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FORMULA OF BOUNDARY CROSSING PROBABILITIES BY THE
GIRSANOV THEOREM
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A formula for the probability that a Wiener process with stochastic drift
process and random variance crosses a one-sided stochastic boundary pro-
cess in a finite time interval is derived. This formula is obtained by the Gir-
sanov theorem when considering an equivalent probability measure where
the boundary is constant equal to its starting value and the drift is null. We
assume that the drift minus the deviation of the boundary from its starting
value divided by the standard deviation is absolutely continuous and that its
derivative satisfies Novikov’s condition. Since the formula is not completely
explicit, we also give an explicit formula based on one theoretical approxi-
mation. We also derive a formula in the two-sided boundary case when the
difference between the deviation of each boundary from their starting value

is linear.

1. Introduction. Let (Z;);cr+ be a stochastic process defined as Z; = p; + oW, where
(11t )tcr+ is a continuous stochastic drift process with finite variation, (W} )cr+ is a standard
Wiener process with random variance o2 > 0, (g¢)ier+ and (hy)ser+ are two continuous
stochastic boundary processes with finite variation. We are concerned with one-sided and
two-sided boundary crossing probabilities of the form

(1.1) PA(T)=P( sup Z; —g; >0),
0<t<T
(1.2) PZ(T)=P( sup Z—g;>0o0r sup hy—Z; >0),
’ 0<t<T 0<t<T

i.e., the probability that the process Z crosses the boundary or one of both boundaries be-
tween 0 and 7T'. The main application of boundary crossing probabilities is when the stochas-
tic process Z is a random walk. Since the problem is harder to solve in that case, the liter-
ature relies on a continuous approximation and develop theoretical tools when the stochas-
tic process Z is a Wiener process (see Gut (1974), Woodroofe (1976), Woodroofe (1977),
Lai and Siegmund (1977), Lai and Siegmund (1979) and Siegmund (1986)).

Explicit formulas of these boundary crossing probabilities (1.1)-(1.2) are only found when
the boundaries and the drift are linear. More specifically, Doob (1949) gives explicit for-
mulas (Equations (4.2)-(4.3), pp. 397-398) based on elementary geometrical and analytical
arguments when 7" = oo, ¢ is nonrandom, the drift is null and the boundaries are nonrandom
linear with nonnegative upper trend and nonpositive lower trend. Malmquist (1954) uses
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Doob’s transformation (Section 5, pp. 401-402) to obtain an explicit formula conditioned
on the starting and final values of the Wiener process (Theorem 1, p. 526) in the one-sided
boundary case. Anderson (1960) derives an explicit formula conditioned on the final value of
the Wiener process (Theorem 4.2, pp. 178-179) and integrate with respect to the final value of
the Wiener process to get an explicit formula (Theorem 4.3, p. 180) in the two-sided bound-
ary case with linear drift. For square root boundaries g(t) = v/a +t with a > 0 we can use
Doob’s transformation, and express Equations (1.1)-(1.2) as boundary crossing probabilities
of an Ornstein-Unlenbeck process to a constant boundary (see Breiman (1967)). However, the
boundary crossing probabilities of an Ornstein-Unlenbeck process to a constant boundary are
only known in the form of Laplace transform. Finally, the boundary crossing probabilities of
a jump diffusion process with linear drift to a constant boundary are obtained in the form of
Laplace transform (see Kou and Wang (2003)).

Since there is no available explicit formula when the drift and the boundaries are not lin-
ear, there is a large literature on approximating and computing numerically these boundary
crossing probabilities (1.1)-(1.2). Strassen (1967) (Lemma 3.3, p. 323) shows that PgZ is con-
tinuous with continuous derivative when g is continuous with continuous derivative. Durbin
(1971), Wang and Potzelberger (1997) and Novikov, Frishling and Kordzakhia (1999) use
piecewise-linear boundaries to approximate the general boundaries. Durbin (1985) gives a
formula for a general boundary but which depends on asymptotic conditional expectations
whose approximations are studied in Salminen (1988).

In this paper, we derive a formula for the one-sided boundary crossing probability (1.1)
when the boundaries and drift are stochastic processes based on the Girsanov theorem when
considering an equivalent probability measure (Q where the boundary is constant equal to
its starting value and the drift is null. We assume that the drift minus the deviation of the
boundary from its starting value divided by the standard deviation is absolutely continuous
and that its derivative satisfies Novikov’s condition. We also derive a formula in the two-sided
boundary case (1.2) when the difference between the deviation of each boundary from their
starting value is linear.

To apply the Girsanov theorem when the one-sided boundary and the drift are time-
varying but not stochastic processes and the variance is nonrandom, the main idea is to
rewrite the boundary crossing probability of a time-varying boundary as an equivalent bound-
ary crossing probability of a constant boundary. More specifically, if we define the new
drift as u; = %‘ﬂ]o, the new process as Y; = u; + W, and the new constant bound-
ary as b = %, we observe that the boundary crossing probability (1.1) may be rewritten
as PZ(T) = P)(T). We first obtain P(T} < T|Wr) = Eq[Liry <7y My |[Wr], where
My =exp(Wr —3 fOT 62ds) with Wy = fOT 0sdWs and up = fOT 0.ds. Yet the presence
of M, L'in the conditional expectation renders a direct calculation not possible since that
would require to extend the arguments based on the reflection principle. We also obtain
Q(TY <T|Wrp)=exp(— M) by using the explicit formula from Malmquist (1954)
(Theorem 1, p. 526) and since Y is a standard Wiener process under Q.
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To obtain a more explicit formula, the main idea which is based on the fact that
(Wp,Wr) is a centered normal random vector under P is to rewrite Wp as W =
aWp + AW where W is a standard normal random variable under P which is inde-
pendent of Wr. Consequently, we can decompose M, 1 as the product of an o(Wr)-
measurable random variable and a random variable independent from Wp. Then, we ob-
tain P(T} < T|Wr)=exp (—aWr+ %fOT 03ds)Eq[1qry <ryexp (— aw)|Wr], where
Eq [1{T3’§T} exp (— aW) (Wr] ~ exp(— w) exp (& fOT 5595ds)£N(a) with Ly
the Laplace transform of a standard normal variable if we assume the approximation
Eq [1{Tb‘/ <T} €xp (- aW/) Wr] ~ Eq [1{Tb‘/ ST}|WT] Eg|exp (- &W) [Wr]. Moreover,
we can get P} (T) by integrating P(T} < T'|Wr) with respect to the value of Wr. Finally,
the main idea to extend the results when the one-sided boundary and the drift are stochastic
processes and the variance is random, all of which are independent from the Wiener process,
is to condition by Wr, the variance, and the path of the boundary and the drift.

2. One-sided time-varying boundary case. In this section, we consider the case when
the one-sided boundary and the drift are time-varying but not stochastic processes and the
variance is nonrandom.

