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A B S T R A C T   

The Frumkin or Fowler–Guggenheim isotherm, which has three fitting parameters, is often converted to a linear 
form with two fitting parameters to facilitate parameter estimation by linear regression. This conversion is made 
possible by way of replacing the unknown capacity parameter of the Frumkin isotherm with a surrogate value. 
The capacity parameters of certain simple isotherms (e.g., Dubinin–Radushkevich) are often used as surrogates. 
However, such surrogates have never been evaluated for validity or accuracy. In this paper, the three-parameter 
Frumkin isotherm was fit to previously published isotherm data to identify all three unknown parameters, 
including the capacity parameter. In the cases examined, the fitted capacity values were found to differ rather 
significantly from the surrogate capacity values used in the two-parameter Frumkin isotherm. The dubious 
practice of transforming the three-parameter Frumkin isotherm into the two-parameter Frumkin isotherm for 
linear estimation of parameters should be discarded in favor of estimating all three parameters by nonlinear 
regression.   

1. Introduction 

Several theoretical and empirical isotherm equations are available to 
correlate adsorption isotherms of water contaminants, most of which are 
of type I in the IUPAC classification. Such isotherms can be effectively 
described by the two-parameter equations of Freundlich and Langmuir. 
Some other commonly used isotherms are those of Dubinin and 
Radushkevich, Temkin, and Frumkin. Unfortunately, it is not uncom
mon to find examples of isotherm misuse in this field of research. A 
pertinent example is the Dubinin–Radushkevich (D–R) isotherm, which 
has been incorrectly used to identify the adsorption mechanism at the 
liquid-solid interface [1]. 

The purpose of the present study is to call attention to the misuse of 
the Frumkin isotherm [2] in the area of adsorptive water decontami
nation. Specifically, this paper dissects some questionable methods 
adopted by researchers to fit a linear form of the Frumkin isotherm to 
experimental isotherm data. Many studies have shown that adsorption 
of water contaminants by porous materials obeys the Frumkin isotherm, 
of which the celebrated Langmuir isotherm is a special case. For aqueous 
adsorption systems the Frumkin isotherm relates the fractional loading θ 
to the bulk concentration c with which it is in equilibrium according to 

Eq. (1), where b and w are constants, R is the gas constant, and T is the 
temperature. 

c =
1
b

θ
1 − θ

exp
(

2wθ
RT

)

(1) 

The parameter θ in Eq. (1) is given by q/qm, where q is the amount 
adsorbed and qm is the specific saturation capacity of the adsorbent. 
Mathematically, the Fowler–Guggenheim isotherm [3] derived from 
statistical thermodynamics is analogous to the Frumkin isotherm. In 
some publications, Eq. (1) is known as the Frum
kin–Fowler–Guggenheim or FFG isotherm. In addition, Eq. (1) can be 
derived from the vacancy solution theory of adsorption [4] or 
adsorption-desorption kinetic argument [5,6]. It should be mentioned 
that several different versions of the Frumkin isotherm exist in the 
adsorption literature. For example, a popular version includes a negative 
sign in the argument of the exponential term (the parameter w can be a 
positive or negative value). Very recently, Barbero et al. [7] have pre
sented a generalized FFG isotherm. Eq. (1) is based on the Fowl
er–Guggenheim version given in Ruthven's book [8]. 

To correlate isotherm data of water contaminants, Eq. (1) is 
frequently rearranged to the following linear form: 
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ln
[

θ
(1 − θ)c

]

= ln(b) −
2w
RT

θ (2) 

If Eq. (2) is obeyed, plots of the left side of the equation against θ 
should yield a straight line. Linear regression can then be used to esti
mate the two free parameters b and w. Eq. (2) therefore implies that the 
linearized Frumkin isotherm is an expression with two undetermined 
parameters. However, this is only true if qm is known [9]. We can see this 
more clearly if we replace θ in Eq. (2) with q/qm: 

ln
[

q
(qm − q)c

]

