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EMBEDDINGS BETWEEN LORENZ SEQUENCE SPACES ARE
STRICTLY SINGULAR

J. LANG AND A. NEKVINDA

ABSTRACT. Given 0 < p,q,7 < oo and ¢ < r < oo we consider the natural
embedding £ ; < £p r between Lorenz sequence spaces. We prove that this
non-compact embedding is always strictly singular.

1. INTRODUCTION

It is true generally acknowledge that among all bounded operators acting on
Banach spaces the compact operators hold quite unique position and they play an
essential role in many different areas of mathematics. And then also all opera-
tors, which are in some ”sense” close to compact operators, deserve detailed study.
Among all classes of non-compact operators which are close to compact maps the
central position is occupied by strictly singular and by finitely strictly singular
operators (see Sec. 2 for definitions).

Let us mention a couple of examples highlighting importance of strictly singular
operators. It is well know that Fredholm operators are invariant when perturbed by
strictly singular operators (i.e. if T' is Fredholm and S is strictly singular then 7'+ S
is Fredholm, see [I, Therem 4.63]). Also it was observed that Fourier transform,
which is obviously non-compact, when is considered as a map from L? into L”/7 is
finitely strictly singular for 1 < p < 2 and strictly singular when p = 1 (see [4]).
And the natural embedding of sequence spaces

I:P =1 forp<yq,

is non-compact and finitely strictly singular (see [@]).

Useful information about strict singularity or finite strict singularity of an op-
erator T': X — Y can be obtained from the behavior so called Bernstein numbers
(or Bernstein widths) defined by

b (T') = sup inf — |T(f)lly-
" ECX,dim(E)=n f€E | fllx=1
It is possible to see that T is finitely strictly singular if and only if b, (7') — 0.

Let us look at one limiting Sobolev embedding. By a limiting Sobolev embedding
we understand Sobolev embedding for which is impossible to ”significantly” increase
the starting space or decrease the target space without loosing the boundedness.
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The behaviour of strict s-numbers for Sobolev limiting embedding F,; into con-
tinuous functions

(1.1) Eyg: WaL%1((0,1)%) = C((0,1)%).

were studied in [3] (Here WSL%1((0,1)?) denote a space of all functions u for
which |Vu| belongs to Lorentz space L%! and u has a zero trace. And this is the
largest Sobolev space embedded into continuous functions on (0,1)%.) In the one
dimensional case (d = 1) it was proved for approximation numbers

1
an(Eq) = 2 when n > 2,
and for the Bernstein numbers
1
bn(El):%, fornZl.

In the higher dimension (d > 2) it was shown, among others, that
an(Eg) <1, forn>1,
and that
bn(Ey) < n~1/e for n > 1.

This means that F, is a non-compact and finitely strictly singular map.

From the above examples arises a natural question: Are all limiting Sobolev
embbedings on bounded domain strictly singular or finitely strictly singular?

In many cases, as in (1), the limiting Sobolev embeddings have the optimal
starting or the optimal target space related to Lorentz space. In order to be able
attack the above question we should know some information about Lorentz spaces,
for instance if the natural embedding between sequence Lorentz spaces

(1.2) ITilpg—lpr, g<r

is strictly singular or even finitely strictly singular. This question is the focus of
our paper and we will prove that the above embedding between Lorentz spaces is
always strictly singular.

The paper is structured as follows. In Sect. 2, we recall the definitions we use,
and we collect all necessary later-needed material and technical lemmas. In Sect.
3 is proved that embedding I, , — [, ~ is strictly singular and in Sect. 3, by a
different method, we showed that [, ; — [, for ¢ < r < oo is also strictly singular.

2. PRELIMINARIES

In this section we recall definitions, notations and some technical lemmas needed
in Sections 3 and 4. We start by recalling definition of strictly singular and finitely
strictly singular operators.

Definition 2.1. A bounded operator T': X — Y between Banach spaces is said to
be strictly singular if there is no infinite dimensional closed subspace Z of X such
that T : Z — T(Z), the restriction of T to Z, is an isomorphism.