We consider the complete stochastic basis B = (Q,P, F,F), where F is a o-field
and F = (F})ier+ is a filtration. For A C RT and B C R such that 0 € A, we define
the set of continuous functions with positive starting values as Cy (A,B) = {h: A —
B s.t. h is continuous and ~(0) > 0}. We first give the definition of the set of boundary func-
tions. There is no loss in generality assuming that the boundary is continuous since it is
required in the assumptions for the Girsanov theorem.

DEFINITION 2.1.  We define the set of boundary functions as G = Cj (R, R).

We now give the definition of the first-passage time (FPT). There is no loss in generality
assuming that the stochastic process is continuous since we consider a Wiener process with
a continuous drift which is required in the assumptions for the Girsanov theorem.

DEFINITION 2.2.  We define the FPT of an F-adapted continuous process (Z;);cg+ to a
boundary g € G as

2.1) TZ =inf{t eRT s.t. Z, > g}

Since Z is a continuous and F-adapted stochastic process and inf{t € Rt s.t. Z; > ¢g;} =
inf{t e R" s.t. Z; > g;} = inf{t € R" s.t. Z; € G} where G = {(t,u) € R x Rs.t. u >
gt} is an open subset of R2, the FPT TgZ is a F-stopping time by Theorem 1.1.28(a) (p. 7)
in Jacod and Shiryaev (2003). We can rewrite the boundary crossing probability PgZ as the
cumulative distribution function (cdf) of TZ, i.e.,

Z 3\ _ (2
(2.2) Py (t)=P(T; <t) foranyt > 0.

We define an F-standard Wiener process as (W} );cr+. We assume that Z; = i, + oW, where
w1 and o # 0 are nonrandom. To apply Girsanov theorem, the main idea is to rewrite the FPT
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to a time-varying boundary as an equivalent FPT to a constant boundary. More specifically,
if we define the new drift as u; = %ﬁgf’, the new process as Y; = u; + W; and the new
constant boundary as b = 22, we observe that the FPT (3.1) may be rewritten as

(2.3) T =Ty .

Then, we will consider an equivalent probability measure under which the new process Y;
will be a standard Wiener process. Accordingly, we provide the assumption which corre-
sponds to Novikov’s condition (Novikov (1972)) which is required to apply Girsanov theo-
rem (Girsanov (1960)). The proofs of this paper would hold with no change with the more
general conditions obtained by Kazamaki (1977).

ASSUMPTION A. We assume that u is absolutely continuous on [0, T, i.e., there exists a
nonrandom function 6 : [0, 7] — R with u; = fot 0sds, such that fg 0,dW is well-defined for
any t € [0,7]. We also assume that fOT 2ds < oo.

DEFINITION 2.3. We define M as

t 1 t
(2.4) M; = exp ( / OsdWs — 5 / 02ds) forany 0 <t <T.
0 0

By Assumption A, M satisfies Novikov’s condition and thus is a positive martingale. We
embed this result and its implications on an equivalent probability measure Q by the Girsanov
theorem in the following lemma.

LEMMA 2.1. Under Assumption A, we have that M is a positive martingale. Thus, we
can consider an equivalent probability measure Q such that the Radon-Nikodym derivative
is defined as % = M. Finally, Y is a standard Wiener process under Q.

Consequently, we obtain that Ep [X ] =Eq [X M, 1] for any Fr-measurable random variable
X by a change of probability in the expectation. The next theorem reexpresses IP’(T}; <
T|Wr) under Q. The proof is based on Lemma 2.1 and its consequence in the particular case
X =11y <1}1E, where Eris a o(Wr)-measurable event. We define W as

t
(2.5) W, = / 0sdWs.
0

THEOREM 2.4. Under Assumption A, we have
(2.6) P(T} <T|Wr) =Eg[Liry <y M7 [Wr].
This can be reexpressed as
(2.7) P(Ty <T|Wr) =Eq[Mz 'Eo[Liy <yl Wr, Wr] [Wr].

PROOF OF THEOREM 2.4. By definition of the conditional probability, Equation (4.3)
can be rewritten formally as

2.8) Ep[1(ry <ry|Wr] = Eq [Liry <7y My [Wr].
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For any o(Wr)-measurable event E7, we can use a change of probability in the expectation
by Lemma 2.1 along with Assumption A and we obtain that

(2.9) Ee[1¢1y <ryli,] = Eo[Lyry <)My ' 15, ]

We can deduce Equation (2.8) from Equation (2.9) by definition of the conditional expec-
tation. By definition of the conditional probability, Equation (4.4) can be rewritten formally
as

(2.10) Ep [Liry <ry|Wr] = Eq[My 'Eo [Liry <ry|Wr, W ]|Wr].

By definition of the conditional expectation, if we can show that for any Ep which is o(Wrp)-
measurable that

@10 Ee[lgry <ryle,] =Ee|Eq[M7 Eq [Lry <ry|Wr, Wr] Wy 1g, |,

then Equation (2.10) holds. Let E7 a o(Wr)-measurable event. By Lemma 2.1 along with
Assumption A, we can use a change of probability in the expectation and we obtain that

(2.12) Ep [l{TbYST}lET] =Eq [I{TZ”ST}IETM:FI] :
Then we have by the law of total expectation that
213)  Eo[lyry<rylm My'] =Eo[Eo[1yry <rylm, My ' [Wr, Wr]].

Since 1g, and M, Lare o(Wr, W )-measurable random variables, we can pull them out of
the conditional expectation and deduce that

(2.14E0 [Eq [V 1y <1y 1p, My (W, W] ] = Eg [Le, My " Eo [1(1y <1y|Wr, Wr]].

If we use Equations (2.12)-(2.13)-(2.14), we can deduce that Equation (2.11) holds. ]

To obtain an explicit formula, it remains to calculate Eq [1 (rr<myMp L ]WT] or also
Eq[M;'Eq [1¢ry <y [Wr, Wr | |[Wr]. Although Y is a standard Wiener process under Q
by Lemma 2.1, the presence of M, L or W in the conditional expectation renders a direct
calculation not possible since that would require to extend the arguments based on the reflec-
tion principle. To approximate it, we first calculate @(Tg/ < T|Wr) whose explicit formula
is given in the following theorem. This reexpresses Malmquist (1954) (Theorem 1, p. 526)
under Q which considers the linear case s = 0, g = at + b and o = 1 under P and obtain
that

(2.15) P(T7 <T|Wp=x)=exp ( - W) Yo<ar by + YasaT 10}

for any z € R.

THEOREM 2.5. Under Assumption A, we have

2b(b — Y,
(2.16) Q(T} <T|Wr) =exp ( - %)1{3@@} + 1y, >0y



PROOF OF THEOREM 2.5. By definition of the conditional probability, Equation (2.16)
can be rewritten formally as

2b(b—Yr
(2.17) Eq 11y <1y |Wr] = exp ( - %) Live<vy + Lyesny-
By Lemma 2.1 along with Assumption A, Y is a Wiener process under Q. Then, we have by
Malmquist (1954) (Theorem 1, p. 526) that Equation (2.17) holds. O

To obtain a more explicit formula, the main idea which is based on the fact that (W, W)
is a centered normal random vector under P is to rewrite Wy as W = aWrp + aW where
W is a standard normal random variable under P which is independent of Wp. We define the
correlation under P between W and W as p, i.e., p = Corp(Wp, Wr).