= ln(b) −
2w
RT

q
qm

(3) 

To plot Eq. (3) using a linear regression procedure (left side member 
vs. q), knowledge of qm is required to calculate the left side member of 
the equation. Therefore, the plateau value of an experimental isotherm 
must be estimated in some way. Because there is no consensus in the 
literature, different methods have been used to estimate qm. A method 
used by Hamdaoui and Naffrechoux [10] assumes that qm corresponds to 
a theoretical maximum adsorption capacity which can be calculated 
using the BET surface area of the adsorbent and the molecular cross- 
sectional area of the adsorbate. Another approach assumes that qm in 
the Frumkin isotherm can be replaced by a surrogate capacity param
eter. For example, the capacity parameters that appear in different 
isotherm models such as the equations of Langmuir [10], Freundlich 
[10–12], and D–R [13–21] have been inserted into the linearized 
Frumkin isotherm to calculate θ. In particular, the D–R capacity 
parameter is a popular surrogate, probably owing to the fact that it has 
been featured in a review article [22]. The simplest approach assumes 
that the Frumkin capacity parameter is given by the plateau of an 
experimental isotherm [23] but it is prone to subjective interpretation 
when the isotherm exhibits no apparent saturation region. We mention 
in passing that many studies have applied the two-parameter Frumkin 
isotherm to experimental data without disclosing how the Frumkin ca
pacity parameter was estimated [24–35]. 

To our knowledge, no previous studies have examined the implica
tions of using a surrogate capacity parameter in the Frumkin isotherm. 
The research reported here fills this gap. In our approach, the Frumkin 
isotherm is treated as an equation with three fitting parameters. Because 
the three-parameter Frumkin isotherm is implicit in solid phase con
centration, a data fitting procedure based on orthogonal distance 
regression (ODR) is used for parameter estimation. In the cases studied, 
the Frumkin qm values extracted directly from published isotherm data 
are compared with the surrogate qm values, and conclusions are reached 
regarding the applicability of the two-parameter Frumkin isotherm. To 
facilitate parameter estimation, Eq. (1) is rewritten as Eq. (4) or (5), 
where a = 2w/RT. When a = 0, Eq. (5) reduces to Eq. (6), which is the 
familiar Langmuir isotherm. 

c =
1
b

q
qm − q

exp
(

a
q

qm

)

(4)  

q =
qmbcexp( − aq/qm)

1 + bcexp( − aq/qm)
(5)  

q =
qmbc

1 + bc
(6)  

2. Parameter estimation 

The Solver add-in bundled with Excel provides a convenient way to 
estimate the unknown parameters of an isotherm by nonlinear least- 
squares fitting [36]. The conventional nonlinear regression approach 
treats q and c as the dependent and independent variables, respectively. 
To obtain best-fit parameter estimates, the sum of squared residuals 
(SSR) is calculated and minimized using a fitting algorithm. The most 
common SSR is defined as the difference between the measured and 
calculated q values, given here by Eq. (7), where qi,obs is the ith observed 

q value, qi,fit is the ith q value calculated from the chosen isotherm, and m 
is the number of data points. 

SSR =
∑m

i=1

(
qi,obs − qi,fit

)2 (7) 

Unfortunately, it is somewhat difficult to use Eq. (7) as the objective 
function for least-squares fitting because the Frumkin isotherm defined 
by Eq. (5) is implicit in solid phase concentration. It is necessary to 
incorporate a numerical routine within the fitting algorithm in order to 
calculate qi,fit at each iteration. Such an approach was used by Pennanen 
et al. [37]. A more practical approach is to use Eq. (4), which is explicit 
in solution phase concentration, in lieu of Eq. (5) as the regression 
equation. It is straightforward to minimize the SSR based on the solution 
phase concentration c, given here by Eq. (8), where ci,obs is the ith 
observed c value and ci,fit is the ith c value calculated from Eq. (4). 

