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We study a bilayer system of coupled two-dimensional XY models by using tensor-network
methods, showing that the inter-layer coupling can significantly alter the uncoupled topological
Berezinskii-Kosterlizt-Thouless (BKT) transition. In the tensor-network representation, the par-
tition function is mapped into a product of one-dimensional quantum transfer operator, whose
eigen-equation can be accurately solved by an algorithm of matrix product states. The entangle-
ment entropy of this one-dimensional quantum correspondence exhibits singularity, which can be
used to determine various phase transitions. In the low temperature phase, an inter-layer Ising
long-range order is developed, accompanying with vortex-antivortex bindings in both intra-layers
and inter-layers. For two identical coupled layers, the Ising transition coincides with the BKT
transition at a multi-critical point. For two inequivalent coupled layers, however, there emerges an
intermediate quasi-long-range ordered phase, where vortex-antivortex bindings occur only in the
layer with the larger intra-layer coupling but half-vortex pairs associated with topological strings
emerge in the other layer. These results are supported by the correlation functions of the XY
spins and nematic spins, and can be used to understand the novel properties in bilayer systems of
superfluids, superconductors and quantum Hall systems.

Introduction. -In recent years there has been the in-
creasing interest in a bilayer structure of coupled two-
dimensional (2D) models in various physical systems,
ranging from superfluids to superconductors and quan-
tum Hall systems[1–3]. In the low temperature regime,
two uncoupled layers are separately described by the
phase fluctuations of a macroscopic wave function, and
the vortices in the phase fields can induce the topological
Berezinskii-Kosterlitz-Thouless (BKT) transition[4, 5],
associated with the binding of vortices and antivortices
in pairs to characterize the quantum phase coherence.
Since the inter-layer Josephson couplings are relevant at
low temperatures, the relative phase becomes an impor-
tant degree of freedom to alter the bulk properties of
the uncoupled systems significantly, and even new phases
may emerge in the low temperature phases[6–10]. Due
to the lack of sharp thermodynamic signatures for the
BKT transition, it remains a great challenge to separate
the BKT transition from its adjacent phases, which ob-
structs the clarification of those novel phases and their
phase transitions[11–16].

Recently, tensor network methods have become a pow-
erful theoretical tool to characterize correlated quantum
many-body phases and their phase transitions in the
thermodynamic limit[17, 18]. Since the partition func-
tion of a 2D statistical model can be represented as a
tensor product of 1D quantum transfer operator[19], the
correspondence eigen-equation can be efficiently solved
by the algorithm of variational uniform matrix product
states[20–23]. More importantly, the entanglement en-
tropy of this 1D quantum correspondence exhibits sin-
gularity, corresponding to various phase transitions very
precisely[24, 25]. Via such a classical-quantum corre-
spondence, the topological BKT transition and its ad-
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FIG. 1: (a) The complete finite-temperature phase dia-
gram. In the low temperature phase, the inter-layer Ising-
like long-range order is developed. The BKT and Ising tran-
sitions merge together at the multi-critical point P . (b)
The schematic picture of the quasi-LRO phase-2. (c) The
schematic picture of the low temperature ordered phase.

jacent phase transitions in the original model can be ac-
curately identified, and various correlation functions of
local observables and the thermodynamic properties can
be calculated.

In this paper, we apply the tensor-network methods to
the bilayer system of two-coupled XY spin models with
the inter-layer nematic spin coupling, which is a generic
and relevant inter-layer coupling[6]. The derived finite-
temperature phase diagram is displayed in Fig.1(a). In
the low-temperature phase, a local inter-layer Ising long-
range order in terms of the relative phase field is devel-
oped, accompanying with the vortex-antivortex bindings
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in both intra-layers and inter-layers, as shown in Fig.1(c).
For two identical layers, the Ising transition coincides
with the BKT transition at the multi-critical point P .
However, for two inequivalent layers, we have the inter-
mediate phases with quasi-long-range order (quasi-LRO),
where vortex-antivortex bindings occur only in the layer
with the larger intra-layer coupling but half-vortex pairs
along with their associated topological strings emerge in
the other layer. Such a new type of quasi-LRO phase is
supported by the two-point correlation functions of the
XY spins and nematic spins, and the schematic picture
is shown in Fig.1(b).