W
V[T 62ds

variable under P and there exists a standard normal random variable W under P which is

LEMMA 2.2. Under Assumption A, we have that is a standard normal random

independent of W and such that W when normalized can be reexpressed as

w 4% —~
(2.18) — 21— PW,

p
\/foT 02ds VT

LT 0.ds .
. This can be reexpressed as

T [T 62ds

where p =
(2.19) W =aWr +aW,

where a = py/T—1 fOT 02ds and & = \/(1 —p?) fOT 02ds. If we define 0, = 622 e can

reexpress W as

—~— T o~
(2.20) W = / 0sdWs.
0
Finally, W + fOT gsﬁsds is a standard normal variable under Q.

PROOF OF LEMMA 2.2. By Assumption A, we have that W is well-defined and
JF 62ds < oo thus we can deduce that —1=

V[T 62ds

PP. Since (W7, W) is a centered normal random vector under IP, there exists a standard nor-

is a standard normal random variable under

mal random variable W under [P which is independent of W7 and such that Equation (2.18)
holds. Then, we can calculate that

T
p= Corp(WT,/ 0sdWs)
0
_ Covp(Wr, [y 0.dWy)
Varp(Wr) Varp(f; 0,dW,)

s
T [l 92ds’
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where we use the definition of p and Equation (2.5) in the first equality, and the It6 isometry
in the last equality. Equation (2.19) can be deduced directly from Equation (2.18). Moreover,
we can reexpress W as

1
W = E(WT — aWT)

T —
:/ HSNQdWS
0

o
T ~
= / 0sdWs,
0
where we use Equation (2.19) in the first equality, Equation (2.5) in the second equality

and the definition of @, in the last equality. Finally, we can deduce that W+ fOT 0,0,ds is
a standard normal variable under Q by its expression (2.20) and since by Lemma 2.1 along

with Assumption A, Y is a Wiener process under Q. O

Consequently, we can decompose M, ! as the product of an o(Wr)-measurable random
variable and a random variable independent from W . The next theorem gives a more explicit
formula to ]P’(TZ < T|Wr) and an explicit formula based on the theoretical approximation
(2.23). The proof is based on Lemma 2.2. Let IV be a standard normal random variable under
P. We define the Laplace transform of IV as

(221 Ln(u) =Ep[exp (—uN)].
THEOREM 2.6. Under Assumption A, we have
1 [T P
(2.22P(T} <T|Wr)=exp (— aWr + 3 / 02ds)Eq [1{T5§T} exp (—aW)|Wr].
0

If we further assume the approximation

(223)Eq [1rpy <py exp ( — aW) [Wr] = Eq 1y <y | Wr ] Eq[exp ( — aW) |Wr],

we have
1T 2b(b — Y,
P(T} < T|Wr)~ exp (—aWr+ 3 / Hgds) (exp ( - %)1{%%} + 1{YT>b})
0
TN
(2.24) x exp (& / 0505ds) L ().
0

PROOF OF THEOREM 2.6. We can reexpress Mt as

T 1 T
My = exp ( / OsdW - 5 / 02ds)
0 0

_ 1 T )
:eXp(WT—§/0 Hsds)

N T
=exp (aWp + aW — % / 02ds)
0

T —
(2.25) = exp (aWT — % / 9§ds) exp (&W),
0
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where we use Equation (2.4) in the first equality, Equation (2.5) in the second equality, Equa-
tion (2.19) from Lemma 2.2 in the third equality and algebraic manipulation in the last equal-
ity. Then, we have

P(Ty <T|Wr) =Eg[Lyry <y My |Wr]

17 _—~
=Eg [1{TbY§T} exp ( —aWr + 3 / Hgds) exp ( - aW) \WT]
0

1T P
= exp ( —aWp + 3 / HEdS)EQ [1{TbY§T} exp ( - aW) \WT] )
0

where we use Equation (4.3) from Theorem 2.4 along with Assumption A in the first equal-
ity, Equation (3.23) in the second equality, the fact that W is a (W )-measurable random
variable in the third equality. Thus, we have shown Equation (2.22). Moreover, we have

Eo[1iry <ry exp (= aW)[Wr] & Eq[Liry <y |WrEq [exp (— aWW) (W]

(2.26) ~ (exp ( — M) Loy, <oy + 1{YT>b}>

XEQ[exp ( — aW) ]WT],

where we use Approximation (2.23) in the first approximation, Equation (2.16) from Theo-
rem 2.5 along with Assumption A in the second approximation. Finally, we have

Eglexp (- &W)|WT] =Eg[exp (- aW)]

—exp (@ /OT 0s0sds)Eq [exp (— a(W + /OT 6:65ds))]

—oxp (& /0 " 8,60,d5)Es [exp (— aN)]

T ~
(2.27) = exp (&/ 0505ds) L (),
0

where we use the fact that IV is independent from Wy in the first equality, algebraic manipu-
lation in the second equality, the fact that W+ fOT 58 Osds is a standard normal variable under
Q by Lemma 2.2 along with Assumption A in the third equality, and Equation (2.21) in the
last equality. We can deduce Equation (2.24) from Equations (2.22), (2.26) and (2.27). O

Finally, we get PY (T') in the next theorem by integrating P(T} < T|Wr) with respect to the
value of Wr. The proof follows the steps of Equations (3) in Wang and Potzelberger (1997)
(p- 55). We define the standard Gaussian cdf as ¢(t) = fot V%exp( — “;)du forany t € RT.

THEOREM 2.7. Under Assumption A, we have

v _ b—ur bmur  q 22 1 [T 9
P (T)-l—(;ﬁ( Wia )+ . mexp(—ﬁ)exp(—a$+§A 63ds)

(2.28) xEg[1(ry <1y exp ( — aW)|Wr = z]dz.
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If we further assume the approximation (2.23), we have

v N b—ur bmur 22 1 [T 9
P, (T)~1—¢< Nk )—i—/_ \/ﬁexp(—ﬁ)exp(—aw—ki/o 0:ds)

[e.e]

2b(b —up — x

) T~
(2.29) X exp ( - T ) exp (a/ Hsﬁsds)ﬁN(&)d:E.
0

PROOF OF THEOREM 2.7. We can calculate that
Y Y 1 II)‘2
P, T:/ P(T; <T\Wpr=2z)—ex (——)dw
» (1) (Ty W ) onT p oT

_ b—uT 2
:1—¢(b uT)+/ P(TY <T|Wr =2z) = ewp(—x—>dx

VT —o0 V2rT 2T
bh—u b—ur 1 :1;.2 1 T
:1_¢(WT)+ Wexp(—ﬁ>exp(—ax+§/0 9§ds)

xEqg [1{T§ST} exp (— &W) \Wr = z)dz,
where we use Equation (2.2) and regular conditional probability in the first equality, the fact
that P(TY < T|Wr =x) =1 forany x > b — ur in the second equality, and Equation (2.22)
in the third equality. We have thus shown Equation (2.30). Approximation (3.27) can be
shown following the same first two equalities and using Approximation (2.24) in the third
equality. O

In the particular case when the boundary is linear, there is no drift and the standard
deviation is equal to unity u; =0, g+ = at + b and o = 1, Theorem 2.7 reduces to
Wang and Potzelberger (1997) (Equation (2), p. 55), i.e.,

b+al b—al
Nix ) + exp (— 2ba) é( T

3. One-sided stochastic boundary process case. In this section, we consider the case

PY(T) =1~

).

when the one-sided boundary and the drift are stochastic processes and the variance is ran-
dom.

