0)

Po(r,0) = pa(r) + APy (r,0), (72)

which can be computed using (17), (20), and (23). The
energy density and pressure can then be plotted in terms
of the original radial coordinate 7 using (18).

We now focus on the two-fluid system, where the first
fluid describes the ordinary nuclear matter inside a neu-
tron star and the second fluid describes dark matter. We
must choose an equation of state for each fluid. For or-
dinary matter, we use SLy [56, 57], which is a realistic
equation of state. Since precise properties of dark matter
are largely unknown, we err on the side of simplicity and
use a polytropic equation of state,

Pam = KE] , (73)

with K = 100 GeV~* and v = 2. We do not have rea-
sons for choosing these equations of state beyond those
mentioned and we consider these equations of state to be
illustrative.

The slowly rotating approximation allows for differ-
ent fluids to rotate at different angular velocities. Since
nongravitational interfluid interactions are negligible be-
tween ordinary matter and dark matter, we do not have
have entrainment between the fluids [58]. In the case of
rapidly rotating ordinary matter initially residing in a
cloud of nonrotating bosonic dark matter, it was found
in [33] that dark matter accretes onto the star and con-
tinues to be nonrotating. It is therefore unclear what the
relative angular velocities should be and, in this section
and the next, we consider different possibilities.

Figure 1 displays two example configurations. In each
plot, solid lines display the rotating solution, dashed
lines display the nonrotating solution, blue/yellow is for
ordinary matter with the SLy equation of state, and
green/black is for dark matter with the polytropic equa-
tion of state. The top row displays a configuration with
a dark matter core and the bottom row displays a con-
figuration with a dark matter cloud. Figures 1(a) and
1(d) display a cross section in cylindrical coordinates,
Figs. 1(b) and 1(e) display the pressure in the equatorial
plane (with 6 = 7/2), and Figs. 1(c) and 1(f) display the
pressure along the rotation axis (with § = 0). We can see
the oblateness of the rotating solutions, with the fluids
expanding in the equatorial plane and contracting along
the rotation axis. Properties of these solutions are listed
in Table I.

The complete system of equations has scaling symme-
tries. Specifically, given a solution, a new solution can be
found by multiplying the first order perturbations by an
arbitrary constant and the second order perturbations
by the square of the same constant [41]. For example,
consider a single-fluid solution with angular velocity §2,
angular momentum J, and quadruple moment Q. We
can quickly find a new solution such that the perturba-
tions equal & = au, 7 = an, Vs = a2vy, hs = a?hs, etc.,
where « is a constant. From (47) and (69), the angular
velocity, angular momentum, and quadruple moment for
the new solution equal

Q = a2Q. (74)
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FIG. 1. Two example configurations are shown. Properties for these configurations are listed in Table I. In all plots, solid
lines display the rotating solution, dashed lines display the nonrotating solution, blue/yellow is for ordinary matter with the
SLy equation of state, and green/black is for dark matter with the polytropic equation of state. (a—c) display a solution with
a dark matter core, since ordinary matter extends beyond dark matter. (d—f) display a different solution with a dark matter
cloud, since dark matter extends beyond ordinary matter. (a, d) plot a cross section in cylindrical coordinates. (b, e) plot the
pressure in the equatorial plane (68 = 7/2). (c, f) plot the pressure along the rotation axis (6 = 0).

By choosing o = Q6w /€2, the new solution has angular
velocity Qpew-

Our main focus is with the two-fluid case. In the two-
fluid case, we have two angular velocities and we can form
a new solution with

ﬁl :0491, QQ :OKQQ7 j: Oé.], @:OKQQ.
(75)
The scaling symmetry allows us to quickly form solutions

that preserve the ratio Q1 /Qs.

IV. I-LOVE-Q

Neutron stars rotate, which deforms the shape of the
star. The rotation can be characterized by the moment
of inertia I and the deformation can be characterized by
the quadruple moment ). When a neutron star is in a
binary orbit, the shape of the star is deformed by the
gravitational field of the companion star. This deforma-
tion can be characterized by the second Love number or
equivalently by the tidal deformability .