See [II section 4.5] for more about strictly singular operators.

Definition 2.2. An operator 7' from a Banach space X into a Banach space Y
is finitely strictly singular if: for every € > 0, there exists n. > 1 such that every
subspace F of X with dimension greater that n., there exists x in the unith sphere
of E such that || T(x)|y <e.
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It is not too hard to see that the operator T is finitely strictly singular if and
only if b, (T) — 0 and that we have the following relations:

compact = finitely strictly singular = strictly singular.

For a finite set F' denote by #(F') the number of elements of F.
We consider in this paper a little more general concept of quasi-Banach spaces
which satisfy the ”triangle” inequality with a constant. Denote for u = (u1,us,...)

the modulus sequence |u| = (|uy], |uz|,...). We say that |u| < |v| if |u;| < |v;] for
each i € N.
Definition 2.3. Let S be a a set of all sequences of real numbers and ||.|| : S —
[0, 00]. Assume that ||.|| satisfies for all u,v € S and o € R we have

(i) [lu+ ol < T(Jull + [[v]]) for some T > 1,

(ii) fJeul| = fof [ul,
(iil) |Ju]] > 0 and |lu|| = 0 if and only if u = 0,

)
)
(iv) ffull =1 Tul [I
(v) if [ul < [o] then [Jul[ < lvf],
(vi) if 0 < uy, A w then |ug,|| A2 |ull,
(vii) if #{4;u; # 0} < oo then |lul| < .
Define X := {u;|Ju|| < oco}. Then we call X a sequence quasi-Banach function
space.

By an analogous way we could define a quasi-Banach function space of functions
on a domain . Remark that each quasi-Banach function space is complete (for
details see for instance [5], Corollary 3.7).

We can extend the definition of strictly singular operators on quasi-Banach
spaces by the following alternative definition:

Definition 2.4. Let X,Y be quasi-Banach spaces and assume that T : X — Y be
a linear bounded operator. We say that T is strictly singular operator if

inf{|Tellys lollx = 1,z € 2} =0
for each infinite dimensional subspace Z C X.
Definition 2.5. Given a sequence a = (a1, as,...) € ¢o we set for A > 0
fa(A) = #{i; |ai| > A}
and
a”(j) = min{A > 0; pa(A) < j}.

Define a* = (af, a%,...) a non-increasing rearrangement of a.

For a sequence a = (a1, as,...) € ¢y denote

supp a = {j € N;a; # 0}.

Definition 2.6. Given a sequence u = (u1,us,...) € ¢ with
supp u = {ni,n2,....,n} C N and n1 < ng < ...ng. Define a non-increasing
rearangement u°® of u with respect to supp u by

{w(nj) =u'(j) je{l2.. Kk},
u®(i) =0 i ¢ {ni,na,...,ng}.
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Remark 2.7. If supp u:={n+1,n+2,...,m} then
(2.1) u(j) = u'(j —n).
In the next we recall the definition of sequence Lorentz spaces.

Definition 2.8. Let p € (0,00), ¢ € (0, o0]. Define for a sequence u
x| . 1/q
(X 77w (7))
[ullp,q = J=1
sup{j/P u*(4);j =1,2...} if ¢ =oc.

if ¢ < oo,

We define Lorentz space I, ; as a collection of all sequences u for which the norm
[lw]|p,q is finite.

Given u € £, ; we will write u(z) for the value of u at the index 4.

Lemma 2.9. Let 0 < p < 00,0 < ¢ < oo. The space lp 4 is a quasi-Banach function
space.

Proof. As in [2] (see (1.16) in Proposition 1.7) we can prove
(u+0)* (i +J) <u™ (@) + 07 ()
Split the sum

S o) ()"

into two sums, the first one is over odd numbers, the second one is over even
numbers. For both sums we can easily prove the quasi-triangle inequality. The
other properties are easy. 0

Lemma 2.10. Let 0 < p < 00,0 < ¢ < oco. Then we have for alln € N

(S5 Y e
j=1

Proof. For all n we have
qu/pfl ~ /n pa/r=1 gy — Pra/v o /v,
i=1 0 q

O

Proposition 2.11. Let 0 < p < 00,0 < ¢ <7 < 00. Then P9 — ¢P". Denote by
D,, 4 the norm of this embedding, i.e.