DEFINITION 3.1. We define the set of stochastic boundary processes as H =R x Q —
R such that for any g € H and w € 2 we have g(w) € G and g is F-adapted.

DEFINITION 3.2. We define the FPT of an F-adapted continuous process (Z;);cr+ to a
stochastic boundary process g € H as

(3.1) TZ =inf{t e R s.t. Z, > i}

Since Z — g is a F-adapted continuous stochastic process and inf{t € RT s.t. Z; > ¢;} =
inf{t eER" s.t. Zt—g; >0} =inf{t eRT s.t. Z; — g >0} =inf{t eRT s.t. Z — gy € R} },
the FPT Tg is a F-stopping time by Theorem 1.1.28(a) (p. 7) in Jacod and Shiryaev (2003).
We can rewrite the boundary crossing probability PgZ as the cdf of TgZ ,1.e.,

Z(\ (2
(3.2) Py (t)=P(T; <t) foranyt > 0.
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We assume that p is an F-adapted stochastic process, o # 0 is random and v is independent
of W where v is defined as v = (g, 1, o).

ASSUMPTION B. We assume that u is absolutely continuous on [0, 77, i.e., there exists a
stochastic process 0 : [0, 7] x Q — R with u; = fot 6sds, such that fot 0,dW is well-defined
for any ¢ € [0, 7). We also assume that E[exp (3 fOT 62ds)] < oc.

LEMMA 3.1. Under Assumption B, we have that M is a positive martingale. Thus, we
can consider an equivalent probability measure Q such that the Radon-Nikodym derivative
is defined as % = M. Finally, Y is a standard Wiener process under Q.

The main idea in this section is to condition by both W and v, i.e., to derive results of the
form P(T} < T|Wr,v) rather than P(T} < T|Wr).

THEOREM 3.3. Under Assumption B, we have
(3.3) P(Ty < T|Wr,v) =Eg[1iry < My [Wr,v].
This can be reexpressed as
(3.4) P(Ty <T|Wr,v) = Eq[My " Eq[1iry <ry W, W, 0] [Wr,v].

PROOF OF THEOREM 3.3. By definition of the conditional probability, Equation (3.3)
can be rewritten formally as

65) Be [1ry <y Wr.v] = Eo[Lxy <y My [Wr.o].

For any o (Wp,v)-measurable event E, we can use a change of probability in the expecta-
tion by Lemma 3.1 along with Assumption B and we obtain that

(3.6) Er [1(ry <ry1m:] = Bo[1(ry <)My ' 15, ].

We can deduce Equation (3.5) from Equation (3.6) by definition of the conditional expec-
tation. By definition of the conditional probability, Equation (3.4) can be rewritten formally
as

(3.7) E]p [1{TbY§T} ’WT, v] = EQ [MflEQ [1{TbY§T} ’WT,WT, ’U] ‘WT, ’U] .

By definition of the conditional expectation, if we can show that for any Er which is
o(Wr,v)-measurable that

3.8)  Ep[liry<ryls,] =Ep [E@ [M7"Eq[1ry <1y |Wr, W, 0] [Wr, ] 1ET],

then Equation (3.7) holds. Let Ep a o(Wr,v)-measurable event. By Lemma 3.1 along with
Assumption B, we can use a change of probability in the expectation and we obtain that

(3.9) Er[1(ry <ry1m:] = Bo[1(ry <ryle My ']

Then we have by the law of total expectation that

(3.10)  Eg[lgry<rylp, M7 '] =Eq[Eq[1iry <ryle, My ' [Wp, Wr,v]].
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Since 1g,, and M, Lare o(Wrp, W, v)-measurable random variables, we can pull them out
of the conditional expectation and deduce that

(3.11) Eq [Eq[1¢ry <ryle, My (W, Wr,v]]
=Eq[1p, M 'Eq 1y <1y |Wr, Wr,v]].
If we use Equations (3.9)-(3.10)-(3.11), we can deduce that Equation (3.8) holds. ]

THEOREM 3.4. Under Assumption B, we have

2b(b - Y,
(3.12) Q(TY < T|Wr,v) =exp ( - %) Livo<ey + Livesoy

PROOF OF THEOREM 3.4. By definition of the conditional probability, Equation (3.12)
can be rewritten formally as

2b(b—Yr
(3.13) Eq 11y <1y |Wr] = exp ( - %) Live<vy + Lyesny-
By Lemma 3.1 along with Assumption B, Y is a Wiener process under Q. Then, we have by
Malmgquist (1954) (Theorem 1, p. 526) that Equation (3.13) holds. O

Since @ is a stochastic process, we do not have that W is a normal random variable, but
rather that it is a mixed normal random variable. The main idea is to normalize W by

4/ f 62ds, so that (Wp ) is a centered normal random vector under P. We define
"V f €2d

Wr )

\/masp,le ,Pp= Cor(WT,\/m.

the correlation between W and

LEMMA 3.2. Under Assumption B, we have that zs a standard normal random

Vf[)

variable under P and there exists a standard normal random variable W under P which is
independent of Wr and such that W when normalized can be reexpressed a.s. as

w W —~
(3.14) — L, L 12w,
fOT 62ds VT
S 0.ds .
where p = T [Tods a.s.. This can be reexpressed a.s. as
(3.15) Wi =aWr+aWw,

where o = py/ T ! fOT 02ds a.s. and a = \/(1 —p?) fOT 02ds a.s.. If we define 0, =

a.s., we can reexpress W a.s. as
—~— T~
(3.16) W :/ 0, dWs.