The physics of neutron star interiors is contained
within the equation of state. Since we do not know what
matter does at the extreme pressures found in the core

of neutron stars, we do not know which equation of state
we should be using. This has led to a large number of
proposed equations of state, each one based on differ-
ent assumptions. The celebrated I-Love-Q relations [46—
48] are relationships between the moment of inertia I,
the tidal deformability A, and the quadrupole moment @
which are universal in that they are approximately inde-
pendent of the equation of state.

Specifically, one computes the dimensionless quantities

I
M3

A

)\Em,

I=

(76)

Using the scaling symmetries described in Sec. I1I, we can
see that for the single-fluid case, I and Q are independent
of the angular velocity Q. As a consequence, I and @Q
only depend on the central pressure p(0). This is also
true for A in the single-fluid case, which will be clear
after we review the derivation of A below. Plots of I-),
1-Q, and A\-Q are then one-parameter curves. I-Love-Q
is the observation that these curves are approximately
independent of the choice of equation of state and hence
are universal [46-48].

The study of dark matter admixed neutron stars has
primarily focused on spherically symmetric properties,



|| Figs. 1(a)-1(c) | Figs. 1(d)-1(e)

Pom (0) [MeV /fm?] 100 100
Pam(0) [MeV /fm3] 10 100
@om(0)  [kHz] 0.198 0.099
@am(0)  [kHz] 0.077 0.149
Tom [ms] 2.76 3.55
Tdm [ms] 4.13 3.01
RU=TD e 11.1 8.62
RO="2 0 [km) 8.24 17.6
M, Mo 1.36 1.93
SM Mo 0.017 0.031
Tom/M? 10.7 0.918
Tam /M3 0.238 8.17
Q(M, ] J?) 4.82 457

TABLE 1. Various properties are listed for the two example
configurations shown in Fig. 1. 7om and 74m are rotational
periods. The other quantities are defined in the main text.
The bottom three quantities are dimensionless.

such as the mass and radius of the star. Recently,
Love numbers have been computed [40, 59, 60]. With
fermionic dark matter, the only study of the moment of
inertia that we are aware of, which requires only a first
order analysis, is given in [12]. As far as we are aware, the
quadrupole moment has not previously been computed,
which requires an analysis through second order.

The parameter space of nonrotating spherically sym-
metric dark matter admixed neutron stars can be de-
scribed by the central pressures of the two fluids, pom(0)
for ordinary matter and pgm,(0) for dark matter. If one
of these central pressures is sufficiently large, the system
is effectively a single-fluid system because the nondomi-
nant fluid has a negligible effect on bulk properties of the
star [19]. The particular values of the central pressures
at which this happens depend on the specific choices for
the equations of state for each fluid. If neither fluid dom-
inates the system, the system is a truly mixed star and
both fluids can affect bulk properties of the star.

We have found that this phenomenon continues to oc-
cur for slowly rotating dark matter admixed neutron
stars. This implies that if one of the central pressures
is sufficiently large and the system is effectively a single-
fluid system, the I-Love-Q relations will be independent
of the equations of state and angular velocities. A ques-
tion that we ask in this section is what happens to the
I-Love-@ relations when neither fluid dominates and we
have a mixed star?

For dark matter admixed neutron stars, we continue
to define the dimensionless I, A, and Q as in (76), but we
have a choice for I and J: I and J could be for a particular
fluid or they could be the total moment of inertia and the
total angular momentum. Regardless of this choice, I, A,
and Q depend on the central pressures pom (0) and pam (0)
and I and @ depend on the ratio Qom/Qdm-
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A. Tidal deformability

If a neutron star is in a binary orbit, the star will be
tidally deformed by the gravitational field of the com-
panion star. This deformation is characterized by the
second Love number or equivalently by the tidal deforma-
bility. The tidal deformability can be measured through
the gravitational wave signal of a binary inspiral [61, 62].
The tidal deformability for dark matter admixed neutron
stars is computed in [37, 38, 40, 63, 64] for bosonic dark
matter and in [40, 59, 60] for fermionic dark matter.

