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Quantifying noise modulation from coupling of stochastic expression to
cellular growth: An analytical approach

Iryna Zabaikina', Zhanhao Zhang?, César Nieto?, Pavol Bokes', Abhyudai Singh?

Abstract—The overexpression of many proteins can often
have a detrimental impact on cellular growth. This expression-
growth coupling leads to positive feedback - any increase of
intracellular protein concentration reduces the growth rate of
cell size expansion that in turn enhances the concentration via
reduced dilution. We investigate how such feedback amplifies
intrinsic stochasticity in gene expression to drive a skewed
distribution of the protein concentration. Our results provide
an exact solution to this distribution by analytically solving the
Chapman-Kolmogorov equation, and we use it to quantify the
enhancement of noise/skewness as a function of expression-
growth coupling. This analysis has important implications for
the expression of stress factors, where high levels provide
protection from stress, but come at the cost of reduced cellular
proliferation. Finally, we connect these analytical results to
the case of an actively degraded gene product, where the
degradation machinery is working close to saturation.

I. INTRODUCTION

Single cell studies in the past decade have characterized
several mechanisms that drive stochasticity in intracellu-
lar gene product levels [1]-[7]. These random fluctuations
fundamentally affect various biological processes including
apoptosis [8], phenotype switching [9], cell lysis by viral
infections [10]-[12], and cell differentiation [13]-[17]. As in
engineering systems, cells employ feedback and feedforward
regulation to modulate stochasticity [18]-[29], attenuating
it when fluctuations are deleterious and amplifying it when
cell-to-cell heterogeneity is beneficial. The latter case is es-
pecially relevant for drug tolerance in microbial/cancer cells,
where high intercellular heterogeneity in specific protein
levels within an otherwise genetically-identical population
allows outlier cells to escape drug treatment [30]-[37].

An important source of expression stochasticity is vari-
ability in cellular growth rate [37], [38], and several stud-
ies have quantified the interplay between growth rate and
gene expression [39]-[44]. For example, the transcription
rate of some proteins can increase with growth rate [45].
Here, we will study another perspective on this connection:
overexpression of a protein can lead to growth inhibition,
as has been shown for several stress factors, enzymes [46],
[47], and in the design of synthetic genetic circuits where
expression places a significant burden on host cell resources
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[48]-[50]. The decay in the concentration of a stable protein
(i.e., no active degradation) is dominated by dilution from
cell growth. Expression-mediated growth inhibition creates
positive feedback - any random increase in concentration
reduces dilution, which in turn, acts to further increase in
concentration [51]-[53].

In this context, we systematically study this expression-
growth coupling via a stochastic model where proteins are
synthesized in stochastic bursts [2], [54]. In between succes-
sive bursts, the protein concentration is diluted continuously
as per the nonlinear differential equation.

where the dilution rate, in convenient units,

1

e )

v(z)

decreases with increasing protein concentration x. Here xj
is a positive constant and we refer to 1/, as the feedback
strength. The continuous decay in protein concentration
interspersed with discrete burst events constitutes a hybrid
system. This hybrid framework has previously provided rich
insights on how diverse processes impact the stochastic
dynamics of gene product levels [55]-[57]. The key result
presented here (Section II) is the exact derivation of the
steady-state protein concentration distribution by solving the
underlying Chapman-Kolmogorov equation. In the absence
of feedback (x;, — oo or zero feedback strength), a constant
dilution rate leads to a Gamma-distributed protein level
[58], [59]. Section III shows, using the moment analysis
perspective, how the feedback in growth rate affects the
protein statistics for an arbitrary intrinsic noise.

An analogous problem arises in the context of an unstable
protein (i.e., a protein that is actively degraded), but where
the degradation machinery/enzymes operate close to satura-
tion. To study this problem, we formulate a similar stochastic
model, but here the protein level is modeled as an integer-
valued random process and degradation is a discrete event
that occurs at a probabilistic rate v(x)x. In Section IV, taking
a moment analysis approach, we show how steady-state mo-
ments of protein population counts can be obtained exactly
despite the fact that the rates are rational functions of z. The
procedure used to obtain exact solutions of moments can
also be used for other stochastic dynamical systems, where
saturation effects are modeled through rational functions.
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Fig. 1. Tllustration of feedback model coupling continuous gene
expression with dilution. A. Diagram of the stochastic hybrid
system that describes protein dynamics. Protein synthesis 2 € R is
a jump process, that increases by a random burst size b € R™ each
time a burst event occurs. Between consecutive burst events, the
protein dilutes following the differential equation inside the ellipse.
B. Random size protein burst events that occur as per a Poisson
rate. C. Protein concentration dynamics considering different half-
saturation concentrations x5 D. Dynamics of the dilution rate as
given by (2) for the protein levels shown in C.