SSR =
∑m

i=1

(
ci,obs − ci,fit

)2 (8) 

The SSR defined by Eq. (8) has been used by several researchers to 
evaluate the Jossens isotherm, which is also implicit in solid phase 
concentration [38–40]. From a statistical perspective Eq. (8) is consid
ered superior to Eq. (7) for the nonlinear least-squares fitting of 
explicitly defined isotherm models such as the Langmuir and Freundlich 
equations. The parameter estimation procedure requires that the values 
of ci,fit be obtained from the solution of the mass balance equation for a 
batch adsorber [41]. In this treatment, c becomes the dependent variable 
and the other measured quantities in the mass balance equation (initial 
concentration, adsorbent mass, solution volume) become the indepen
dent variables. 

Another way to handle implicit isotherms is by using a regression 
technique called orthogonal distance regression (ODR) [42], which is 
also known as errors-in-variables modeling and total least squares. The 
ODR method has been applied to the evaluation of explicitly defined 
isotherm models, including the Langmuir and Freundlich equations 
[43,44]. In these cases, ODR was used to provide more accurate 
regression parameters by accounting for the measurement errors in both 
c and q. The solution phase concentration c is not error-free because it is 
a measured quantity, while q is calculated from the mass balance 
equation that contains several measured quantities, including c. The 
errors in the independent variable c and the dependent variable q may 
be comparable. As a result, fitting such data using standard least-squares 
methods can lead to bias in the solution. This problem is solved in the 
ODR treatment, which makes no distinction between dependent and 
independent variables. The ODR method for fitting explicit isotherm 
models to experimental equilibrium data has been implemented in a 
freely available Excel spreadsheet [45]. It should be mentioned that 
ODR does not address the statistical problem of correlation that exists 
between c and q [41,46]. 

In addition to being applicable to explicit models, ODR can handle 
implicit functions [47,48]. Several software packages including the 
freely available ODRPACK package [47] support fitting to such func
tions. In this work, OriginPro 2019 was used to evaluate the implicit 
Frumkin isotherm given by Eqs. (4) and (5). To use the software's ODR 
procedure to fit implicit expressions, Eqs. (4) and (5) must be designated 
as an implicit function and expressed as Eqs. (9) and (10), respectively: 

c −
1
b

q
qm − q

exp
(

a
q

qm

)

= 0 (9)  

q −
qmbcexp( − aq/qm)

1 + bcexp( − aq/qm)
= 0 (10) 

The two overall fit indicators used in this work are given by Eqs. (11) 
and (12), where R2 is the coefficient of determination, qav,obs is the mean 
of all qi,obs values, RRMSE is the residual root mean square error, and p is 
the number of fitting parameters. 
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R2 = 1 −
∑m

i=1

(
qi,obs − qi,fit

)2

∑m
i=1

(
qi,obs − qav,obs

)2 (11)  

RRMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑m

i=1

(
qi,obs − qi,fit

)2

m − p

√

(12)  

3. Results and discussion 

In the work reported here, the ODR procedure is used to fit the three- 
parameter Frumkin isotherm to previously published isotherm data, 
which have been analyzed using the two-parameter Frumkin isotherm. 
The fitted values of qm are compared with the values of surrogate qm 
used in the two-parameter expression. 

3.1. Surrogate qm based on theoretical capacity parameter 

Hamdaoui and Naffrechoux [10] have conducted an experimental 
and modeling study of the adsorption of five phenolic compounds by 
activated carbon. They assumed monolayer surface coverage and used a 
theoretical method based on the BET surface area of the adsorbent and 
the molecular cross-sectional area of the adsorbate to calculate qm. The 
resulting theoretical values of qm were used to calculate θ in the two- 
parameter Frumkin isotherm given by Eq. (2), which was fit to the 
isotherm data of the five phenolic compounds. Fig. 1A presents a 
representative data set for 2-chlorophenol (2-CP), which exhibits a 
typical type I curve shape. The theoretical value of qm for 2-CP was found 
to be 594.76 mg g− 1 [10], to which the value of qm extracted from the 
data of Fig. 1A will be compared. 

