
IEICE TRANS. INF. & SYST., VOL.E104–D, NO.6 JUNE 2021
881

LETTER

A Weighted Forward-Backward Spatial Smoothing DOA
Estimation Algorithm Based on TLS-ESPRIT

Manlin XIAO†a), Zhibo DUAN†, Nonmembers, and Zhenglong YANG†, Member

SUMMARY Based on TLS-ESPRIT algorithm, this paper proposes a
weighted spatial smoothing DOA estimation algorithm to address the prob-
lem that the conventional TLS-ESPRIT algorithm will be disabled to esti-
mate the direction of arrival (DOA) in the scenario of coherent sources. The
proposed method divides the received signal array into several subarrays
with special structural feature. Then, utilizing these subarrays, this paper
constructs the new weighted covariance matrix to estimate the DOA based
on TLS-ESPRIT. The auto-correlation and cross-correlation information of
subarrays in the proposed algorithm is extracted sufficiently, improving the
orthogonality between the signal subspace and the noise subspace so that
the DOA of coherent sources could be estimated accurately. The simu-
lations show that the proposed algorithm is superior to the conventional
spatial smoothing algorithms under different signal to noise ratio (SNR)
and snapshot numbers with coherent sources.
key words: coherent signals, weighted spatial smoothing, DOA estimation,
TLS-ESPRIT

1. Introduction

The DOA estimation of sources is an important branch in
the field of array signal processing. The ESPRIT algorithm
was proposed by Roy, Paulraj and Kailath in [1], and it uses
the rotation invariant property of covariance matrix of the
received signal subspace to estimate signal angles. More-
over, based on total least square estimation of the signal sub-
space, the TLS-ESPRIT algorithm has become the research
focus with its high-precision and super-resolution perfor-
mance [2]. However, in coherent source environments, the
covariance matrix of the received signals is singular, and its
rank is smaller than the number of signal sources. As the re-
sults, the signal subspace is not orthogonal to the noise sub-
space, making the ESPRIT-based algorithm invalid. Shan et
al. proposed a spatial smoothing method to preprocess the
coherent sources in [3]. These kinds of methods are unable
to extract the coherent signals with less data information of
the covariance matrix. A weighted spatial smoothing algo-
rithm is proposed in [4]. This method obtained the source
orientation information roughly by the general estimation
algorithm, and then constructed the weighted factor to real-
ize the direction estimation of the coherent sources. The
method proposed in [5] combined TLS-ESPRIT method
with the spatial smoothing method to obtain the good per-
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formance. Similarly, the spatial smoothing-based method is
also combined with multiple signal classification algorithm
to estimate DOA, using to solve engineering application in
[6]. For further improving the accuracy of TLS-ESPRIT al-
gorithm in coherent sources, a weighted forward-backward
spatial smoothing algorithm based on TLS-ESPRIT is pro-
posed in this paper and is named as WFB-ESPRIT. In the
proposed method, the received array will be twice divided
into several subarrays. The first division aims to obtain auto-
and cross- covariances among all the various subarrays. The
weighting coefficient matrix is calculated by dividing sec-
ondly the original received array with special structural fea-
ture. Then, we make the DOA estimation by utilizing the
rotational invariant property of signal subarray of the new
weighted covariance matrix. The simulation results prove
that the proposed method has better effectiveness than the
traditional ESPRIT-based DOA estimation methods.

This paper is organized as follow. Section 2 formu-
lates the problem and the signal model. Section 3 provides
WFB-ESPRIT algorithm and analyzes its performance the-
oretically. Section 4 simulates the improved algorithm to
verify its performance numerically. Section 5 concludes this
paper.

2. Signal Model and Problem

Assuming the number of antenna elements is M + 1, there
are K incident narrow-band signals with the incident angles
θk(k = 1, 2, . . . ,K). The uniform line array (ULA) with ar-
ray elements spaced d is shown in Fig. 1, where the first
array element is used as the reference antenna.

The received signal of the mth array element is ex-
pressed as

xm(t) =
K∑

k=1

am(θk)sk(t) + nm(t), (1)

Fig. 1 Antenna array model
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where m = 1, 2, . . . ,M + 1, t = 1, 2, . . . ,N, N is the number
of snapshots, am(θk) is the transmit steering of the kth signal
on the mth array element, sk(t) is the complex envelope of
the kth source, and nm(t) is the noise on the mth array ele-
ment at time t. Then, the received signal matrix of the ULA
can be written as

X = AS + N, (2)

where X, N ∈ C(M+1)×N , A ∈ C(M+1)×K and S ∈ CK×N are
the matrices of the received signals, noise, transmit steering
and signal sources, respectively. The covariance matrix of
the received signals

RX =E[XXH] = AE[SSH]AH + E[NNH]