II. MODELING GROWTH-INHIBITION MEDIATED
FEEDBACK (CONTINUOUS PROTEIN LEVEL)

Consider a stable protein with concentration z(¢) € R at
time ¢ diluted as per (1)-(2). Protein synthesis events occur
randomly at a rate k, and each event creates a “jump” or
burst in the concentration

T —x+b, b~<ll)>exp(—<z>),

where the burst size b is an i.i.d. random variable that
follows an exponential distribution with mean (b). Here and
throughout the paper we use ( ) to denote the expected value
of random variables and random processes. It is important to
point out that for the model to be physiologically relevant,
the parameters should satisfy

3)

ko (b) < . @)
To see this note that k,(b) is the average protein synthesis
rate, while the total dilution rate

X

1+ x/z, ©)

y(z)x = < Tp.

Thus, k. (b) has to be less than the maximum net decay
rate xp, else the concentration will increase unboundedly
over time. The overall model schematic is shown in Fig. 1A.
Fig. 1C. shows stochastic trajectories of x. Fig. 1D. presents
dilution rates y(z) for different values z;, under the same
burst events (Fig. 1B).

A. Derivation of the steady-state distribution

Let p(z,t) denote the probability density function (PDF)
of protein concentration x at time ¢. Based on the model for-
mulation in Fig. 1, the time evolution of p(x,t) is described
by the Chapman-Kolmogorov equation [58], [60],

o) §mnym

—i-k/

The steady-state protein PDF is given by (See Appendix A
for detail),

kap(z,1)
(6)
(w—a’)/{b) p(x',t) dz’

ot (O e 1e2),
[P
a (b)) ’

In the absence of feedback (i.e, x;, — oo that corresponds to
a constant dilution rate y(z) = 1), p(x) reduces to a Gamma
distribution

1 ke—1,—2/(b)

p(x) = gt e, (®)
= BT

as has been previously derived and also found consistent with

experimentally observed distributions [58], [59].
Multiplying (7) by z, 2 or 2® correspondingly and

integration it on the interval [0, co) give the first three orders

steady state moment,

() = kya(l+ (b)/zp),
(22) = koo (kg + 1)(1 + 2(b) /1), ©))
(23) = kpa®(ky 4+ 1) (ky + 2)(1 4 3(b)/x3).

Fig. 2 presents typical stochastic trajectories of protein
concentration as well as a comparison of PDF between the
simulated (histogram) and analytical (solid lines) results.
Analytical results for constant dilution rate (Fig. 2A) and
concentration-dependent feedback dilution rate (Fig. 2B)
show good match with stochastic simulation results. Fig. 3
presents a comparison of PDFs between different feedback
strengths (1/xp). As we increase the feedback strength, the
tendency of skew in the distribution is enhanced.

III. MOMENT ANALYSIS METHOD FOR CONTINUOUS
PROTEIN LEVEL

In the above section, we derived the protein concentration
PDF for the case where the protein bursts b follow an
exponential distribution. In the general case, we measure the
moments of b with no particular assumption of its distribu-
tion. We next show how a moment dynamics approach can
be employed to derive the steady-state statistical moments of
x(t) without assumptions about the PDF of b.
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Fig. 2. Protein trajectories (left) and steady-state distributions
(right). A. Constant dilution rate. B. Concentration-dependent
dilution rate. The PDF drawn with solid line corresponds to the
analytical expression, while the histogram is the result of stochastic
simulations. (Parameters: (b) = 10, x5, = 100, k is calculated such
as (x) = 100 in both cases).
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Fig. 3. Comparison of steady-state distributions. The protein
concentration probability distribution function (7) is plotted with
different feedback strengths (1/xzp). Other parameters taken as
(b) = 5, ks is calculated so as to fix the steady-state mean level

(x) = 100).