Four data fitting strategies were used to fit the three-parameter 
Frumkin isotherm to the 2-CP data, the first of which used the ODR 
method to handle the implicit equation defined by Eq. (10). The 
resulting parameter estimates and statistical metrics (R2 and RRMSE) 
are given in Table 1, column 2. Second, the ODR procedure was applied 
to Eq. (9), the resulting parameter estimates (Table 1, column 3) are 
identical to those of the first procedure. Third, we tested the use of Eq. 
(4), which is explicit in c, as the regression equation for the ODR pro
cedure, again obtaining the same parameter estimates (Table 1, column 
4). The final procedure applied the ordinary least-squares method based 
on the Levenberg-Marquardt algorithm to Eq. (4). In this case, Eq. (8) 
was used as the objective function. Column 5 of Table 1 reveals that the 
resulting parameter estimates are somewhat different from those of the 
previous three ODR cases. The parameter a has the least dependable 
estimate because of its very large standard error. The R2 and RRMSE 
scores are also inferior to those of the three ODR procedures. 

It is evident that the three ODR procedures fit the 2-CP data better 

than the ordinary least-squares method. Of the three ODR procedures, 
the second approach based on Eq. (9) is not recommended because it 
was very sensitive to the initial values given to the three parameters. 
Convergence failures were sometimes encountered when the initial 
values used were far from the optimal values. In contrast, the mathe
matical form of Eq. (10) was far more tolerant to suboptimal initial 
values. The performance of the third ODR procedure based on Eq. (4) is 
identical to those of the first and second ODR procedures. Thus, a freely 
available Excel spreadsheet developed for the ODR treatment of 
isotherm models that are explicit in solid phase concentration [45] may 
be used to fit the Frumkin isotherm based on Eq. (4), which is explicit in 
solution phase concentration. Although the fourth procedure based on 
the ordinary least-squares method is inferior to the ODR method, its 
parameter estimates are quite acceptable. This finding suggests that the 
Solver add-in of Excel can be used to evaluate the three-parameter 
Frumkin isotherm by conventional nonlinear regression. Fig. 1 plots 
the fitted curves obtained from the ODR procedure based on Eq. (10) and 
the ordinary least-squares procedure based on Eq. (4). One can see that 
the two fitted curves are very effective in tracing the 2-CP data points. 

The theoretical value of qm (594.76 mg g− 1) calculated by Hamdaoui 
and Naffrechoux [10] is significantly higher than the observed values of 
q (< 300 mg g− 1) that correspond to the plateau of the experimental 
isotherm, as can be seen in Fig. 1A. Given the presence of the isotherm 
plateau, it is very unlikely that the type I isotherm could reach a 
maximum adsorption capacity of close to 600 mg g− 1 with increasing 
solution phase concentration. The fitted value of qm (330.4 mg g− 1) is in 
good agreement with the observed plateau and therefore reflects the 
actual maximum capacity level for this adsorption system. As such, the 
theoretical value of qm, which is larger than the fitted value of qm by a 
factor of 1.8, is basically unrealistic. This theoretical value of qm could be 
a source of unexamined bias in the regression of the two-parameter 
Frumkin equation to estimate the parameters a and b. It appears that 
the theoretical calculation method for qm proposed by Hamdaoui and 
Naffrechoux [10] is merely a mathematical convenience that permits the 
use of linear regression to evaluate the Frumkin isotherm. 