(2.2) lallp.r < Dg.rllallp.q

for all sequences a.

Definition 2.12. Let X be a quasi-Banach function space of functions defined over
Q. We say that f € X has an absolutely continuous norm in X, writen f € X,,
if for every non-increasing sequence of measurable sets G,, C Q with |G| \, 0 we
have ||fxca, || \ 0. We say that X has an absolutely continuous norm if X, = X.

Lemma 2.13. Let 0 < p < 00,0 < g < co. Then £y, 4 has an absolutely continuous
norm.
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Proof. Take u € €, 4. Set
. 0 1<j5<n,
un(j) =4 .
u(j) n+1<y.
Since ||ullp.q < K < oo we have by ([22) for each n

K > (ijQ/;Dfl(u*(j))q)l/q > nl/pu*(n)
j=1

and so

u*(n) <n~HP.
It implies for any j € N that lim, . u’(j) = 0 and consequently, due to the
Lebesgue dominated convergence theorem we obtain

> 1/q
lunllpg = (D257 i ()?) " =0 for n = oc.
j=1

For a sequence b = (by,bs,...) and m € N set
P, (b) = (b1,ba2,...,bn,0,0,...)
Ry (b) =b— Ppb=(0,0,...,0,bm1,bmt2,...).
Let X C £, 4 be a closed subspace with dim X = co. Define X,,, = R,,(X). It is
easy to see that X,, is a closed subspace with dim X,, = oc.

Let 0 < p < 00,0 < ¢ < o0o. Since £, , is a sequence Banach function space we
have T > 1 such that

lu+vllpg < T([ullpg + llullp,q)-
Remark that it implies directly

1
(2.3) u=v+w = [jv]pg > THUHWI — [lwllp.g;

(2.4) H > u < > Ty
=1 i=1

Lemma 2.14. Let 0 < p < 00,0 < ¢ < o0 and a > 0. Assume v; € €, 4 have
pairwise disjoint supports and ||vjl|p.q > . Then

p,q-
p,

Proof. Since v; have pairwise disjoint supports we can write

k k
|20, =[],
= o P.q

Assume that there exists a positive constant C' independent of k such that

k k
cz|Xul,, =2 m
j=1 P j=1

p,q
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Since

k o0

(1] vl

— P,q — P,
j=1 Jj=1

we have
oo
Oz Yl
— Py
7j=1
By the absolute continuity of ||.|/,,, we obtain

— 0
p,q

o0
& < onllpg = I vl llpa < || 3 s
j=n

which is a contradiction. O

Lemma 2.15. Suppose 0 < p < 00,0 < g < oo. Let X C 4,4 be a closed subspace
with dim X = oo. Assume n,N € N and ¢ > O,% > § > 0. Then there exists
m € N and u € X,, such that denoting v := P,u, w := Ryu

(25) [ullp.q =1,
(2.6) m>2n, m>N
(2.7) suppv C {n+1,n+2,...,m},
(2.8) [v(§)] < e for all j,
1
(2.9) T~ 6 < vllp,g <1,
(2.10) [wl[p,g < 0.
Proof. Set ng := n and construct by induction sequences ng < n; < ng < ... and
u; € X such that setting v; := Pp,u;, w; := Ry, u; we have
(211) supp v; C {ni,1 +1,n,-1 —|—2,...,ni},
1 1)
2.12 — — < ||v; <1.
( ) T (2T)’L — ||U ||P>q —
)

2.13 i <.
( ) [willp,q < 2T

Since dim X,, = oo we can find u; € X, with ||u1]/pq = 1. Take n; > n

such that ||Ry,u1llp,q < 0/(2T). Denote vy := P, u1, w1 := Ry u1. Clearly,
supp vy C{n+1,n+2,...,n1} and
@3 1 1 é
1> fvillpg > TH“IHP,q — [lwillp,q > T o7