A. Constant dilution rate

To introduce the moment analysis method, let us consider
that the burst size follows any arbitrary PDF v(b). If during
each burst, z evolves as (1), the time derivative of the
expected value of any arbitrary function ¢(x) satisfies [61]

@ = (ks /Ooo v(b) [p(z +b) — ()] db)

+ <’y(x)xdfl§:)> |

Considering y(z) = 1 for the no-feedback case and setting
o(x) = z, 22, and 23 in (10) yields the following system

(10)

of differential equations
dx)

W = kr<b> - <$>a (11a)
d§2> = kg (b?) + 2k, (b) (z) — 2(2?), (11b)
d<§> = ko (b%) 4 3k (b7 () 4 3k, (b)(x?) — 3(z),

(11c)

where (") = [ b"v(b)db.
Setting the left-hand-side of (11) to zero we obtain the
steady-state moments (z), (x2), and (z3) as
k

(@) = kao(b), (%) = - ((0°) + 2k (b)),
(12)

2
7 = 200 + 0k 1) 07) + 61,2007,

respectively. Using these uncentered moments one can quan-
tify the noise in protein concentration via the steady-state
Fano factor (variance divided by mean)
—2
2 2

z?) — (x b
o P il 2 M (13)

—2

@

and the skewness

Skew, = AE D) 2V

(@) - (@) 3(k(02)
When b is exponentially distributed, F'F, and Skew, reduce
to

FF, = (b), Skew, = (15)

2
Vka
B. Concentration-dependent dilution rate

Now, let us consider the scenario where the dilution rate

~(z) depends on x as in (2). Using (10), we obtain the
equations describing the moment dynamics

d{x) x
R0~ () o
d(x?) 5 z?
i ki (b%) + 2k, (b)(x) — 2 <1+z/xh> , (16b)
d<;f> = Ky (b®) + 3k, (b%)(x) + 3k, (b)(z?)
23
-3 <1+x/xh> . (16¢)

Given the nonlinearity arising via the rational decay rate,
(16a) by itself cannot be solved to obtain a formula for
(x). However, it turns out that this mean is obtained by
simultaneously solving (16a)-(16b). To see this, we note from

(16a)
< 1 > k. (b)
- VN—=1- ,
1+a/zy iy

where the ( ) symbol denotes the expected value at steady-
state. Using the fact that

1 T
2 — 14 = 18

A7)

1,2

1+ax/xp -
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Fig. 4. Amplification in protein noise and skewness by the
coupling of expression level to cellular growth. A. Protein noise
plotted via the steady-state Fano factor F'F, against the mean
burst size (b). B. Protein noise F'F, vs. the feedback strength
(1/zp). C. Protein Skewness vs the mean burst size. D. skewness in
protein concentration vs feedback strength (1/xzp). All throughout
this figure we assume an exponential distribution for b. (Parameters:

(x) =100, x, = 100 in A and C, and (b) =5 in B and D.)

we obtain from (16b) at steady-state

<1+i/rw1>:1_<x>+2xlh

By setting (17) equal to (19), one can solve for the steady-
state mean level

— (b?) 1 1 k.

=kpa|l ,— = — —,

() O‘( T yen ) @ T W)

As expected, in the limit z;, — oo, @ — (b) this mean
converges to the no-feedback case (12).

Using a similar approach one can use the first three
moment equations (16) to obtain (x?). To see this, by writing

3 1 2
v xh3(1+952x>, @1

1+z/zp 1+z/xp  xp T,

(k2 (b%) + 2k, (B){z)). (19)

(20)

we obtain from (16¢),

(e ) =1- 2 B Ay sy

+ 3(b)(x?)).
And setting (19) equal to (22) results in

(22)

57 «

3.%‘h <b>

[ ((6%) + 3(6%)(2)) + 3 ({z) — ko (D))
(23)

Following along this direction, to derive the third order

steady-state moment one requires the fourth order moment

dynamics,
d(z*)

o= ky (b%) + 4k, (03) (x) + 6k, (%) (22)

+ 4k (D) (o) — <1+4ijm>

By performing a fraction decomposition of the last term in
(24) and expressing it in terms of <Tz>’ and substituting
its steady-state value from (22) back in (24) leads to

(@) = ——— [k ((5*) + 4(6%) (@) + 424 (D)
xp(b) (25)

+ 6<52>7>) Ay (wp (x) — (22))].