The tidal deformability for a system with an arbitrary
number of perfect fluids where the only interfluid inter-
actions are gravitational is given by [37, 65]

2
A= *KZQRE,

3 (77)

where [66, 67]

LS
27 75

X {26[6 — 3yn + 3C(5yk — 8)]
+4C3[13 — 11yr + C(3yr — 2) + 2C*(1 + yg)]

(1-20)*[2+2C(yr — 1) — yr]

+3(1—20)2[2 - yr + 2C(yr — 1)] In(1 — 2(:)}_1

(78)
is the second Love number and
yr=y(R.), C=M./R.. (79)
y(r) is found by solving
rdzl(:) +y?(r) +y(r)F(r) +7°Q(r) =0, (80)
where

r —ArGr3 > o€z —D2)

F= r—2GM
47 Gr e,
Q= ——mf 2GM{2@: {5% + 9pa + 8795(% +pm)} (81)

6\ [87Gr Y, pe +2GM
4rGr? r(r — 2GMr)

Note that y(r) depends only on nonrotating equilibrium
quantities. In practice, we solve Eq. (80) simultaneously
with the system of equations presented in Sec. II using
the inner boundary condition

4G
771271-

y(r) =2 91

2{331%(0) +e:(0)
’ (82)

+3el0) + o052 } Lou).

r=0



B. Results

We begin by straightforwardly generalizing the stan-
dard single-fluid I-Love-@ plots to two fluids. Specifi-
cally, we generalize the dimensionless quantities in (76)
to

F Iom + Idm x5 >\ - QM*
[==_"" A= — =
R 5 0T Ut Jan)?
(83)
These quantities depend on pom(0), pam(0), and

Qom/Qam- We show results in Fig. 2 for 1 <
Pom(0), Pam (0) < 10* MeV/fm? and a few representative
values of Qom/Qam. To construct these plots, for each
value of pom(0) and pam(0), we fix wem(0) to an arbi-
trary value and search through values for wgm,(0) until
the resulting solution has the required ratio Qom/Qdm-

In each plot, the blue dots are our computed data val-
ues and the black curves are the single-fluid fitting curves
given by

In Y = a; + bz In xr; + ci(ln Ii)Q + dl(ln 1'2')3 + ei(lnx¢)4,
(84)
where the z;,y; are the I, X, Q plotted on the horizontal
and vertical axes and the values of the fitting coefficients
ai, b;, c;,d;, e; can be found in [47]. In the bottom panel
of each plot, the relative error is defined by
data __ Vi

Y
error =
Yi

(85)

In the single-fluid case, the relative error is less than
1% [46-48]. An immediate feature of Fig. 2 is that the
relative error can be greater than 1% for dark matter
admixed neutron stars. This occurs when the star is
truly mixed and neither fluid is dominating. This is the
case for all three types of plots and for all three angular
velocity ratios. We note that our results are consistent
with those in [49].

The Neutron Star Interior Composition Explorer
(NICER) has recently made precise measurements of the
mass and radius of millisecond pulsars [68-71]. NICER
measures x-ray emissions from the surface of the star.
These electromagnetic observations can be used to de-
termine the moment of inertia and angular momentum
[72, 73]. Since these observations are electromagnetic,
they direly probe ordinary matter and not dark matter.
The two-fluid generalization we made in Eq. (83) and in
Fig. 2 does not adequately take this into account. As-
suming measurements for I, and Jop,, we should define
the dimensionless quantities as

_ Iom

A
Iom = ﬁf»

QM.
i Qom = °
M Som

A (86)
We show results in Fig. 3 using the definitions in (86)
and for when dark matter does not dominate the star.

Comparing with Fig. 2, we can immediately see large de-
viations from the single-fluid fitting curves. Indeed, the

11

deviations are so large that we do not include panels for
the relative error. Note also that the results in Fig. 3 can-
not be parametrized by a one-parameter curve. An im-
portant takeaway from Fig. 3 is that if measurements of
1, )\, Q deviate significantly from the single-fluid I-Love-
Q@ curves and if such measurements for multiple stars do
not lie along a curve, then we have strong evidence for
the existence of dark matter admixed neutron stars.