Suppose that we have constructed ng < ny < ng < -+ < ng, Uy, U, ..., Ut € X
and appropriate functions vy, ve, ..., v satisfying [2I1)) and ([2I2]). Since
dim X,,, = oo we are able to find ugy1 € X,, with [|ugt1]lp,q = 1. It is easy to
see that we can take an index ng41 > ny such that |Ry, ., tkt1]pq < W. Set
Wil = Ry Uka1, V1 = Pp,, ugs1. Consequently

> 31 > 1
1> [Jvktillpg > f||uk+1||p,q — Nlwis1llp,g > T @

Moreover supp vk+1 C {ng + 1,0k + 2, ..., N1}
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Consider now sequences
k
vk = g, sk = [[Ykllpg-
j=1
By ([23), 24) and (2I3) we can write
k k k k
23 1
o=, = [+ ], = 7 X
J=1 p,q j=1 j=1 p.q j=1

@D 1<
> T |w > —H V;
Z lesta =" 7| v,

1 k
> THZ
e
1 k
> 7| 2w
Jj=1

Since by ([ZI2)) we obtain

k
=[]
pP,q .7 p,q
Jj=1

0
(2T)

J

— 0.

p,q

o 1 o
illpe > = — > " . a>0
||U ||p,q =T (2T i =T (2T) o>

and v; have pairwise disjoint supports by (7)), Lemma [217] gives

and consequently s * oc.
Then we are able to find m large enough such that

1
(2.14) m>2n, m>N, — <e

and set

It is seen from the definition of s,,

[ullpq =1
which proves (23).
Clearly, condition (20) is satisfied. By the definition of v = P,u we obtain
directly
suppv C{ng+1,n9+2,...,m}={n+1,n+2,...,m}

which proves ([2.7]).

Fix now j € N. If j > m we have |v(j)| = 0.

Assume j < m. Asssume |lug||p,q = 1. If there is j € N with |ug(j)| > 1 then we
have immediately ||ug|/p,q > 1. Thus we have for each s € N

|ur(s)| < 1.

Clearly, using that u; have pairwise disjoint supports, we have for each s

1 EID
[o(s)] < u(s |<—Zlug ISo- < ¢
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which proves ([2.8]).

At last,

Thus

w:Rmu—Rm(Sm Zuj) —Rm(;ZUJ—i—aZw])
j=1 j=1 j=1
1 & 1 — 1 &
_ZRW(UJ)JFS—ZRW(%) = S—ZRm(w])
mj:1 mj:1 mj:1
[wllp,e < S_ZTJHRW(U’J‘)”p,q = S_ZTJHwﬂp,q
Ed 1 K .6 1 &6 0
< — T - < — — < — <4
- sm; (2T)l_sm;23_sm_

which proves (210).
Finally, The property (Z9) follows directly from

Z3 1 1
12 follpg = ol = lwlpg > 7 =9

which finishes the proof.

Theorem 3.1. Let 0 < p < 00,0 < g < co. Then the embedding £p 4 — {p oo s

3. CASE r = o0

strictly singular.

Proof. Having a sequence 0 = ng < nj < ng < ...

k > 1, we denote

Choose 0 < § < 5. We will construct by mathematical induction a sequence

v = Py ug, wi = Ry, ug,

Ik = {nk—l + 17nk—1 + 27 .. '7n/€}7

by = min{|vk (j)[; vk (5) # 0,5 € Ix}
1

0=no<ni <nz2<...andu, € X,, ,,k>1,such that

|ukllp,q =1,
2n_1 < ng.
supp vg C I,

. . 1
|[vk+1(j)] < min {bka m}a
1
< bk7

(N1 — ng)t/P —

1
——0< ”Uka,q <1,

T
< 0
p,q — (2T)k .