These steady-state moments can be used to obtain the Fano
factor and skewness,

3k (0%)? + 62,2 (0%) + 4(0%) (z1, — ko (D))

(24)

e S o — ko OB + 20m(0)
Skew, = b [3k12<52>3
12Var,? (CUh_k (b))?
+ 6kyzn2(b2)2 + 6k, (b2 ﬁﬂxh— 2(b))

(
+ (ko (b) — ) (30 (b) (07) —

+ 4 (b%)))];

(3(v")

(26)
respectively, where Var, is the variance of steady-state
protein concentration,

ky[3k, (b%)2 + 6252 (b?) + 4(b3) (x), — Kz (b))]
5 .

b
Varg = 12(zn — ko (D)2

27)
For the case where the burst size follows an exponential
distribution,

FF, = a(xhz*‘2xh<b>—'kx<@2)7
xh(<b> + Jth)
2y 1+ 2 (k2 (B)2 — Bkyap (b) + 32,2)]
Skew, = Zh

(kz + k(D) (221 — k(b)) /2h?)3 (28)

In the limit of no feedback (z;, — oo, @ — (b)), (28)
converges to (15).To analyze the results, in Fig. 4A, we
present how the noise in protein level changes with burst
size (b). For this plot, we tune k, while keeping (2) = 100
and xp = 100. In the absence of feedback, F'F,, = (b). In
the presence of feedback, the noise in protein concentration
increases with burst size (b). Fig. 4B shows how the noise in
protein is amplified by increasing feedback strength (1/xp,).
A similar analysis is made with skewness in Fig. 4C and D.

IV. MOMENTS ANALYSIS FOR SATURATION IN
DEGRADATION MACHINERY (DISCRETE PROTEIN LEVEL)

In this section, we explore an alternative scenario where
the protein is actively degraded by an enzyme that is present
in limiting amounts, resulting in a degradation rate given by
(1). To capture the stochastic dynamics we now consider an
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Fig. 5. Diagram of the stochastic system that describes protein
synthesis and active degradation. Feedback arising from degra-
dation rate (x) decreases with increasing protein level. Protein
synthesis x € N is modeled as a jump process which increases
by a random burst size b € N each time a burst event occurs.
Degradation events occur with rate v(z)z and reduce z by one.

analogous integer-valued random process z(t) with two key
differences (Fig.5):

1) Upon a burst event, x(¢) increases by b where the
burst size now follows an arbitrary integer-valued
distribution P(b). A standard distribution often used
for burst size in literature is a geometric distribution
[62].

2) The degradation is modeled as a probabilistic event that
occurs with rate zy(x), and protein numbers decrease
by one when the event occurs.

For this discrete system, the time evolution of moments
can be obtained using the generator [63]

Zka_j

+ <7(9«")x[s0(x -1) -

A. Constant degradation rate

plr+j)—

p(@)]) -

p(x)])

The moment dynamics for the no-feedback case (y(x) =
1) are

d(z) _

— = ka(b) — (@)

d(z?) 2 2

S he(0%) + 20 (0) (2) + () = 202%) o
d<;t D (6% + 3k () () + 3k (B) (2)

= (x) +3(2*) - 3(a?)

which yields the following steady-state moments, Fano fac-
tor, and skewness,

(@) = ka(b),  (@%) = S ((B) + (0%) + 2k (7)),
(2%) = %[ b) + 3(b%) + 9k () ({b) + (b%))
+ 6k, (b)* + 2(b%)], 31)
_ &+ )
IO
Shon. — Y2ha((0) +3(0%) +2(5%))
i (ko ((0) + (2))2
When the burst size is geometric-distributed, P(b) = (1 —

f)Pf with f = 1/(1 + (b)) we get the Fano factor and

skewness

1+ 2(b)
ka (b) (1 + (b))
and a straightforward comparison confirms a higher F'F, in

the discrete formulation compared to its continuous counter-
part in (15). See the dashed line in Fig. 6A.

Skew, = (32)

B. Protein feedback in degradation rate

For feedback degradation, y(z) = 1/(1 4+ z/xy), we can
obtain steady-state moments by performing a similar method
in (17)-(23) (See Appendix B for detail). The Fano factor and
the skewness become,

Vary(2xy, — 2k, (b))
Bl =5 + fwmm»
x 2\3
Shew = 12(ky (b) — 253 )Varz%[ e (0F)

+ (0)%(b*) — 2(0)(b*) (b)) — Bkpn (D)
+200)((47) — (%) — (b)) + )32 O
+2(0%))) — xn*(3(0%) + 4k (b)?