=ARS AH + RN,
(3)

where (·)H is transposed conjugate, RS and RN are the co-
variance matrices of sources and noise, respectively. The
relationship between two signals is represented by their cor-
relation coefficient ρ, i.e.,

si(t) and sk(t) are independent, ρik = 0,
si(t) and sk(t) are correlation, 0 < |ρik | < 1,
si(t) and sk(t) are coherent, |ρik | = 1,

(4)

where

ρik =
E[si(t)s∗

k
(t)]√

E[|si(t)|2]E[|sk(t)|2]
. (5)

3. WFB-ESPRIT Algorithm and Analyses

In order to further improve the performance of the DOA es-
timation algorithm, this paper proposes a weighted forward-
backward spatial smoothing algorithm based on TLS-
ESPRIT. There are four steps to perform the proposed algo-
rithm. According to the basic criterion of ESPRIT, we firstly
divide the received array into two overlapped block arrays in
step 1. The corresponding received signal matrix to the first
M elements is denoted as Xα. The second received signal
matrix from the 2nd element to the (M + 1)th element is Xβ.
These two matrices constitute a matrix pair, containing M
element pairs with spacing d. The DOA estimation θ̂k based
on ESPRIT [1] is expressed as

θ̂k = arcsin{c · arg(λk)/(ω0d)}, (6)

where λk is eigenvalue of the estimated signal subspace, and
ω0 is the carrier frequency. In the case of coherent sources,
the second step of proposed method reconstitutes decoher-
ence signal subspace by forward-back spatial smoothing.
Taking the matrix Xα as the reference, P subarrays with Q
elements for each could be obtained by moving the win-
dow forward to divide the original matrix Xα such that
P+Q = M+1,Q ≥ K. The received data of the pth subarray
is X f

αp ∈ CQ×N , p = 1, 2, . . . , P, where superscript f repre-
sents forward spatial smoothing. The correlation matrix of
the pth subarray and qth subarray

R f
αpq = E

[
X f
αp

(
X f
αq

)H]
= FpRXαFH

q (7)

where p, q = 1, 2, . . . , P, Fp =
[
0Q×(p−1)|IQ|0M−Q−p+1

]
.

Furthermore, the correlation matrix of backward spatial
smoothing subarray

Rb
αpq = Fp JR∗XαJFH

q (8)

where J is an exchange matrix whose anti-diagonal ele-
ments are 1, and (·)∗ is conjugate. Therefore, the forward
covariance matrix R f

α and backward covariance matrix Rb
α

are composed of their elements R f
αpq and Rb

αpq respectively.
The forward-backward covariance matrix is expressed as

R f b
α =

1
2

(
R f
α + Rb

α

)
. (9)

The conventional spatial smoothing algorithm and the
weighted spatial smoothing algorithm only utilized the di-
agonal block matrices R f b

αpp, p = 1, 2, . . . , P. It is just able
to estimate DOA in the scenario of large spaced sources and
high SNR by only utilizing auto-correlation information.

To improve the resolution of DOA estimation in coher-
ent sources, we extract the covariance information from the
received original data X to produce a special weighted ma-
trix in the step 3. To avoid confusion, we rename X as W
and the corresponding block matrix is Wα. The matrix Wα
is divided by forward windows with dimension of P, where
P equals to the number of subarrays of the first division.
Therefore, the qth sub-array is denoted as W f

αq ∈ CP×N , q =
1, 2, . . . ,Q. Similarly, the new auto-covariance matrices of
the forward and backward spatial smoothing subarray are
R f

Wαqq and Rb
Wαqq ∈ CP×P. The weighted matrix is expressed

as

W̄α =
1

2Q

Q∑
q=1

(
R f

Wαqq + Rb
Wαqq

)
=

1
2Q

Q∑
q=1

(
Fq

(
RWα + JR∗WαJ

)
FH

q

)
,

(10)

whose elements are w̄αpq, p, q = 1, 2, . . . , P. Obviously, us-
ing each block matrices of R f b

α in (9) and W̄α, the modified
covariance matrix is rewritten as

R̄Xα =
1

P × P

P∑
q=1

P∑
p=1

w̄αpqR f b
αpq. (11)

The same processing applies to another block Xβ of matrix
pair, which has been divided in step 1. And then the corre-
sponding modified covariance matrix is R̄Xβ.

The step 4 of the proposed method calculates the di-
rection of signals as (6) based on TLS-ESPRIT, using the
modified covariance matrix pair R̄Xβ and R̄Xα shown in (11).
Taking the eign decomposition of R̄X shown as in (12), we
extract the first K signal eigenvectors from UX and denote it
as UŜ.



LETTER
883

R̄X =

[
R̄Xα 0

0 R̄Xβ

]
= UXVXUH

X

=
[
UŜ UN̂

]
VX

[
UH

Ŝ
UH

N̂

]
.

(12)

Then, dividing UŜ into two parts, we have

UŜ =

[
UA

UB

]
∈ C2Q×K , (13)

where UA and UB satisfy rotational invariance. By taking
eign decomposition,[

UH
A

UH
B

]
[UA UB] = UΛUH . (14)

Then, we take part U into four submatrices with dimension
of K × K, i.e.,

U =
[

U11 U12

U21 U22

]
. (15)

And,

Û = −U12U22. (16)

The total least square estimation could be calculated as
in (6), where λk is the eignvalue of Û.