[[we|

and U € Xnk—l = Rnk,1(X)7
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Consider first k¥ = 1. Find w1 € Xo = X with ||u1]/p,q = 1. Then we can choose
ny > ng such that ||wi||,,q < /(2T) and nl_l/p < b;. Consequently

23 1
[villp,g > T||U1||p,q — [Jwillp,q = T~ d.

It is easy now to verify conditions B1)) — B).

Now assume that we have constructed 0 = ng < n1 < ng < --- < ng and
Up, U,y - .. Uk, U; € Xp, , satisfying ) — B). Consider a space X,,,. Choose
—2— instead of § in Lemma 15 and set

(27)
) 1
£ = min {bk, m}
Find N such that

o
(N —np)t/p =%

By Lemma [ZT5] there exist u € X,,,, ||u|p,q = 1 and m > N, m > 2ny, such that
for v = Ppu, w = R,,u we have

supp v C {ni +1,nx +2,...,m},
(i)l <e,

1
S8 ol <1
0

wllp,g < @I

Now, it suffices to choose niy1 = m and uy = u. Set now

N
ZN = Z’U,j e X.
Jj=1

We can write

N N N
(38)  lenllpg = H Y| = H§ v+ Y w|
= Pyq = = Pq
(e S T
> —HE Vi
= T4 Vlp,g
Jj=1
G 1 k
Z —

1 N
Z JZTH;Uj D,q

N
- ZTJHU’J‘HWZ
j=1

Since by (B.6]) we obtain

1
villp.q > T —d:=a>0

and v; have pairwise disjoint supports by [3.3]), Lemma [217] gives

Jim | Z v

p,q
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which gives with (3.8)
128 llp,q = 00

Estimate ||zn||p,00. Clearly

N N N
(3.9 lanllpoe = | Yuwsl| =X v+ X w|
I =
N N N
<r(|xul, . [Sw],.) < (S
j=1 P Ti= TP j=1

N .
+ 3T sl )
b, )
Jj=1

@D N NS N
, j ‘
= 7( 2w poo T2 T (2T)J'> <7 v oo | )
Jj=1 Jj=1 j=1
It remains to estimate H Ejvzl vj . Denote
p,00
Ay ={j € Ir, ve(j) = 0}
Set
. . 1 .
Uk (7) = vk (d)| + mxm(])
and

N
In=) Uk
k=1
Since |vg(j)] < Uk (j) we have

(3.10) 128 lp.co < T(IZN .00 + 9)-
Take i € I, and j € Iy41. Assume first vg(i) # 0. Then

and also
(53 1
(1) > b, >
’Uk(l) ="k = (nk+1 — nk)l/:v
and so
1 .
Ok (1) > vk (d)] + 75 XAk (7) = U1 (4)
(Mgg1 — ng)t/P
If vg(¢) = 0. Then
~ . 1 (B3t _
(i) = (r — e 1)/7 > ok (4)]-
Further by (32) we have ng11 > 2ng > 2nj, — ng—; which implies

1 1
>

(N — np—1)Y? = (g1 — ng) /P

and so

vg(i) = . :

(N — ng—1)Y/? ~ (g1 — ng) /P
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Consequently
- . 1 N~ .
i) 2 [0 ()] + o7 X () = T ()
We have proved
(3.11) |1~)k+1(])| < |5]€(l)| 1€ 1,7 € Ikt

Fix j € N. Then there is k such that j € I.
If £ > N then Zy(j) = 0 and since |Zx(7)| > 0 for i < ny we obtain 2%, (j) =0
and so
(3.12) YPE () =0, j>ny+1.
Let Kk < N. Then ng_1 +1
that 23 () = v;(j — ni—1)
7 < 2ng_1 or 2np_1 < 7 < ng.
Ifng_1+1<j<2n;_1 we have
(3.13) FPENG) = 3P = niea) < (2nie) VPO (D)
D ()
(k-1 — ng—2)/P
If 2ng—1 < 7 < ng we obtain by Lemma [2.10]

A =

J < ny and by BII) there is ng—1 +1 < i < ny such
Uk (). We have two possibilities. Either ng_1 +1 <