Model and tensor-network methods. -The Hamiltonian
of a two-coupled XY spin model on a square lattice is
defined by

H = −J1
∑
〈i,j〉

cos(θi − θj)− J2
∑
〈i,j〉

cos(ϕi − ϕj)

+K
∑
i

cos(2θi − 2ϕi), (1)

where θi and ϕi ∈ [0, 2π] are two U(1) phase variables
describing the XY spins on the upper and lower lay-
ers, respectively, J1 and J2 are their respective nearest-
neighbour intra-layer spin interactions, and K denotes
the inter-layer coupling corresponding to the second-
order Josephson coupling in the experimental systems.
For a general consideration, we assume J1 6= J2, while
an additional symmetry is present for J1 = J2. When
K = 0, the model is two conventional XY spin models
with two different BKT phase transitions, separating the
quasi-LRO phase with vortex-antivortex pairs from the
disordered phase with dissolved vortices. Due to the gap-
less nature of the low-temperature phase, the inter-layer
coupling is always relevant for any finite value of K. In
the limit of K → ∞, the XY spins of the upper and
lower layers are locked together, ϕi = θi + πsi/2 with
si = ±1, and the model is reduced to the Ising-XY cou-
pled model[26]: H = −

∑
〈i,j〉(J1 + J2sisj) cos(θi − θj),

which has been studied by the previous studies[27–30].

In the tensor network framework, the partition func-
tion is expressed as a contraction of local tensors defined
on the original square lattice, given by

Z =
∏
i

∫∫
dθidϕi

(2π)
2

∏
〈i,j〉

eβJ1 cos(θi−θj)

×eβJ2 cos(ϕi−ϕj)e−βK cos(2θi−2ϕi), (2)

where β = 1/T is the inverse temperature. To obtain its
tensor network representation, we apply a duality trans-
formation that maps the phase variables on each lattice
site to the number indices on the nearest-neighbor links.
Such a map is achieved by the character decomposition
ex cos θ =

∑∞
n=−∞ In(x)einθ for each Boltzmann factor,

where In(x) is the modified Bessel function of the first
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FIG. 2: (a) Tensor network representation of the parti-
tion function. (b) The construction of the local tensor O in
the partition function. (c) Eigen-equation for the fixed-point
uMPS |Ψ(A)〉 of the 1D quantum transfer operator T . (d)
Two-point correlation function represented by contracting a
sequence of channel operators.

kind. Then the partition function is represented as

Z =
∏
i

∫∫
dθidϕi

(2π)
2

∏
l∈L

∑
nl,ml,kl

Inl(βJ1)Iml(βJ2)

×Ikl(−βK)einl(θi−θj)eiml(ϕi−ϕj)ei2kl(θi−ϕi), (3)

where nl (ml) runs over every link on the upper (lower)
layer, and kl corresponds to every vertical link between
θi and ϕi. By integrating out all the phase degrees of
freedom, the partition function is transformed into a dou-
ble tensor network (details in Supplemental Materials) as
shown in Fig. 2(a)

Z = tTr
∏
i

On3m3,n4m4
n1m1,n2m2

(i), (4)

where “tTr” denotes the tensor contraction over all aux-
iliary links. As displayed in Fig. 2(b), each local tensor
O is defined by

On3m3,n4m4
n1m1,n2m2

=
∑
k

(
4∏
l=1

Inl(βJ1)Iml(βJ2)

)1/2

×Ik(βK)δn3+n4

n1+n2+2kδ
m3+m4+2k
m1+m2

, (5)

where the inter-layer k indices are summed over and the
corresponding intra-layer ml and nl indices are grouped
together. The global U(1) invariance of the bilayer model
is encoded in each local tensor: On3m3,n4m4

n1m1,n2m2
6= 0 only if

n1 +m1 + n2 +m2 = n3 +m3 + n4 +m4. Moreover, the
charge conservation of each layer is reflected by