Moreover, W + fo 9 0sds is a standard normal variable under Q. Finally, the conditional
distribution 0fW+ fo 0,0,ds given v, i.e., D W+ fo 6,0 sds|v), is standard normal under
Q.
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PROOF OF LEMMA 3.2. By Assumption B, we have that W is well-defined and
Elexp (3 fOT §2ds)] < oo thus we can deduce that fOT 62ds < oo a.s.. Thus, we can nor-

. - T wW. . . .
malize W by \/ [, 62ds a.s. and we have that L is a mixed normal random variable
0"s VT 62ds
0 s

a.s. by definition. We have that its conditional mean under P is a.s. equal to

Ep[foT@des v] _ 1 Ep[/TGSdWS v}
VT 62ds V) 62ds 0
(3.17) =0,

1
V[ 62ds

fOT 0sdWy is a.s. a martingale since fOT 62ds < oo a.s. in the second equality. We also have

where we use the fact that is o(v)-measurable in the first equality, and the fact that

that its conditional variance under PP is a.s. equal to

T o.aw, ) OsdW 2
(0% ) g [ (I 0y

V) 62ds V) 62ds

T
S (VLS

(3.18) —1,

1

NG is o(v)-measurable
0 s

in the second equality, the It6 isometry in the third equality. Since its conditional mean

where we use Equation (3.17) in the first equality, the fact that

and conditional variance are nonrandom, we obtain that its mean under PP is equal to
JT0,dW, JT0,dW, .
Ep |- =Ep|Ep| =2 v|| = 0 by the the law of total expectation and Equa-

VT 62ds V[ 62ds

tion (3.17), and similarly that its variance is equal to 1 by the law of total expectation and

Equation (3.18). Thus, we have that Wr__ 5 a standard normal random variable under P.

V[T 02ds
. W . .
Since (Wrp, \/m) is a centered normal random vector under PP, there exists a standard
normal random variable W under P which is independent of W7 and such that Equation
(3.14) holds. Then, we can calculate that the covariance between W and IMT/(T; y under P
o O2ds
is equal to
= T
w 0sdW,
Covp (WT, 7T) = Covp (WT, M)
Vo 02ds Vo 62ds
T
r 0sdW,
= EIFD WT 7f0 i : ]
V) 62ds
T
r 0sdW,
— Ep E[WTL o] |
) \/ fOT 02ds
i 1 T
e[ [wr [ o]
"/ fOT 62ds 0
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fOTQSds }’

\/foT 62ds

where we use Equation (2.5) in the first equality, Equation (3.17) in the second equality, the
1
V[ 62ds
the fourth equality, and the It6 isometry in the last equality. Now we can calculate that the
W

V[T 62ds

(3.19) :Ep[

law of total expectation in the third equality, the fact that is o(v)-measurable in

correlation between Wy and under P is equal to

T 6,aw )

\/fOT 02ds

Covp (WT, %)

Varp(Wr) Varp ( Ji 0—;; ZZSS )

= lE[ fOT HSds ]7

r \/fOTngs

where we use the definition of p and Equation (2.5) in the first equality, and Equations (3.18)

p = Corp (WT7

and (3.19) in the last equality. Equation (3.15) can be deduced directly from Equation (3.14).
Moreover, we can reexpress W as

1
W = E(WT — aWT)

Tpg _
:/ QSNQdWS
0

(07

T ~
= / Qdesa
0

where we use Equation (3.15) in the first equality, Equation (2.5) in the second equality and

the definition of §t in the last equality. Moreover, we can deduce that W + fOT 5505ds is a
standard normal variable under Q by its expression (3.16) and since by Lemma 3.1 along with
Assumption B, Y is a Wiener process under Q. Finally, D(W + fOT 0,0,ds|v) is standard
normal under Q by Equation (3.16). ]

Consequently, we can decompose M ! as the product of an o(Wr,v)-measurable random
variable and a random variable conditionally independent from W given v.

THEOREM 3.5. Under Assumption B, we have

1 (T
P(T} < T|Wr,v)=exp (—aWr+ 3 / 02ds)
0

(3.20) xEq[1iry <y exp (— aW)[Wr,v].
If we further assume the approximation

(3.21) Eq[1(ry <y exp (— aW)|[Wr,v]



14

= EQ [1{TZ/§T}’WT7U]EQ [exp ( - &W)‘WT,’U],

we have
1 (T 2b(b — Y
IP)(TZ <T|Wrp,v) = exp ( —aWr + 3 / Hgds) (eXp ( — %) Liyp<py + l{yT>b}>
0
T~
(3.22) X exp (&/ HSGSdS)EN(&).
0

PROOF OF THEOREM 3.5. We can reexpress Mr as

T 1 T
My =exp ( / OsdW; — 5 / 02ds)
0 0

_ 1 (T )
=exp (Wrp — 3 / 65ds)
0

_ T
=exp (aWp + aW — % / 02ds)
0

T —_—
(3.23) =exp (aWT — % / Hgds) exp (&W),
0

where we use Equation (2.4) in the first equality, Equation (2.5) in the second equality, Equa-
tion (3.15) from Lemma 3.2 in the third equality and algebraic manipulation in the last equal-
ity. Then, we have

P(Ty < T|Wr,v) =Eq[1ipy <p My W, v]

1 (T —~
=Eg [1{TbY§T} exp ( —aWr + 3 /0 Hgds) exp ( — aW) |Wr, v]

1 (T —
=exp (—aWr+ 3 / diS)EQ [1{TbY§T} exp (— aW)|Wr,v],
0

where we use Equation (3.3) from Theorem 3.3 along with Assumption B in the first equal-
ity, Equation (3.23) in the second equality, the fact that W7 and 6, for any ¢ € [0,T] are
o(Wrp,v)-measurable random variables in the third equality. Thus, we have shown Equation

(3.20). Moreover, we have
EQ [1{TZ’§T} exp ( — &W) ’VVT7 ?}] ~ EQ [1{TZ’§T} ’WT, U] EQ [exp ( - &W) ‘WT, U]

(3.24) ~ (e (<21 1)

XEQ[exp ( - 5%) |WT,U],

where we use Approximation (3.21) in the first approximation, Equation (3.12) from Theo-
rem 3.4 along with Assumption B in the second approximation. Finally, we have

Eg [exp ( — &W)\WT,U] = EQ[exp ( — afV[\}) ]’u]

—exp (@ /0 8.0, g [exp (- G (I + /0 " 8.0.ds)) o]
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T _ . T _
— e (@ [ 00,d)Baexp (~ (7 + / 6,0.ds))]
0 0
T ~
=exp (&/ Gsﬁsds)Ep [eXp ( - aN)]
0

T ~
(3.25) =exp (& / 0505ds) L (),
0

where we use the fact that 1 is independent from Wr in the first equality, the fact that 6; and
0, for any t € [0,T] are o(v)-measurable random variables in the second equality, the fact that
D(W + fOT 0,6,ds|v) is standard normal under Q by Lemma 3.2 along with Assumption B
in the third equality, the fact that W+ fOT 0,0,ds is a standard normal variable under Q by
Lemma 3.2 along with Assumption B in the fourth equality, and Equation (2.21) in the last
equality. We can deduce Equation (3.22) from Equations (3.20), (3.24) and (3.25). O

Finally, we get PY (T') in the next theorem by integrating P(T} < T|Wy,v) with respect to
the value of (Wyp,v). We define the arrival space of v as IL,. Moreover, we define v, ys,
g, etc. following the above definitions when integrating with respect to y € IL,,. Finally, we
assume that the joint cdf of v is absolutely continuous with pdf f,(y) for any y € II,,.