(E? 41/ < 91+1/p,

. % . ~% (- ] /p . ~k (.
Jl/pZN(J) = Jl/pvk(J —ng—1) < (m) (- ”kfl)l/pvk(J — Ng—1)

< 27T 0 < 27Dy [T g = 277 Dy [T g

1
< 21/pr,ooT(||Uk||p,q + mHXAk ||p,q)

1/p 1 & iq/p—1 Y
-9 Dp,ooT(Ilvkllp,q + m( Z} J ) )
=

Ng—=Nk—1
1

@21/PDP,OOT(1+m( ; jq/pfl)”q)

(ng, — ng—1)"/?
(n —ng—1)1/?

which gives with (BI3) and B2
128 llpo S 2FVP(1 + Dpoc)

Using (310) we conclude that ||zx]|p,co is bounded which proves that the embedding
cannot be an isomorphism on X and finishes the proof. O

S 27D, (14 ) =271 D, . T.

4. CASE r < o0

Theorem 4.1. Let 0 < p,q,r < o0, ¢ < r. Then the embedding £y, 4 < €, is
strictly singular.

Proof. Let X C ¢, 4 be a closed subspace with dim X = oo and fix a sequence
a € (P q(l) >a(2) >--- > 0 such that

(4.1) 0 < llallpq <1.
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Having a sequence 0 = ng < nqy < ng < ... and uy € X, , = Ry, ,(X) we
denote for £ > 1
v = Poyuk, wp = Ry, ug,
Ik = {nk—l + 17nk:—1 + 27 ceey nk}u
b = min{|vk(j)|; ve(j) # 0,5 € Ix}.
Choose 0 < § < 1/T.
We will construct by mathematical induction a sequence of integers 0 = ng <
ny < ng < ..., a sequence of positive real numbers €1, €2, ..., a sequence of func-

tions uy € Xp, ,, k > 1, and a fixed sequence a(1l) > a(2) > --- > 0 with the
following properties. We set

. 1 .
(42) Ck:mln{W,j—l,2...,nk}
and we have for k£ > 1
(4.3) ||uk||p,q =1,
(4-4) 2nk—1 < Ng.
(4.5) supp v C I,
(4.6) ersr < min{by, ¢}/ 9, a(ng)}
(4.7) ernny/” <1,
(4.8) lvg ()] < ep for j € N,
(4.9) a(j) <a(y) for j € N,
(4.10) a(ng +1) < by,
1
(4.11) T 6 < |lvkllpg <1,
)

4.12 i n—

( ) ||wk||p1q — (2T)k

Consider first k = 1. Find w1 € Xy = X with ||u1]/p,q = 1 and set e; = 1. There
exists n1 > ng such that ||wi||p,q < §/(2T) and set a(i) = a(i), i € I . Clearly,

Z3 1 1

(@13) 1= il 2 oty = lurllng = willg = =4

Now, it is easy to verify conditions [@3]) — [{I12).

Suppose that we have constructed ng < n; < ng < --- < ng, €;,¢; for 1 <i <k,
the sequence a(i) for i € I UL U---UI}, and functions uq, ug, ..., ur € X satisfying
the above conditions.

Choose €f+1 such that

(4.14) Epr1 < min{bk,cllc/q,a(nk)}, 6k+1n,1€/p <1.
According to Lemma2. I8 with € := €41 and 0 := W there exists m > 2n; and

uw with ||ullpq = 1 such that ZI)-(ZI0) are satisfied with v := Ppu, w := Ryu.
Set

Ng+1 =M, Ukl = U.
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Then
V=1 = Py kg1, W= wip = Ry Uk
Set
a(n) by,

415 A = { 1}
( ) k i= min (nk + 1) (’nk + 1)
and
(4.16) a(j) :== Ma(j), j € Iy

Now, (I2) follows from (ZI0).