3.2. Surrogate qm based on Langmuir capacity parameter 

In addition to the theoretical value of qm, Hamdaoui and Naffrechoux 
[10] have used the Langmuir and Freundlich capacity parameters as 
surrogates to calculate θ. They recommended a Langmuir qm value of 
303.03 mg g− 1, obtained by fitting a linear version of the Langmuir 
isotherm to the 2-CP data. This Langmuir capacity parameter appears to 
be a reasonable surrogate, as it is similar to the experimental plateau 
level and the fitted value of qm (330.4 mg g− 1). Fig. 1A shows the fit of 
the Langmuir isotherm to the 2-CP data by ordinary nonlinear regression 
(qm = 303.9 mg g− 1; b = 0.08 L mg− 1). One can see that the Langmuir fit 
is comparable to the Frumkin fit. The Langmuir fit statistics (R2 = 0.990; 
RRMSE = 6.73 mg g− 1) are only slightly inferior to those of the Frumkin 
fit (ODR; R2 = 0.993; RRMSE = 6.25 mg g− 1). 

Fig. 1. (A) Three-parameter Frumkin fit [Eq. (10)] and Langmuir fit [Eq. (6)] 
compared to observed 2-CP isotherm data reported by Hamdaoui and Naf
frechoux [10]. (B) Three-parameter Frumkin fit [Eq. (4)] compared to observed 
2-CP isotherm data. 

Table 1 
Parameter estimates and statistical metrics for Frumkin fits of the Fig. 1 data.  

Frumkin parameter and 
statistical metric 

Nonlinear regression method 

ODR/Eq.  
(10) 

ODR/Eq.  
(9) 

ODR/Eq.  
(4) 

OLSR/Eq. 
(4) 

a 0.51 
(0.68) 

0.51 
(0.58) 

0.51 
(0.68) 

0.29 
(0.92) 

b (L mg− 1) 0.08 
(0.02) 

0.08 
(0.02) 

0.08 
(0.02) 

0.07 
(0.03) 

qm (mg g− 1) 330.4 
(19.0) 

330.4 
(16.8) 

330.4 
(19.0) 

324.3 
(21.7) 

R2 0.993 0.993 0.993 0.989 
RRMSE (mg g− 1) 6.25 6.25 6.25 7.47 

Bracketed values represent standard errors for parameter estimates. ODR: 
orthogonal distance regression; OLSR: ordinary least-squares regression. 
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Clearly, the three-parameter Frumkin isotherm is not vastly superior 
to the two-parameter Langmuir isotherm in representing the 2-CP data. 
According to the Akaike Information Criterion or AIC test, which pe
nalizes models with a high number of fitting parameters, the 2-CP data 
set favors the Langmuir isotherm because the marginal improvement in 
fit afforded by the Frumkin isotherm is not sufficient to justify the use of 
three fitting parameters. To some extent, the Langmuir and Frumkin 
isotherms are expected to provide similar data fitting performance, since 
the former isotherm is a special case of the latter isotherm. As noted 
above, when a = 0 the Frumkin isotherm reduces to the Langmuir 
isotherm. If for some reason one must use linear regression to fit the 
Frumkin isotherm to experimental data, one should use the Langmuir 
capacity parameter as a surrogate for the Frumkin capacity parameter to 
calculate θ. Surprisingly, the Langmuir capacity parameter has not been 
used much as a surrogate, with most studies favoring the Dubi
nin–Radushkevich capacity parameter. We will come back to the D–R 
capacity parameter at a later stage. 

3.3. Surrogate qm based on Freundlich capacity parameter 

Hamdaoui and Naffrechoux [10] have used the Freundlich capacity 
parameter as a surrogate for the Frumkin capacity parameter to calcu
late θ. First, they used a linear form of the Freundlich isotherm (q = KC1/ 

n) to correlate the 2-CP data, obtaining K = 57.795 mg g− 1 L1/n mg− 1/n 

and n = 2.793. Next, they calculated the Freundlich capacity parameter 
qm from Eq. (13), where C0 is the initial concentration. Eq. (13) has also 
been used by Ferrandon et al. [11]. 

qm = KC0
1/n (13) 