∑
l kl = 0

when we make a transverse cut across all inter-layer k
links. Since the expansion coefficients decrease exponen-
tially in the Bessel function In(x) with increasing n, an
accurate truncation can be performed on the virtual in-
dices of the local tensors.
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In the tensor-network approach, the row-to-row trans-
fer matrix composed of an infinite row of O tensors is a
1D quantum transfer operator, whose logarithmic form
gives rise to a 1D quantum system with many-body inter-
actions. Since the 1D quantum model contains compli-
cated interactions, it had better to treat the 1D transfer
matrix operator instead. Under such a correspondence,
the finite-temperature properties of the 2D statistical
problem are exactly mapped into a 1D quantum model
at zero temperature. In the thermodynamic limit, the
value of the partition function is determined by the dom-
inant eigenvalues of the transfer operator, whose eigen-
equation sketched in Fig. 2(c) is

T |Ψ(A)〉 = Λmax|Ψ(A)〉, (6)

where |Ψ(A)〉 is the leading eigenvector represented by
uniform matrix product states (uMPS) made up of lo-
cal A tensors[31]. This eigen-equation can be accurately
solved by the algorithm of variational uniform matrix
product states[20–23], which is an efficient variational
method to obtain the largest eigenvector |Ψ(A)〉, corre-
sponding to the fixed-point solution of the problem (de-
tails in Supplemental Materials). The precision of this
approximation is controlled by the auxiliary bond dimen-
sion D of the local A tensors.

From the fixed-point uMPS for the 1D quantum trans-
fer operator, various physical quantities can be estimated
accurately. As far as the phase transitions in a quan-
tum system are concerned, the quantum entanglement
entropy is the most efficient measure[32], which can be
directly determined via the Schmidt decomposition of
|Ψ(A)〉:

SE = −
D∑
α=1

s2α ln s2α, (7)

where sα are the singular values. The two-point cor-
relation function of the local observable hi defined by
G(r) = 〈hjhj+r〉 can be evaluated by inserting two local
impurity tensors Mj and Mj+r into the original tensor
network. With the uMPS fixed-point eigenvector, the
contraction of the tensor network containing impurity
tensors is reduced to a trace of an infinite sequence of
channel operators

G(r) = Tr

· · ·TOTMj
TO · · ·TO︸ ︷︷ ︸

r−1

TMj+r
TO · · ·

 . (8)

As shown in Fig. 2(d), each channel operator has a sand-
wich structure TX = tTr (A⊗X ⊗ Ā), where X = O,M .
Similarly, the contraction of channel operators can be
determined by the leading eigenvectors of TO, and thus
G(r) is accurately obtained.

Phase Diagram. -We have noticed that the entangle-
ment entropy SE of the fixed-point uMPS for the 1D
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FIG. 3: (a) and (b) The entanglement entropy as a function
of temperature for J2/J1 = 1.5 and J1 = J2. (c) and (d) The
temperature-dependent specific heat and the inter-layer Ising
order parameter along J2/J1 = 1.5 and J1 = J2, respectively.

quantum transfer operator exhibits singularity, which
provides an accurate criterion to determine the transi-
tion points. Since the inter-layer coupling is always rel-
evant, the structure of the complete phase diagram is
independent of its value, so we simply choose a practi-
cal value K/J1 = 0.5 in our numerical study. To obtain
the phase diagram, we have to numerically calculate the
entanglement entropy under a wide range of intra-layer
coupling ratios J2/J1. In Fig. 3(a), the entanglement
entropy along J2/J1 = 1.5 develops two sharp peaks at
Tc1 ' 1.21J1 and Tc2 ' 1.44J1, respectively. When J2
and J1 approach the same value, these two peaks merge
together, leading to a single peak at T∗ ' 1.095J1 as
shown in Fig. 3(b). These peak positions are nearly un-
changed under the bond dimensions D = 90, 100, 110.
So the phase boundaries can be pinned down with high
precision and the complete phase diagram is derived as
displayed in Fig. 1(a).

In order to gain insight into the essential physics of dif-
ferent phases, we first calculate the specific heat. Within
the tensor-network framework, the internal energy per
site is calculated as

u = −2J1〈ei(θj−θj+1)〉−2J2〈ei(ϕj−ϕj+1)〉+K〈ei(2θj−2ϕj)〉,

and the specific heat is obtained by CV = ∂u/∂T . As
shown in Fig. 3(c), along the line J2/J1 = 1.5, the spe-
cific heat exhibits a logarithmic divergence at Tc1 but a
small bump around Tc2. However, for J2/J1 = 1, a sin-
gle logarithmic singularity is observed at T∗ as displayed
in Fig. 3(d). The logarithmic specific heat at the lower
temperature reminds us of a 2D Ising phase transition
with a Z2 symmetry breaking, while the small bump at
the higher temperature indicates the nearby BKT tran-
sition.