From these four steps mentioned before, the essence of
the WFB-ESPRIT algorithm is dividing the original matrix
with different construction in each time of spatial smooth-
ing processing. By the first division in step 2, we can ob-
tain auto- and cross- covariances of all submatices. In the
second division of step 3, we change the size of window
to ensure that the number of elements of the weighted ma-
trix equals to the number of covariances in step 1. Obvi-
ously, if the weighted matrix equals to identity matrix, the
WFB-ESPRIT algorithm degrades as the normal forward,
backward and forward-backward spatial smoothing methods
with utilizing (7), (8) and (9), respectively. The proposed
method makes full use of the auto- and cross-correlation in-
formation of subarrays, improving the ability of decoher-
ence in coherent sources condition, especially in scenarios
of the low SNR and small spaced sources.

4. Numerical Simulations

In simulations, a uniform linear array of 33 array elements
with half-wavelength space d is considered. The signal fre-
quency fc is 300MHz. The size of spatial smoothing win-
dow Q in step 2 is 24 and the size of spatial smoothing win-
dow P in step 3 is 9. Therefore, we can weighted sum of 81
auto- and cross-covariance matrices whose size is 24 × 24.
The TLS-ESPRIT algorithm, the FB-ESPRIT algorithm and
the WFB-ESPRIT algorithm are compared for their accura-
cies in the following simulations.

Simulation 1 shows the DOA estimation with the SNR
of 5dB and 500 snapshots. The incident angles of the co-
herent signal sources are 10◦, 20◦, 30◦, respectively. The

Table 1 The DOA estimation results of simulation 1

Angle 10◦ 20◦ 30◦

TLS-ESPRIT 9.9002 20.1538 30.0390
FB-ESPRIT 9.9821 19.99630 29.9943
WFB-ESPRIT 9.9925 19.9654 30.0008

Fig. 2 RMSE vs SNR when the snapshot is 500

Fig. 3 RMSE vs snapshot when SNR is 5dB

correlation coefficient of signal 1 and signal 2 are 0.6906,
and that of signal 1 and signal 3 are 0.4014.

Table 1 shows the estimation results of these three al-
gorithms. As shown in results, the TLS-ESPRIT algorithm
and the FB-ESPRIT algorithm can estimate the source di-
rections, but the WFB-ESPRIT algorithm is significantly
more accurate than these two algorithms, indicating that
the WFB-ESPRIT algorithm has a better performance in the
scenario of coherent sources.

Simulation 2 shows the performance of the WFB- ES-
PRIT algorithm and the FB- ESPRIT algorithm in the case
of different SNR and snapshots with 10000 Monte Carlo tri-
als. The incident angles of the coherent signal sources are
20◦, 30◦, 40◦, 50◦, 60◦, respectively.

Figure 2 and Fig. 3 show the root mean square errors
(RMSE) of the algorithms under different SNR and snap-
shots. The figures illustrate that these two algorithms are
able to accurately estimate the direction of coherent sources,
but the error of the WFB-ESPRIT algorithm is obviously
smaller than that of the FB-ESPRIT algorithm under the
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Fig. 4 RMSE for the different element number of subarrays divided in
step 2

same condition, indicating that the WFB-ESPRIT algorithm
is superior to the FB-ESPRIT algorithm in the case of co-
herent sources DOA estimation.

Simulation 3 compares the performances of two algo-
rithms accompanying with the size of subarray changing.
The minimum size of subarray is 6 because there are 5 co-
herent sources with the same incident angles shown in sim-
ulation 2. The snapshots are 100, SNR is 5dB, and Monte
Carlo trials are 10000 in this simulation.

Figure 4 shows that two algorithms are unable to ef-
fectively estimate the direction of coherent sources until the
element number of subarray divided in step 2 is increased up
to 9. Furthermore, the performance of estimation continues
to decline when the element number of subarray is greater
than 12. When the element number of subarray equals to 11,
both algorithms get the best results. And the WFB-ESPRIT
algorithm performs a slightly better than the FB-ESPRIT al-
gorithm.

5. Conclusions

In this paper, we proposed a weighted special smoothing

DOA estimation algorithm based on TLS-ESPRIT to solve
the problem that the performances of conventional algo-
rithms deteriorate drastically in case of coherent signals.
The proposed algorithm makes full use of the auto- and
cross- correlation information of the received signals, im-
proving the orthogonality of signal subspace and noise sub-
space. Two times subarray division and weighted summa-
tion of covariances are crucial to improve the performance
of resolution and precision. The experimental results show
that the WFB-ESPRIT algorithm is superior to the FB-
ESPRIT algorithm, indicating the effectiveness of the pro-
posed algorithm.
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