According to Hamdaoui and Naffrechoux [10], C0 should correspond 
to a fixed initial concentration used in batch isotherm measurement 
experiments in which the adsorbent mass is varied. The fixed initial 
concentration used in the 2-CP isotherm measurement experiments was 
100 mg L− 1. With known values of K, n, and C0, Eq. (13) spits out a qm 
value of 300.6 mg g− 1. Since this Freundlich capacity parameter is 
comparable to the fitted value of qm (330.4 mg g− 1), its use to calculate θ 
seems justified. However, the concept of maximum saturation capacity 
is incompatible with the Freundlich isotherm because its mathematical 
form predicts a continuous increase in q with increasing c. More 
importantly, Eq. (13) is flawed because the initial concentration can 
assume any value. For example, if the isotherm measurement experi
ments had been conducted using a C0 value of 300 mg L− 1 instead of 100 
mg L− 1, we would still end up with the same experimental isotherm 
defined by the same K and n. In this case, we would obtain a qm value of 
445.4 mg g− 1 from Eq. (13), which contradicts the fitted value of qm. It is 
clear that the agreement between the Freundlich capacity parameter 
and the fitted value of qm for the 2-CP data set is fortuitous. 

As an aside, we call attention to two misconceptions relating to the 
Frumkin isotherm. The first is related to the work of Hamdaoui and 
Naffrechoux [10]. Due to the unsatisfactory fits of some isotherm data, 
Hamdaoui and Naffrechoux [10] commented that the Frumkin isotherm 
was only good for θ < 0.6 when the Langmuir and Freundlich capacity 
parameters were used as surrogates for the linearized Frumkin isotherm. 
This comment, which was only relevant to their method of evaluating 
the Frumkin isotherm using surrogate capacity parameters of other 
isotherms, has been misrepresented as a general rule. Some authors have 
made the incorrect claim that the Frumkin isotherm is only valid for θ <
0.6 [49,50]. The second misconception concerns the use of the Frumkin 
isotherm and the Fowler–Guggenheim isotherm to fit the same isotherm 
data [51–57]. As noted above, the Frumkin isotherm is mathematically 
analogous to the Fowler–Guggenheim isotherm. Therefore, identical 
results should be obtained when the two isotherms are applied to the 
same data set. The two isotherms have even been listed separately in a 
review article [58], creating the impression that they are independent 
models. 

3.4. Surrogate qm based on Dubinin–Radushkevich capacity parameter 

The D–R capacity parameter is widely used as a surrogate for the 
Frumkin capacity parameter to calculate θ [13–21]. Like the Langmuir 
and Freundlich isotherms, the two-parameter D–R isotherm can be 
easily linearized, allowing its capacity parameter to be estimated by 
linear regression. Here, we examine two cases involving the use of the 
D–R and Frumkin isotherms in data correlation. Sarıcı-Özdemir and 
Önal [16] have applied several isotherm models, including the Frumkin 
and D–R isotherms, to their ascorbic acid isotherm data. The capacity 
parameter of the linearized D–R isotherm was found to be 7.67 × 10− 3 

mol g− 1, which translates to a capacity of 1350.8 mg g− 1. This D–R 
capacity parameter was used as a surrogate for the Frumkin capacity 
parameter to calculate θ. The linearized Frumkin isotherm was then fit 
to the ascorbic acid data. Fig. 2 shows the three-parameter Frumkin fit of 
the same data, returning a qm estimate of 455.2 mg g− 1. Given that the 
D–R capacity parameter is greater than the fitted value of qm by 
approximately a factor of three, the common practice of using the D–R 
capacity parameter as a surrogate for the Frumkin capacity parameter is 
questionable. 

In the second example, Makrigianni et al. [27] have applied several 
isotherm models including the Frumkin and D–R isotherms to their 
phenol and methylene blue adsorption data. For the phenol data, the 
D–R fit produced a value of 23.19 mg g− 1 for the capacity parameter. 
The linearized Frumkin isotherm was fit to the phenol data, but Mak
rigianni et al. [27] did not disclose how θ was calculated. Here, the 
three-parameter Frumkin isotherm was fit to the phenol data (Fig. 3), 
returning a qm estimate of 69.3 mg g− 1, which differs rather significantly 
from the D–R capacity parameter (23.19 mg g− 1). It is evident that the 
D–R capacity parameter bears little resemblance to the value of qm 
extracted from the isotherm data. The finding of this example is 
consistent with that of the first example discussed above, that is, the D–R 
capacity parameter is a very poor surrogate for the Frumkin capacity 
parameter. 