Further

23 1 ) 1
L2 osallpg 2 55 27 9

T T ST

which proves ([@II).
The properties [@0) and ([@7) are an immediate concequence of choosing of 41

which is done in ([@I4).
The property (L)) follows directly from (Z8). Moreover, by ([{I3) and (£IM)
we obtain

a(ng + 1) = \pa(ng + 1) < by

which confirms (Z10).
Verify that a(i) is non-increasing. If ¢,j € I;41 then

a(i) = Aa(i) = Aea(j) = a(j).
Moreover

a(nk + 1) = )\ka(’nk + 1) @ a(nk)

= ma(nk +1) = a(nk)

and a(7) is really non-increasing.
By ([@I3) we have A\ <1 and so by ([@I8) we have ([£.9).
At last, properties (Z7), (Z6) and (Z3) give properties (L), [@4) and (L3)

which finishes the construction of ng, €5, ur and a.
Remark that by (2] and (£0) we obtain (with a convention E? =0)

Tkl lm >
< n
~ k k—1 —= k k—1

(4.17) Z %k Z ja/p=1
k=2 k=2
=1
Z E q/p q/_p Z B < 0.

oo
e E5) Cr_
—knq/ < kol

Remark that due to (£9), (IE]) and the embedding (7% — (P'" we have
(4.18) lallp,r < Dgrllallp.g < Dorllllp,q < Dg,r-
Set

N
ZN = Zkil/q uy,.
k=1
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Then zy € X. Estimate

N N N
(4.19) Iz llp.q = H DK “’“H — H DL REARTES S w’“H
k=1 P k=1 k=1 P
@3) 1H N N
1 bl

Clearly we have

N
(4.20) H Zk*/q Wi

0
ok

N

@@ X
< Zkil/qu”wk”p,q Z Uqu—

p,q =1 =1

Mz

k=1
Denote Ay, = {i € Ii;vx(i) = 0} and define
ar(j) = (axr,)(j), j €N,
0k(5) = e ()| + ar(4)xa,. (4), j €N
where a is the fixed constructed sequence.
Fix now i € Iy, j € Ip41. If vg(i) # 0 then
- _ E58) E3) _
Ok (i) = |ok (@) 2 bk > kg1 > [vkga(d)]

and also

So
Ok (1) = [ve1 ()] + a(f)xakrs (F) = Ukt (5)-
If vg(¢) = 0 then

uk() = a(i) > a(nk) > erpr > [ora (4)]
and also
k(i) = a(nk) > a(ng +1) = a(j)
which gives again
Uk(1) 2 [or1 ()] + ali)XApps (5) = Vkt1(5)-
It implies Uy (i) > Uk41(j) for @ € Iy, j € Ix41 which yields immediately
(4.21) k=Y 90,.(0) > (k+ 1) Y% 1 (j), i€ In,j€ Iy

and so,

2

N " N N
(422)  (RVra) = (oRTVra) =Dk N Gy
k=1 k=1 k=1

j=nr_1+1
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Since supp vy are pairwise disjoint we have
N N
Dl I POy
k=1 P k=1
N N
=[Sk =3k
k=1 k=1 P
3 1)< al
> _H L—1/4a O _ H k=14 a
Since k~1/7 < 1 and supp ay, are pairwise disjoint we have