THEOREM 3.6. Under Assumption B, we have

Yo o (b—ur /HT/ 1 R B E/T N
PY(T)=1 ¢( v ) ) A= eXp( 2T> exp (= yar+ 5 | v5.ds)
(3.26) xpu(y)Eqg [l{Tgf <T} €Xp ( — &W) |Wp =z,0= y] dxdy.

If we further assume Approximation (3.21), we have

v L b—uT /b—UT/ 1 _x_2 B E/T 5
P (T)=~1 ¢( Nix )+ N Hv—\/mexp< 2T>GXP( yaw+2 ; Ys,sds)

2 — YuT — X T
(3.27) Xpy(y) exp ( _ Yo (b 1?{ T )> exp (ya/ yg’sy(%sds) Ly (yg)dzdy.
0

PROOF OF THEOREM 3.6. We can calculate that

o) 1 :1;.2
PY(T) = / /H P(T} < T|Wr =0 =y)—=—eop( ~ g7 )po(v)dady
b—u

eﬂcp( - %)pu(y)dwdy

T
b—uT
—|—/ / P(TY <T|Wr=x,v=y)
—00 11, 27T

b— b—ur 1 72 1 (T
=1-—¢( \/TT)—I—/ /Hmexp<—ﬁ)exp(—yaﬂf+§/o yast)

xpo(y)Eq[Liry <1y exp (= aW) [Wr = 2,0 = y] dudy,

where we use Equation (3.2) and regular conditional probability in the first equality, the fact
that P(TY < T|Wr =x) =1 forany x > b — ur in the second equality, and Equation (3.20)
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in the third equality. We have thus shown Equation (5.16). Approximation (3.27) can be
shown following the same first two equalities and using Approximation (3.22) in the third
equality. O

4. Two-sided time-varying boundary case. In this section, we consider the case when
the two-sided boundary and the drift are time-varying but not stochastic processes and the
variance is nonrandom.

For A C Rt and B C R such that 0 € A, we define the set of continuous functions with
negative starting values as C, (A, B) = {h : A — B s.t. h is continuous and ~(0) < 0}. We
first give the definition of the set of two-sided boundary functions.

DEFINITION 4.1.  We define the set of two-sided boundary functions as Z = Cg (R, R) x
Cy (RT,R).

We now give the definition of the FPT to a two-sided boundary.

DEFINITION 4.2. We define the FPT of an F-adapted continuous process (Z;);cr+ to a
two-sided boundary (g, h) € Z as

(4.1) TZ, =inf{t e RY s.t. Zy > gy or Zy < Iy}

Since Z is a continuous and F-adapted stochastic process and inf{t € R s.t. Z; > g; or Z; <
he} =inf{t e RT s.t. Zy > gy or Z; < hy} = inf{t € Rt s.t. Z; € G} where G = {(t,u) €
R* x Rs.t. u > g; or u < hy} is an open subset of R?, the FPT TgZ is a F-stopping time by
Theorem 1.1.28(a) (p. 7) in Jacod and Shiryaev (2003). We can rewrite the boundary crossing
probability PgZJL as the cumulative distribution function (cdf) of Ti B 1€,

(4.2) PZ,(t) =P(T7, <t) for any t > 0.

To apply Girsanov theorem to the two-sided boundary case, we cannot use two different
drifts since the process Z; is unique in Definition 4.2. Thus, we have to restrict the class of
boundary functions as we will assume that the deviation of g from its starting value is equal to
the sum of the deviation of A from its starting value and a linear term, i.e., there exists 5 € R
such that hy — hg = g+ — go + Bt. Thus, we can rewrite the FPT to a two-sided time-varying
boundary as an equivalent FPT to a two-sided boundary with one constant boundary and
one linear boundary. More specifically, if we define the new drift as u; = %ﬁg”, the new
process as Y; = u; + W;, the new constant boundary as b = 2> and the new linear boundary
as ¢y = %ﬁt, we observe that the FPT (4.1) may be rewritten as Ti h= ngc.

ASSUMPTION C. We assume that u is absolutely continuous on [0, T, i.e., there exists a
nonrandom function 6 : [0, 7] — R with u; = fot f4ds, such that fot 0,dWy is well-defined for
any t € [0,7]. We also assume that fOT 02ds < oo.

LEMMA 4.1. Under Assumption C, we have that M is a positive martingale. Thus, we
can consider an equivalent probability measure Q such that the Radon-Nikodym derivative
is defined as 3% = M. Finally, Y is a standard Wiener process under Q.
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THEOREM 4.3. Under Assumption C, we have
(4.3) P(T; . <T|Wr) =Eq[1iry. <myMyp ' [Wr].
This can be reexpressed as

(4.4) P(T; . < T|Wr) = Eq[My ' Eq[1(ry <1} |Wr, Wr]|Wr].
PROOF OF THEOREM 4.3. The proof is very similar to the proof of Theorem 2.4. U

We first calculate @(Tg/ < T|Wr) whose explicit formula is given in the following theorem.
This reexpresses Anderson (1960) (Theorem 4.2, pp. 178-179) under Q which considers the
linear case yuy = vt, gt = at + b, hy = ct + d and 0 = 1 under P and obtain that

P(TS), <TIWr =)= p5n(12) L aeihr—purgr—nrl} + Vaglho—pr.grrr]}
j=1

where pgh(j|:n) is defined as

pEnile) = exp (= 2380 + ho) (67 + (hr — pr) — )

27 .
+exp ( - %(]505T + 6o((hr — pr) — ) — 5Tho)>

+ exp ( - %(J'Cso —90)(Jor — ((97 — pr) — 33)))
+ exp ( - %(j%% —0o((gr — pr) — ) + 5T90)>

for any j € Ny, x € [hp — pur,gr — pr| and the difference between g and h is defined as
0 =06t(g,h) = gt — hy forany t € [0, 7.

THEOREM 4.4. Under Assumption C, we have

4.5) QT <TWr) = @GV Livreerbrly + 1veglerbrl}:
j=1

where g} (j|x) is defined as

. le) =exp (= (3o + co)jor + (er — 7))

27,
+exp (= L (joodr + do(er —2) — dren))

+ exp ( - %(j&) —bo)(jor — (br — 53)))
+exp ( — %(j%% —0o((br — ) + 5Tb0)>

forany j € Ny, x € [er,br] and 6 = 0.(b, ¢).
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PROOF OF THEOREM 4.4. By definition of the conditional probability, Equation (4.5)
can be rewritten formally as

(4.6) Eo[Liry <ryWr] = @GV Livrclerbrly + Lveglerbrl}-
j=1

By Lemma 4.1 along with Assumption C, Y is a Wiener process under Q. Then, we have by
Anderson (1960) (Theorem 4.2, pp. 178-179) that Equation (4.6) holds. O

We define the correlation under P between Wy and W as p, i.e., p= Corp(Wrp, WT).