The two examples show that the D–R capacity parameter should not 
be used as a surrogate for the Frumkin capacity parameter. Instead, one 

Fig. 2. Three-parameter Frumkin fit [Eq. (10)] compared to observed ascorbic 
acid data reported by Sarıcı-Özdemir and Önal [16]. 
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should treat the latter as a fitting parameter to ensure reliable modeling 
results. Very few studies have applied the three-parameter Frumkin 
isotherm in data correlation [37,59,60]. Pennanen et al. [37] have used 
an iterative method to handle the implicit Frumkin isotherm. In the 
work of Durimel et al. [59], the objective function given by Eq. (7) was 
used in nonlinear regression analyses, with the implicit Frumkin 
isotherm presumably solved by a Newton algorithm. In the study by 
Fideles et al. [60], nonlinear regression was performed using MATLAB, 
but it is not clear which numerical routine was used to manipulate the 
implicit Frumkin isotherm. 

3.5. Type V isotherm data 

The majority of previous studies in this area have focused on using 
the Frumkin isotherm to describe experimental isotherms of type I, such 
as those shown in Figs. 1–3. Although effective, using the Frumkin 
isotherm with three fitting parameters to correlate type I data seems like 
overkill. Indeed, type I isotherm data can be effectively handled by two- 
parameter isotherms such as the Langmuir and Freundlich equations. In 
addition to type I isotherm data, the Frumkin isotherm can be used to 
correlate sigmoid or type V isotherm data [61]. Such isotherms have 
been observed in a number of aqueous adsorption systems [62]. Satis
factory results have been obtained when the Frumkin isotherm was used 
to correlate type V isotherm data of water contaminants [63–66]. Kou
baissy et al. [63,64] and Beltrán-Heredia and Sánchez-Martín [65] have 
applied the three-parameter Frumkin isotherm to their type V isotherm 
data, but Benosmane et al. [66] have used the linearized Frumkin 
isotherm to fit their type V data. To ensure good fits, linear regression 
analyses were restricted to a partial range of the data points (θ < 0.6). 
Here, the three-parameter Frumkin isotherm was fit to the isotherm data 
of two anti-inflammatory drugs [paracetamol (PCT) and niflumic acid 
(NFA)] reported by Benosmane et al. [66]. All data points were used in 
the ODR fitting procedure. As can be seen in Fig. 4, the three-parameter 
Frumkin fits manifest excellent conformity with the two sigmoid data 
trends, returning unique parameter estimates as well as impressive 

statistical metrics (Table 2). 

4. Conclusions 

The key results of this work are the following:  

• The theoretical saturation capacity calculated for the 2-CP/carbon 
adsorption system was found to differ significantly from the Frum
kin capacity parameter extracted from the 2-CP isotherm data. 
Consequently, the former should not be used as a surrogate for the 
latter.  

• Similarly, the Dubinin-Radushkevich capacity parameter was found 
to be a poor surrogate for the Frumkin capacity parameter. This 
popular surrogate is inappropriate, and its use should be 
discouraged.  

• The Freundlich capacity parameter should not be used as a surrogate 
for the Frumkin capacity parameter, because it is based on a faulty 
equation.  

• Since the Langmuir isotherm is a special case of the Frumkin 
isotherm, the Langmuir capacity parameter is generally a good sur
rogate for the Frumkin capacity parameter. However, it is totally 
unnecessary to make the Frumkin isotherm dependent on the Lang
muir isotherm given that the Frumkin capacity parameter can be 
extracted from experimental data. 

