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General condition of quantum teleportation
by one-dimensional quantum walks
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Abstract We extend the scheme of quantum teleportation by quantum walks introduced by
Wang et al. (2017). First, we introduce the mathematical definition of the accomplishment
of quantum teleportation by this extended scheme. Secondly, we show a useful necessary and
sufficient condition that the quantum teleportation is accomplished rigorously. Our result classifies
the parameters of the setting for the accomplishment of the quantum teleportation.

1 Introduction

Quantum walk is considered as a quantum analogue of random walk. This model was first intro-
duced in the context of quantum information theory such as Aharonov et al. [I] and Ambainis et
al. [2]. Since then, quantum walk is treated as an interesting model in the field of mathematics
and information theory [3H7], and expected of its application [8,0]. Quantum walk is capable of
universal quantum computation and able to be implemented by the physical system in various
ways [L0HI3], which is why the model is considered to be expectable one.

On the other hand, quantum teleportation is a communication protocol that transmits a quan-
tum state from one place to another. It is first introduced by Bennett et al. [15], and regarded as
not only a system for communication but also the basis of quantum computation [16].

Recently, the works on applications of quantum walks to quantum teleportation [11], 17, 18]
appears. In previous quantum teleportation systems, they had to produce prior entangled states,
and carried on transmission with it. However, by using quantum walks, the walk itself has a
role of entanglement, which makes teleportation simpler. In the previous study [17], the concrete
models of teleportation by quantum walks are shown, but the general condition where the scheme of
teleportation succeeds is not shown. In this paper, we extend the scheme of quantum teleportation
by quantum walks introduced by Wang et al. [I7]. We introduce the mathematical definition of
the accomplishment of quantum teleportation by this extended scheme. Then, we show a useful
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necessary and sufficient condition for it. Our result classifies the parameters of the setting for the
accomplishment of the quantum teleportation including Wang et al.’s settings.

The rest of the paper is organized as follows. Section 2 gives the definition of our quantum walk
model, and in Sect.3 we give the scheme of teleportation by the quantum walk model. In Sect.
4, we present our main theorem of this paper and demonstrate some examples of the theorem.
Futhermore, Sect. 5 is devoted to the proof of the result. Finally, we give summary and discussion
in Sect. 6.

2 Quantum Walks

Here we introduce the quantum walks (QWs). First we review a basic model of discrete QW, and
then introduce the QW applied to the scheme of quantum teleportation.

2.1 The One-Coin Quantum Walks on One-Dimensional Lattice

The one-dimensional quantum walk with one coin is defined in a compound Hilbert space of the
position Hilbert space Hp = span{|x) |x € Z} and the coin Hilbert space H¢ = span{|R), |L)}

with
o-[3) w-[2]

Note that Hc is equivalent to C2. Then, the whole system is described by H = Hp @ Hc.
Now, we define one-step time evolution of the quantum walk as W = S - C, where S is a shift
operator described by

S=S®|R)(R|+S'®|L) (L]
with

S=3le+1) (al,

and C' is a coin operator defined by
C=1L&C,

with

12:[(1) H, C e U(2).

Here, U(n) is the set of n x n unitary matrices.



2.2 m-Coin Quantum Walks on One-Dimensional Lattice

To implement schemes of quantum teleportation based on quantum walks, we need to define
quantum walks with many coins, which are determined on the whole system H = Hp @ Hc®™
with m > n (the previous case was one coin QW).

Now, we define one-step time evolution of the m-coin quantum walk at time n as W,, = S*n . C’n,
where S, is a shift operator described by

n

~ —N—
Sp = SQ | In.®@ @Iy, ®|R) (R @Iy, ® - @ I,

n

—~—
+57 @ [Hc®"'®IHC®|L><L|®IHC®"'®[HC )

and C,, is the coin operator described by
. ~
Chp = Iy, @ <[HC®---®IHC® c, ®IHC®---®IHC> .

Here, “~~" means that the matrix corresponds to nth H¢ and C,, € U(2).
Moreover, we put

Py =|L)(L|Cn, Qn=|R)(R|Chy.