V. CONCLUSION

Using Hartle’s slowly rotating approximation, we de-
rived equations describing a rotating system with an ar-
bitrary number of perfect fluids with only gravitational
interfluid interactions. We then specialized to the two-
fluid case for describing rotating dark matter admixed
neutron stars with fermionic dark matter. The two-fluid
case is equivalent to the formalism developed by Ander-
sson and Comer [44] in the limit that inter-fluid interac-
tions are neglected.

Using our two-fluid model, we studied I-Love-Q re-
lations. For a standard two-fluid system, we found de-
viations from the single-fluid results that are consistent
with previous results [49, 53]. However, our expectation
is that measurements of the moment of inertia and the
angular momentum will be in terms of ordinary matter
alone and will not directly probe dark matter. When
we parametrize the I-Love-@) dimensionless variables in
terms of the moment of inertia and the angular momen-
tum for ordinary matter, we found significant deviation
from the single-fluid relations and that I-Love-() cannot
be described by one-parameter fitting curves. Our re-
sults immediately suggest a method for determining if
neutron stars contain sufficient quantities of dark matter
such that dark matter can affect bulk properties of the
star.

We note that our analysis has only made use of one
choice for the equation of state for ordinary matter and
one choice for the equation of state for dark matter. Fur-
ther, we have only considered a few choices for the ratio
of angular velocities. Our aim with this paper is to show
that dark matter admixed neutron stars can deviate sig-
nificantly from the standard result and not to make a
broad study of different equations of state, as has been
done for single-fluid I-Love-@). However, we have con-
sidered other equations of state and found results quali-
tatively similar to those presented in this paper. Never-
theless, a systematic analysis using various equations of
state would be interesting.

Appendix A: Numerical procedure

In this appendix, we outline our numerical procedure
for solving the various equations presented in Sec. II. So-
lutions are identified by the central pressures p,(0) and
the central values @, (0). Once these values are speci-
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FIG. 2. I-Love-Q plots using the definitions in (83). The blue dots are our computed data values for 1 < pom(0), pam(0) < 103
MeV/fm® and Qom/Qam as indicated in the figures. The black curves are the single-fluid fitting curves given in (84). The
bottom panel in each figure gives the relative error defined by (85). For a (single-fluid) neutron star, the relative error is less
than 1% [46-48]. This figure indicates that dark matter admixed neutron stars can have a relative error greater than 1%.
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FIG. 3. This figure is analogous to Fig. 2, except it uses the dimensionless variables defined in (86). The dimensionless variables
in (86) assume electromagnetic measurements for the moment of inertia and angular momentum which probe ordinary matter
alone and not dark matter. This figure shows large deviations from the single-fluid fitting curves.

fied, the system of ODEs can be integrated outward from
r=0.

The first step is to integrate the TOV equations in
(33) using an arbitrary value for v(0) (in practice, we use
v(0) = 0) to find the equilibrium solution. R, is defined
as the radial position where the pressure of the outermost
fluid drops to zero. From (36), M, = M(R.). A look at
the TOV equations shows that v(r) can be shifted by a
constant with the result still being a solution. We can

13

therefore shift v(r) such that the boundary condition in
(37) is satisfied. Upon making the shift, the updated
inner boundary value is

2G M,

ol

From this point forward, we exclusively use this updated
value for v(0). If we were to integrate the TOV equations
again, but now using (Al) as the inner boundary condi-

v(0) = v(0) — {V(R*) —In <1 - (A1)



tion for ©(0), we would obtain the complete equilibrium
solution.

The next step is to integrate the full system of equa-
tions outward from r = 0 to » = R,. This system in-
cludes the TOV equations in (33), along with the bot-
tom equation in (42) for n,, (44) for u,, (53) for mg and
dpz0, (60) for vy and hs, and (80) for y. At the end of
the integration, we use the results to solve Eq. (67) for
the constants C' and K and Egs. (32) and (58) to solve
for dp,o and mo. We now have the complete interior so-

lution and can straightforwardly compute properties of
the star, such as the angular velocities €, using (47), the
total moment of inertia I using (50), the mass correction
dM using (55), and the quadrupole moment () using (69).
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