LEMMA 4.2. Under Assumption C, we have that \/% is a standard normal random
o Usas

variable under P and there exists a standard normal random variable W under P which is
independent of Wr and such that Wt when normalized can be reexpressed as

4.7) _Wr p% +/1— p2W,
fOT 02ds VT

S 0sds
T [ 62ds

where p = . This can be reexpressed as

(4.8) Wr =aWr+aWw,

where o = py/T—1 fOT 02ds and & = \/(1 —p?) fOT 02ds. If we define 6, = b:=2 e can

reexpress W as

(4.9) W = /0 ' 05dWs.

Finally, W+ fOT gsﬁsds is a standard normal variable under Q.
PROOF OF LEMMA 4.2. The proof is very similar to the proof of Lemma 2.2. U
THEOREM 4.5. Under Assumption C, we have

@10P(TY <T|Wr)=exp (— aWr + % /OT 0%ds)Eq [1ry <7y exp (— aW) |[Wr)].

If we further assume the approximation

4.1DEq[1(py <7y exp ( — aW)|Wr] ~Eq[Lpy <y [Wr]Eq[exp ( — aW)|[Wr],

we have

e - ,
(4.12) P(T) <T|Wr)~exp(—aWr+ 5 / 02ds) (3 are VD)L vy cler ey
0

Jj=1
T~
+1{YT¢[cT7bT]}) exp (&/0 0505ds) Ly ().

PROOF OF THEOREM 4.5. The proof is very similar to the proof of Theorem 2.6. O
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THEOREM 4.6. Under Assumption C, we have

bT —ur cr —ur
PY(T)=1- +
br—u 2 T
| T 1
+ ex (——)ex —oz:n—l——/ 62ds
/CT_UT onT D\ 2r) P ( 2 Jo )
(4.13) xEg[1yry <ryexp (—aW)|Wr = z]da.
If we further assume the approximation (4.11), we have
br —ur Ccr —ur
PY(T)~1- +
br—u 2 T
| T 1
+ ex (——)ex —omc—i——/ 02ds
/CT_UT Worshad S ke 3 ), 0sds)

(3

o0
> @ Gl + ur) e er—ur br—ur]} + 1{m¢[cT_uT,bT_uT}}>
J=1

T~
(4.14) x exp (& / 050ds) L (a)dz.
0

PROOF OF THEOREM 4.6. We can calculate that

Plfc(T):/ P(Ty. < T|Wr =2z) ea:p(—x—>d:n

e VorT 2T
= 1= o) o
+/6qu;::T]P’(T§CgT’WT:x)\/;ﬂ__Texp<—%)dl’
:1_¢(bT\/—TUT)+¢(CT\/—TUT)

bT—UT 1 1/,2 1 T 9
+ ex (——)ex —oz:n—l——/ 0<ds
ZT—UT 27TT p 2T p ( 2 0 * )

XEQ [1{TbY,CST} exp ( — aW) ‘WT = x] dl‘,

where we use Equation (4.2) and regular conditional probability in the first equality, the fact
that IP)(T?;C <T|Wp =x)=1forany x > bp —up and any = < ¢y — up in the second equal-
ity, and Equation (4.10) in the third equality. We have thus shown Equation (4.13). Approxi-
mation (5.15) can be shown following the same first two equalities and using Approximation
(4.12) in the third equality. O

In the particular case when the boundaries and the drift are linear, and the standard deviation
is equal to unity, Theorem 4.6 reduces to Anderson (1960) (Theorem 4.3, p. 180).

5. Two-sided stochastic boundary process case. In this section, we consider the case
when the two-sided boundary and the drift are stochastic processes and the variance is ran-

dom.
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DEFINITION 5.1. We define the set of stochastic two-sided boundary processes as J =
Rt x Q — R? such that for any (g, h) € J and w € Q we have (g, h)(w) € T as well as g
and h are F-adapted.

DEFINITION 5.2.  We define the FPT of an F-adapted continuous process (Z;);cg+ to a
stochastic two-sided boundary process (g, h) € J as

(5.1) TZ, =inf{t e RY s.t. Zy > gy or Zy < Iy}

We can rewrite Tih as the infimum of two F-stopping times, i.e., Tih = inf(Tg, T:f)
thus it is an F-stopping time. We can rewrite the boundary crossing probability PgZJl as the
cumulative distribution function (cdf) of TgZ ho 1€,

(5.2) PZ,(t) =P(T7, <t) for any t > 0.

We assume that p is an F-adapted stochastic process, o # 0 is random and v is independent
of W where v is defined as v = (g, h, i1, 0).

ASSUMPTION D. We assume that u is absolutely continuous on [0, T, i.e., there exists a
stochastic process 6 : [0,7] x Q — R with u; = fg 4ds, such that fg 0,dW, is well-defined
for any ¢ € [0, 7. We also assume that E[exp (3 fOT 62ds)] < oc.

LEMMA 5.1.  Under Assumption D, we have that M is a positive martingale. Thus, we
can consider an equivalent probability measure Q such that the Radon-Nikodym derivative
is defined as 3% = M. Finally, Y is a standard Wiener process under Q.

THEOREM 5.3. Under Assumption D, we have
(5.3) P(T; . <T|Wr,v) =Eq[liry <ryMyp ' [Wr,v].
This can be reexpressed as

(5.4) P(T},. < T|Wr,v) =Eqg [M;'Eg [Lry <oy W, W, 0] [Wr, 0]

PROOF OF THEOREM 5.3. The proof is very similar to the proof of Theorem 3.3. O

THEOREM 5.4. Under Assumption D, we have

o
(5.5) QT <TWr,v) =Y @GV Livreerbrl} + 1veglerbrl}-
j=1
PROOF OF THEOREM 5.4. By definition of the conditional probability, Equation (5.5)
can be rewritten formally as

(5.6) Eo[Liry <rWr] =Y @IV Lvrelerbely + Livaglerbel}
j=1

By Lemma 5.1 along with Assumption D, Y is a Wiener process under Q. Then, we have by
Anderson (1960) (Theorem 4.2, pp. 178-179) that Equation (5.6) holds. ]
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W
V[T 62ds

variable under P and there exists a standard normal random variable W under P which is

LEMMA 5.2. Under Assumption D, we have that is a standard normal random

independent of Wr and such that Wt when normalized can be reexpressed a.s. as

w 4% —~
(5.7) T7T :pT;Jr 1— p2W,
Jo 62ds
Jro.ds .
where p = T}T sigs 45 This can be reexpressed a.s. as
(5.8) Wr=aWr+aWw,

where o = py/T—1 fOT 02ds a.s. and o = \/(1 —p?) fOT 02ds a.s.. If we define 0, = f.—a

a.s., we can reexpress W a.s. as
—~— T o~
(5.9) W= / a.dw..
0

Moreover, W + fOT 5805613 is a standard normal variable under Q. Finally, the conditional
distribution of W + fOT 0505ds given v, i.e., D(W + fOT gsﬂsds]v), is standard normal under
Q.