N
| e <lal,
k=1 P

p,q

which concludes

N N
1
4.23 H K14y ’ z—H K14 g ’ —llallp.q-
( ) ; k b T ; k v || ||p,q
Further
N nk q
|, sz ST )
p.q
= J=nk— 1+1
(awat) ~vaye () |*
HZ S wm Gy = HZ S EEG)
k=1j=nx_ 1+1 k=1j=ngr_1+1 P
N Nk N Mk
lewe] S TN @G =Sk S T (@)° ()
k=1j=nk_1+1 k=1 Jj=nr_1+1
N Np—MNkg—1
=D E D G )P (@) + k1))
k=1 Jj=1
m N N —Nk—1
=D k! (G + 1) Y7L (@) (5))1
k=1 Jj=1
N N —Nkg—1
>R G e )P (@)7 ()"
k=1 Jj=ng_1+1
Since 93(j) > vi(j) we obtain
N q N N —MNk—1
(4.24) HZk Yage™ =38 DT G4 nee)YP 0())"
k=1 Py j=ng_1+1
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Since
1§M§2 for np_1+1<y
J
we have
] _1\4/p—1
(4.25) min{1,2%/7"} < (w) < max{1,29771}
J
which yields with (£24)
N q N Ng—Nk—1
(DRI =D S SR LI
k=1 LS A j=ng_1+1
N Ng—Nk—1 N ng—1
=D LD DI L 0 D S S GO
k=1 j=1 k=1 j=1
Clearly,
Nk —Nk—1
Do FPTHEG)T = okl
j=1
and so
N ¢ @D XN N M1
U DU e S P DS DN
k=1 P k=1 k=1 =1
@EID N 1 q N Nk—1
SIS Wb S
k=1 k=1 j=1
E1D 1 q N
-1
> ((7-9) Y k'-B)2AmN-B.
k=1
Now,
EID 1), N
— -1/ _ -1/
lewlhg = | 2ok 0wl | o]
k=1 k=1
E20EZ) 1 /1) —
LGSl )
> T(TH; i~ lallg
> L(AlnN_B)l/q _ ”a”ILq —
~Y T2 T .
It implies

(4.27) llznl|p,g — 00 for N — oo.
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It remains to estimate ||zn||p,-. Clearly

N N N
(428)  lewlpr = || Do w3 E YR
=1 p.r =1 =1 pr
N N
oS, o] S, )
k=1 pr k=1 pr
@ N
< T(HZk—l/q vk‘ +5).
k=1 pr
Further
N . N r N * (T
(4.29) HZk*l/q wl < HZk*l/q all = H(Zk*l/‘? vk) ‘
k=1 pr k=1 pr k=1 pr
N N
BB S el S GGy
k=1 Jj=nk_1+1
N 2ng—1 N Nk
=Y KT G @E) YK Y TN ERG)
k=1 Jj=np_1+1 k=1 J=2np_1+1
First estimate
N 2ng_1
(4.30) Yok GGG
k=1 j=ng-1+1
N 2ng_1
=D RN G o anxan) ()
k=1 Jj=ng_1+1
@3 N 2ng 1
< > kRS e+ arxa, ) ()"
k=1 Jj=ng_1+1
Clearly
2nk,1 2nk71
(4.31) S gt 5/ 2PN Syl
j=ng-1+1 =1
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Since a is non-increasing sequence and ey is constant on [ we have (g +
ay)®(j) = ex + ax(j) which implies

N 2ng—1
(4.32) STET N P e+ akxa, ) ()"
k=1 Jj=np—1+1
N 2nk—1
ST S P et ()
k=1 j=ng_1+1
N 2ng—1
S(Z -r/q Z jr/e=ter
k=1 Jj=ng_1+1
N 2ng—1
YRS )
k=1 Jj=nr_1+1

an 1

E3D (ikr/an/p T+Z Z T/p Lot ( ))

k=1j=np_1+1

2 ()

Estimate
ng o Nk —Nj—1
o T @O)T = YD GAme) PN EG)
J=2ng_1+1 Jj=nk—1+1
(m N —Nk—1 N —NEk—1
S Y ey S e =
Jj=ng_1+1
=25 , ,
S Dy lvellp o Sllve + aexagllpg S lvkllpg + llaxlly,g

S 1+|aly,, =C < oo

Thus
N Nk

(4.33) ST N rNER(G) <CZk "1 < oo,
k=1 j=2np_1+1 k=1

Now, [@Z8), (23, @30), @32 and [@33) show that

lzn]lpr < K < oo far all N
and this with [@27) finishes the proof.

5. FINAL QUESTION
From a simple computation it is possible to see that for the natural embedding
I : fl — floo

we have b, (I7) > log(n) and it is possible to derive similar lower estimates for other
embbedings between Lorenz. But were not able to obtain any similar upper estimate
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for Bernstein numbers and then there is an open question whether the embedding
between Lorentz spaces is finitely strictly singular for some combinations of indices
p7 q7 T? S.

(1]
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