In the presence of the inter-layer coupling, the phase
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fields θ and ϕ are no longer two independent U(1) vari-
ables, and their relative phase σi ≡ θi−ϕi can be used to
define a local inter-layer order parameter τ = 〈sinσi〉. To
save the inter-layer interaction energy, the relative phase
prefers to choose σi ≡ ±π/2 as an Ising-like variable at
low temperatures. As shown in Fig. 3(c) and (d), this lo-
cal order parameter τ is finite below Tc1, indicating that
an inter-layer Ising-like long-range order is established
and the phase lock occurs between the XY spins in the
upper and lower layers. However, when J2/J1 = 1, this
Ising-like transition merges with the BKT transition at
T∗, resulting in a multi-critical point P .

Correlation functions. -To further explore the na-
ture of the quasi-LRO phases and the low-temperature
ordered phase, we analyze two-point correlation func-
tions of the local observables and their related correla-
tion lengths. When J2/J1 = 1.5, as the temperature
decreases, one transition first occurs at Tc2 ' 1.44J1 and
then the Ising-like transition appears at Tc1 ' 1.21J1.
In Fig. 4(a) and (b), the spin-spin correlation function
Gϕ(r) = 〈ei(ϕj−ϕj+r)〉 of the lower layer with the larger
intra-layer spin coupling decays algebraically below Tc2
but exhibits the exponential decay above Tc2. When ap-
proaching to Tc2 from high temperatures, the spin corre-
lation length ξϕ is extracted and displayed in Fig. 4(c),
and ξϕ is well fitted by an exponentially divergent form

ξ(T ) ∝ exp(
b√

T − TC
), T → T+

C , (9)

where b is a non-universal positive constant. This is the
characteristic BKT transition[33]. In contrast, the spin-
spin correlation function of the XY spins in the upper
layer Gθ(r) = 〈ei(θj−θj+r)〉 decays exponentially in both
the disordered phase above Tc2 and the quasi-LRO phase
below Tc2. The properties of the various correlation func-
tions of the local observables in the different phases of the
phase diagram are summarized in Table.1

When we focus on the quasi-LRO phase for Tc1 <
T < Tc2, there exist logarithmically interacting vortex-
antivortex pairs in the lower layer with the larger inter-
layer spin coupling. Meanwhile, in the upper layer with
the smaller intra-layer coupling, Gθ(r) decays exponen-
tially, but the two-point correlation function of the ne-
matic spins exhibits an algebraic behavior,

G2θ(r) = 〈ei(2θj−2θj+r)〉 ∼ r−η2θ , (10)

as shown in Fig. 4(d) and (e). Such a behavior indicates
that the integer vortices in the upper layer are fractional-
ized into half-integer vortex pairs due to the presence of
the inter-layer squared cosine interaction. Since the half-
integer vortices are point singularities around which spin
directions rotate through an angle π on circumnaviga-
tion, each pair of half-vortices should be connected by a
topological string across which spins are antiparallel[34–
37]. If the integer vortex-antivortex pairs are regarded
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FIG. 4: Various two-point correlation functions are calcu-
lated for J2/J1 = 1.5. (a) and (b) The spin-spin correlation
function of the lower layer at T/J1 = 1.3 and T/J1 = 1.5.
(c) The spin correlation length in the lower layer above Tc2.
(d) and (e) Correlation functions of the XY spins and nematic
spins in the upper layer at T/J1 = 1.3. (f) The corresponding
spin and nematic spin correlation lengths of the upper layer.
(g) and (h) Correlation functions of the inter-layer Ising vari-
able at T/J1 = 1.1 and 1.3. (i) The correlation length of the
inter-layer Ising variable.

as a quasi-LRO condensate of the Cooper pairs in 2D su-
perfluids, the half-integer vortex pairs may be viewed as
a quasi-LRO condensate of pairs of the Cooper pairs[38].