• The concept of surrogate capacity parameter is merely a mathe
matical convenience because its main function is to convert the 
three-parameter Frumkin isotherm to the two-parameter Frumkin 
isotherm so that linear regression can be used for parameter esti
mation. The Frumkin isotherm can stand on its own and does not 
need any help from other isotherm models. Its three undetermined 
parameters can be estimated directly from experimental data. 

Fig. 3. Three-parameter Frumkin fit [Eq. (10)] compared to observed phenol 
isotherm data reported by Makrigianni et al. [27]. 

Fig. 4. Three-parameter Frumkin fits [Eq. (10)] compared to observed para
cetamol (PCT) and niflumic acid (NFA) isotherm data reported by Benosmane 
et al. [66]. 

Table 2 
Parameter estimates and statistical metrics for Frumkin fits of the Fig. 4 data. 
Bracketed values represent standard errors for parameter estimates.  

Frumkin parameter and statistical 
metric 

Adsorbate 

Paracetamol 
(PCT) 

Niflumic acid 
(NFA) 

a − 2.59 (0.20) − 3.51 (0.14) 
b (L mg− 1) 0.02 (0.002) 0.01 (0.0007) 
qm (mg g− 1) 32.62 (0.57) 44.01 (0.72) 
R2 0.9999 0.9992 
RRMSE (mg g− 1) 1.03 2.31  
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[16] Ç. Sarıcı-Özdemir, Y. Önal, Statistical analysis of equilibrium and kinetic data for 
ascorbic acid removal from aqueous solution by activated carbon, Desalin. Water 
Treat. 51 (2013) 4658–4665. 

[17] N.A. Oladoja, Y. Liu, J.E. Drewes, B. Helmreich, Preparation and characterization 
of a reactive filter for groundwater defluoridation, Chem. Eng. J. 283 (2016) 
1154–1167. 

[18] N.A. Oladoja, M.L. Seifert, J.E. Drewes, B. Helmreich, Influence of organic load on 
the defluoridation efficiency of nano-magnesium oxide in groundwater, Sep. Purif. 
Technol. 174 (2017) 116–125. 

[19] M. Danish, T. Ahmad, S. Majeed, M. Ahmad, L. Ziyang, Z. Pin, S.M. Shakeel Iqubal, 
Use of banana trunk waste as activated carbon in scavenging methylene blue dye: 
kinetic, thermodynamic, and isotherm studies, Bioresour. Technol. Rep. 3 (2018) 
127–137. 

[20] T.D. Saliu, O.J. Akinyeye, I.A. Ololade, E.I. Unuabonah, N.A. Oladoja, Expounding 
the role of interference on the recovery of nutrient fractions from aqua matrix 
using calcined gastropod shell, J. Water Process Eng. 27 (2019) 152–161. 

[21] M. Ponnuchamy, A. Kapoor, B. Pakkirisamy, P. Sivaraman, K. Ramasamy, 
Optimization, equilibrium, kinetic and thermodynamic studies on adsorptive 
remediation of phenol onto natural guava leaf powder, Environ. Sci. Pollut. Res. 27 
(2020) 20576–20597. 

[22] Y. Liu, Y.-J. Liu, Biosorption isotherms, kinetics and thermodynamics, Sep. Purif. 
Technol. 61 (2008) 229–242. 

[23] H.M. Abd El-Lateef, M.A. Al-Omair, A.H. Touny, M.M. Saleh, Enhanced adsorption 
and removal of urea from aqueous solutions using eco-friendly iron phosphate 
nanoparticles, J. Environ. Chem. Eng. 7 (2019) 102939. 
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[26] A. Öztürk, E. Malkoc, Cationic basic yellow 2 (BY2) adsorption onto manure ash: 
surface properties and adsorption mechanism, Desalin. Water Treat. 54 (2015) 
209–226. 

[27] V. Makrigianni, A. Giannakas, Y. Deligiannakis, I. Konstantinou, Adsorption of 
phenol and methylene blue from aqueous solutions by pyrolytic tire char: 
equilibrium and kinetic studies, J. Environ. Chem. Eng. 3 (2015) 574–582. 
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