PROOF OF LEMMA 5.2. The proof is very similar to the proof of Lemma 3.2. U
THEOREM 5.5. Under Assumption D, we have

1 T
IP’(T?;C <T|Wr,v) =exp (—aWr+ 3 / 02ds)
0

(5.10) xEq[1yry <ryexp (—aWw)|Wr,v].

If we further assume the approximation

(5.11) Eg[1(1y <ryexp (— aW)|Wr,v]
~Eq[Liry, <y [Wr, o] Eg[exp (—aW) [Wr, ],

we have

1 [T = ,
(5.12)]P’(T?,fc <T|Wrp,v) =~ exp ( — aWr + 3 / 9§ds) (qujc(j‘YT)l{yTe[cT’bT}}
0

j=1
T ~
(5.13) +1{YT§Z[CT,6T]}) exp (a/ Qsesds)ﬁj\[(a).
0
PROOF OF THEOREM 5.5. The proof is very similar to the proof of Theorem 3.5. O

We define the arrival space of v as II,,. Moreover, we define y,,, ¥, yg, etc. following the
above definitions when integrating with respect to y € II,,. Finally, we assume that the joint
cdf of v is absolutely continuous with pdf f,(y) for any y € II,,.



22

THEOREM 5.6. Under Assumption D, we have

B(T)=1 —¢<bT‘“T> (Tl

VT
br—u 2 T
- exp 2T> exp ( Yok + 3 /0 y975ds)
(5.14) xpow(y)Eqg [I{TZ/,CST} exp ( — &W) |Wp =xz,0= y] dxdy.

If we further assume Approximation (5.11), we have

br —ur cr — ur
PilT) m 1= 9= + 6(F =)
br—u 2 T
o7 o exp(—yar+5 | 43.ds
er—ur /H 2nT p( 2T> p( Y 2/0 Yo, )

+Yu,
(Z Yaey. U1T +Yu ) ety r—yuzanr—yrl} T 1{r¢[yc,T—yu,Tvyb,T—yu,T}})

T
(5.15)  xpo(y)exp (v / 5 o90.505) £ () dardy.
0

PROOF OF THEOREM 5.6. We can calculate that

1 a2
PYT // (1) < TWr =.0=9)seap( = 5 )mwdody

bT —ur cr —ur
=1- +
# VT )+l VT )
bT—uT Y 1 2
+ P(T, <T\Wpr=x,v= exp| — — |py(y)dxd
S I, ( b = ’ T y)\/ﬁ p( 2T>p (y) Y

_ b—ur brur 1 z? 1 (T 2
RV s /_oo /n VT b (=37) e (—wor+3 /0 Va.5)
xpo(Y)Eq [Liry <7y exp (— aﬁ}) (Wrp = z,v=y|dzdy,

where we use Equation (5.2) and regular conditional probability in the first equality, the fact
that IP’(TZ <T|Wp=x)=1forany x > by — up and any x < ¢ — up in the second equal-
ity, and Equation (5.10) in the third equality. We have thus shown Equation (5.14). Approxi-
mation (5.15) can be shown following the same first two equalities and using Approximation
(5.12) in the third equality. U



FORMULA OF BOUNDARY CROSSING PROBABILITIES 23

Funding. The author was supported in part by Japanese Society for the Promotion of
Science Grants-in-Aid for Scientific Research (B) 23H00807 and Early-Career Scientists
20K13470.

REFERENCES

ANDERSON, T. W. (1960). A modification of the sequential probability ratio test to reduce the sample size. The
Annals of Mathematical Statistics 31 165-197.

BREIMAN, L. (1967). First exit times from a square root boundary. In Proceedings of the Fifth Berkeley Sympo-
sium on Mathematical Statistics and Probability 5 9-17. University of California Press.

Doos, J. L. (1949). Heuristic approach to the Kolmogorov-Smirnov theorems. The Annals of Mathematical
Statistics 20 393—403.

DURBIN, J. (1971). Boundary-crossing probabilities for the Brownian motion and Poisson processes and tech-
niques for computing the power of the Kolmogorov-Smirnov test. Journal of Applied Probability 8 431-453.

DURBIN, J. (1985). The first-passage density of a continuous Gaussian process to a general boundary. Journal of
Applied Probability 22 99-122.

GIRSANOV, I. V. (1960). On transforming a certain class of stochastic processes by absolutely continuous substi-
tution of measures. Theory of Probability & Its Applications 5 285-301.

GUT, A. (1974). On the moments and limit distributions of some first passage times. The Annals of Probability 2
277-308.

JAcOD, J. and SHIRYAEV, A. (2003). Limit theorems for stochastic processes, 2nd ed. Berlin: Springer-Verlag.

KAzZAMAKI, N. (1977). On a problem of Girsanov. Tohoku Mathematical Journal 29 597-600.

Kou, S. G. and WANG, H. (2003). First passage times of a jump diffusion process. Advances in applied proba-
bility 35 504-531.

LAIL T. L. and SIEGMUND, D. (1977). A nonlinear renewal theory with applications to sequential analysis I. The
Annals of Statistics 5 946-954.

LAl, T. L. and SIEGMUND, D. (1979). A nonlinear renewal theory with applications to sequential analysis II.
The Annals of Statistics T 60-76.

MALMQUIST, S. (1954). On certain confidence contours for distribution functions. The Annals of Mathematical
Statistics 25 523-533.

NOVIKOV, A. A. (1972). On an identity for stochastic integrals. Teoriya Veroyatnostei i ee Primeneniya 17 761—
765.

NOVIKOV, A., FRISHLING, V. and KORDZAKHIA, N. (1999). Approximations of boundary crossing probabilities
for a Brownian motion. Journal of Applied Probability 39 1019-1030.

SALMINEN, P. (1988). On the first hitting time and the last exit time for a Brownian motion to/from a moving
boundary. Advances in Applied Probability 20 411-426.

SIEGMUND, D. (1986). Boundary crossing probabilities and statistical applications. The Annals of Statistics 14
361-404.

STRASSEN, V. (1967). Almost sure behavior of sums of independent random variables and martingales. In Pro-
ceedings of the Fifth Berkeley Symposium on Mathematical Statistics and Probability 2 315-343.

WANG, L. and POTZELBERGER, K. (1997). Boundary crossing probability for Brownian motion and general
boundaries. Journal of Applied Probability 34 54-65.

WOODROOFE, M. (1976). A renewal theorem for curved boundaries and moments of first passage times. The
Annals of Probability 4 67-80.

WOODROOFE, M. (1977). Second order approximations for sequential point and interval estimation. The Annals
of Statistics 7 984-995.



	Introduction
	One-sided time-varying boundary case
	One-sided stochastic boundary process case
	Two-sided time-varying boundary case
	Two-sided stochastic boundary process case
	Funding
	References