Further investigations on the characteristic correlation
lengths of the spins in the upper layer can provide a
deeper understanding. As shown in Fig. 4(f), it is found
that the nematic-spin correlation length ξ2θ has an ex-
ponentially divergent behavior, indicating that the BKT
phase transition of the half-integer vortex bindings hap-
pens exactly at Tc2. For Tc1 < T < Tc2, the spin correla-
tion length ξθ diverges as (T −Tc1)−1 as the same as the
2D Ising transition. Below Tc1, the spin-spin correlation
functions of both the intra-layer Gθ(r) and the inter-layer
Gθϕ(r) = 〈ei(θj−ϕj+r)〉 display the algebraic behavior,
implying the vortex-antivortex bindings in both intra-
layers and inter-layers, a fully phase-coherent state of the
bilayer system.

In fact, the Ising transition and the BKT transition are
closely related to each other. To elucidate this point, we
calculate the correlation function of the local Ising vari-
able σj defined by Gσ(r) = 〈ei(σj−σj+r)〉. As depicted
in Fig. 4(g) and (h), we found that Gσ(r) converges to
a nonzero constant in the large distance limit below Tc1,
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TABLE I: Various correlation functions in the different phases
of the phase diagram.

Disordered quasi-LRO-1 quasi-LRO-2 Ordered

〈ei(ϕi−ϕj)〉 ∼ e−r/ξϕ ∼ e−r/ξϕ ∼ r−ηϕ ∼ r−ηϕ

〈ei2(ϕi−ϕj)〉 ∼ e−r/ξ2ϕ ∼ r−η2ϕ ∼ r−η2ϕ ∼ r−η2ϕ

〈ei(θi−θj)〉 ∼ e−r/ξθ ∼ r−ηθ ∼ e−r/ξθ ∼ r−ηθ

〈ei2(θi−θj)〉 ∼ e−r/ξ2θ ∼ r−η2θ ∼ r−η2θ ∼ r−η2θ

〈ei(θi−ϕj)〉 ∼ e−r/ξθϕ ∼ e−r/ξθϕ ∼ e−r/ξθϕ ∼ r−ηθϕ

〈ei(σi−σj)〉 ∼ e−r/ξσ ∼ e−r/ξσ ∼ e−r/ξσ ∼ const.

but an exponential decay above Tc1. The convergent be-
havior is consistent with the formation of a long-range or-
der of the σj inter-layer Ising spins. Moreover, as shown
in Fig. 4(i), the correlation length ξσ of the inter-layer
Ising variables diverges as |T − Tc1|−1. Furthermore,
when J2/J1 = 1, the Ising transition coincides with the
BKT transition exactly at the multi-critical point, where
there is an interplay between the Ising and BKT de-
grees of freedom at the microscopic level and exhibits a
new universality class of critical properties with emerged
supersymmetry[39].

Conclusion. -We have used the tensor-network meth-
ods to study the bilayer system of two-coupled 2D XY
spin models. The complete finite-temperature phase
diagram has been accurately determined. In the low-
temperature phase, the relative phase field forms a long-
range Ising-like order, accompanying with the vortex-
antivortex bindings in both intra-layers and inter-layers.
In two inequivalent coupled XY spin models, the emer-
gence of half-integer vortex pairs in one layer with the
smaller intra-layer coupling coexists with the integer
vortex-antivortex pairs in the other layer with the larger
intra-layer spin coupling, giving rise to the unusual in-
termediate temperature phases with quasi-LRO. To the
best of our knowledge, it is the first time to find such a
phase diagram for a bilayer system.

It should be pointed out that the inter-layer Ising sym-
metry of the bilayer system can be related to the time-
reversal symmetry. When the relative phase is locked
in the low-temperature order phase, the corresponding
superfluids or superconductors display the time-reversal
symmetry breaking. Actually such a phase has been ob-
served in the layered superconductors with two different
superconducting pairing order parameters[40, 41]. Since
the half-integer vortex pairs may be associated with the
pairs of Cooper pairs in the absence of phase coherence
among the Cooper pairs[42, 43], the quasi-LRO phases
with unusual properties are deserved by future experi-
mental investigations.
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