+6k B ((b) + (b)) + 6(b°) + 3(b*)
— 4k, (D) (%)) — 224> ((b)
+ 3(b%) + 2(6%))).
where,
Var, = ——5 [k, ((0)2 +3(%)

12(z, — ko ()2

— 4(B)(0%) + 204 ((8) + 307 +20%)  OY
+ 625>((b) + (b))].
For the case where b follows a geometric distribution,
b)Y (1+ (b
PE =140+ fi(<b>+<i2,
ko (b) (1 + (b))
Th — k$<b> ’
Skew, = kw<b>(1 + <b>) ; [kx2<b>3(1 35
A(xp, — ky (D)) Var,?
+5(b)) — 2k, (D) (3(b) — 1)(3(b) +2)
+ 22 (4 + (b)(4k, + 21(b) + 21))
+ 42,3 (2(b) + 1)),
here: R (B)(1+ (8)
Ve = (= ke (36)

+ Ql‘h<b> =+ a?h(l + xh))

In the limit of absence of feedback (x), — oo, y(z) — 1),
FF, and Skew, in (35) become (32).

Fig. 6 presents, in a similar way as Fig. 4, the Fano factor
and skewness for continuous dilution (solid line) and discrete
degradation (dashed line). In Fig. 6A and B, the noise in
protein level (Fano factor) is plotted against the burst size
((b)) and feedback strength (1/x},), respectively. Both cases
have qualitatively similar trends, but the discrete case has
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Fig. 6. Amplification in protein noise and skewness due to
saturation in degradation machinery A. Protein noise F'Fy vs
mean burst size (b) with the same mean protein level. B. Protein
noise F'Fy as the feedback strength (1/z5) increases. C. Skewness
of the protein concentration vs mean burst size (b). D. Skewness
vs feedback strength (1/x5). We assume geometric distribution
for b. Statistics for discrete protein (dashed lines) are compared
to the statistics considering continuous protein levels (continuous
lines). Results with the open loop protein synthesis (blue) are also
compared to the result considering feedback (red). (Parameters:
xzp = 100 in A and C, (b) = 5 in B and D, (z) = 100, and

ks is calculated such as () = 100 in both cases)

a larger Fano factor regardless of the presence of feedback.
Fig. 6C and D show the comparison of skewness. In the
absence of feedback, the skewness of both cases has similar
values. However, in the presence of feedback, the skewness
of the discrete case is larger than that of the continuous case.

V. CONCLUSION

In this contribution, we have systematically explored how
the expression-growth coupling implements a positive feed-
back in gene expression (Fig. 1). We studied the impact
of this feedback on the amplification of noise at the level
of a given protein. Our exact derivation of the steady-
state protein level distribution (Fig. 2) quantifies both the
enhancement of noise and the skewness as a function of the
feedback strength (Fig. 4). Having this analytically predicted
distribution is useful for inferring parameters by fitting it
to data on single-cell stress factor levels that are known
to inhibit cellular proliferation [49], [50]. Our results show
that such forms of feedback could lead to a larger fraction
of outlier cells with high expression levels (Fig. 3). This
stochastically primed outlier cell subpopulation has lower
fitness in terms of proliferation, but can survive detrimental
changes in extracellular environments.

In the context of cancer, the survival of a rare subpopula-
tion of stochastically prime drug-tolerant cells in response
to targeted therapy often drives the development of drug
resistance [64]. We further extended these results with a
discrete-state formulation of protein synthesis where the
degradation rate is inversely related to its expression level.

This work paves the way for several directions of future in-
vestigations. For example, given a certain frequency of drug
treatment regimes that favor survival of outlier cells, is there
an optimal feedback strength that maximizes the populations
long-term fitness in fluctuating environments? The analysis
here is based on following a single cell over time and this
naturally leads to exploring the protein distribution in an
expanding cell population using a combination of simulations
and population balance equations [65]-[67].

APPENDIX
A. Derivation of steady-state distribution
Let p(x,t) denote the probability density function of pro-
tein concentration at time ¢. Based on the model formulation
in Fig. 1, the time evolution of p(x,t) is described by the
Chapman-Kolmogorov equation,

op(xz,t) 0

T :%[’y(.f)l‘p(l’, t)] - krp(xa t)

xT
1 -
+ kx/ 0} e~ @2/ Oy (2! 1) da’
0

[58], [60]. In order to find the stationary distribution, we
rewrite it in the form of a partial integro-differential equation,
op(x,t) 0J _
ot ox 7
J = —fy(([;)xp(x7t) + ]gz / e—(z—x’)/%)p(xl)dx/.

0

At steady state, Op/0t = 0, this yields the Volterra integral
equation[60],

(37

0,
(38)

X ® ’
=k, —(@=2") /) ("N
e ORI pla)dr

We present the method of solving (39) to obtain the steady-
state protein concentration distribution based on the Laplace
transform. In case we want to use Laplace transform ap-
proach to solve equation (39), we perform a rearrangement
in the following way,

x o ’ )

zp(z) = kﬁ/ (1 20T z) e~ @)/ O) p(\da,
0 Lh Th

(40)

after which the right side of equation becomes the sum

of three distinct convolutions. Define an image P(s) as a
function of a Laplace variable s,

P(s) = / p(x)e **dx.
0
Applying the Laplace transform to (40), we find

1 1/zp , 1 1/xp

— - P'(s) = — + P(s),

(kx +<>> ) <+<> <s+<z>>2> )
(42)

(39)

(41)
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which becomes a separable differential equation

P'(s) 1 B k.1
P(s) st 1/) st —kefon O
The general solution of (43) is given by
_ s+ 1/(b)
P) = O =k Jan) o T “4)

where C' is an arbitrary constant. Note that the right hand
side is a power function of the Laplace variable s, which is
shifted by value

1 1 Kz

In order to return to the original function p(z), we take
inverse Laplace transform applied to the general solution by
using the following relation,

- _ _
1 e ar/ozxk 1
L1 — = 46
{ ( ! a) } N0y o
We obtain the general solution of (44),
. 1
p(z) = Cemologhs1 2 L/Th z/Tn, (47)

I'(kz)

We set C so that the integral of the right side is equal to one
(i.e., p(x) is probability density function on the non-negative
domain), the steady state probability density function of
protein concentration is given by,

_ <b> x ko —1 —z/a xz
plz) = a?T (k) (a) c <1 * CL‘h) @ >(04.8)

B. Moment analysis of feedback active degradation

For feedback degradation v(x) = x/(1 4 x/x), The first
three order moment can be obtained by setting p(x) = x, 22,

and z* in (29), respectively,

% =k (b) — <1+2/xh>

d(z?) 2 -
T = ke (V%) + 2k (b)(2) + <1+x/$h>
352
o 2<1+x/xh> (49)
d<§} Dk (67) + 38, (0%) (@) + 3k, () a?)

RE—
YA Y

By performing similar approach in (17)-(23), we can obtain
the steady-state moment,

Ty Rell) + 0) + 20 0)
21’h — 2kr<b>
Ty ks 2 3
(x?) = 5 — k) [(b) 4+ 3(b%) + 2(b°)
2 zn®((x) — ka (b))
+6<x><<bl> )+ M o
@73 = 43% — 4l€z<b> [4$ 2(<x2> - xh7>)
Er (D) (6(x2) + 6(x) + 1) 4 ko ((b?)
+ 2(<b‘°’> +2(0%) (@) + (b) () + 224> (b)
+3(b)(22)))]
The Fano factor and the skewness become,
 Vary(2zy — 2k, (b))
P = ) + ) + 20,0
k
ew, = i a —3k, 2 (1?3
12(ky (b) — xp3 )Vami[ (%
+ (D)2 (b") = 2(b) (V) (b*)) — Bkpan ((b)
+2(b) (%) — (%) - 1) + a3 O
+2(0%))) — 2 (3(0%) + 4k, (b)?
+6kx<b2>(<b> +(0%)) + 6(b%) + 3(b*)
— 4k (b) (b)) — 224> ((D)
+3(b%) +2(b*))].
where,
Var, = Gyl (0 +3(6)

— 4(b)(b%)) + 225 ((b) + 3(b%) +2(b°))
+ 6, ((0) + (b))]-
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