We should note that C,, = P, + @,,. Then, a quantum walker at time n moves one unit to the left
with the weight

n

~ =~
[Hc®"'®[7'lc® Pn ®[Hc®"'®IHc>

or to the right with weight

n

~ =~
IH0®"'®IH0® Qn ®IH0®"'®IHC-

In other words, for n € Z> and |¥,), the state of the system at time n, the relationship between
the states |¥,,) and |¥,41) is described as

‘!pn—l—l) = Wi ‘!pn> :

3 Schemes of Teleportation

Let us set Hp ® HEJA) and 7—[83) as the Alice and Bob’s spaces, respectively after the fashion of the
proposed idea by [I7]. Here ’HéA), 7—[83) >~ C2. In this section, we consider quantum teleportation

described in Figure 1. Now, the sender Alice wants to send |¢) € ’HéA)(% C?) with ||¢|| = 1 to the
receiver Bob. We call |¢) the target state.



The space of this quantum teleportation is denoted by H = Hp ® ’HéA) ® ?—LéB). We set the
initial state as

W) = |0) ® |¢) @ [¢) € H.

Here, [¢) satisfies ||¢|| = 1. In the framework of quantum walk, the total state space of quantum
teleportation is isomophic to a two-coin quantum walk whose position Hilbert space is Hp and
whose coin Hilbert space is HéA) ® ’HéB). On the other hand, from the point of view of quantum

teleportation, Alice has two initial states |0) ® |¢) € Hp ® HéA) and Bob has an initial state
lY) € 7—[83), and the goal of the teleportation is that Bob obtains the state |¢) as the element of
HE.

Then, we provide three stages: (1) time evolution, (2) measurement and (3) transformation.

3.1 Time Evolution by QW

In the first stage, we carry out 2 steps of QWs with two coins; we describe the time evolution
operator at the first and second step Wy, W5 as

Wy =91-Ch = (S |R) (R © I + 57" @ | L) (L] © L) (I, ® Cy @ D),
Wy =8y Cy = (S® I @ [R) (R + 571 @ Ine @ |L) (L)) (I @ Iy @ Ca),

respectively. Suppose |7,,) € H (n =0, 1,2) is the state after the n-th time evolution of the QW,
and we regard the initial state of |%) of the quantum teleportation as the initial state of the QW.
We run this QW for two steps, that is,

o) % |0) 2 |)

3.2 Measurement

In the second stage, to carry out the measurement on the Alice’s state, we introduce the observables
denoted by self-adjoint operators M; and M, on HéA) and Hp respectively, as follows:

M, = (+1)“77R> (el + (=1) Inz) (ncl,
My =" 2160 (&l

=

Hp |0) S S A

e o) —(C l A

HEB) ) Co—e U9 — |¢)

Figure 1: Circuit diagram of quantum teleportation by multiple coin quantum walks



where [n.) = ) (5 € {R, L}), and [§;) = Hy|j) (j € Z). Here, H; and H, are unitary

|
operators on HC ( C?) and Hp(= (*(Z)) respectively. Especially, Hy is described as follow:

55) Qo0 o(—2) ~

Q2 Qoo Qo(-2) O H2 ‘ O

Hy >~ | 22 20 A-2)(-2) =

O I O |1

where

~ Qo Q20 Qo (-2)
H, = Q2 Qo Qp(—2)
Q(-2)2 ¥(-2)0 *(-2)(-2)

The computational basis of Hy in RHS are {|2), |0), |—2), ...} by this order. The observed values
of the observable M; are ¢ € {41} after the description of [I7], but in this paper, we describe the
observed values of M; by R, L by the bijection map

R+ +1and L < —1.
In the same way, we describe the observed values of M, as {—2,0,2} by the bijection map
2k <> k (k=-1,0,1).

Furthermore, we extend the domains of operators M; and M, to the whole system H by putting
Ml(s) and Mz(s) as follows:

MI(S) = [HP ® M1 ® ]7-[83)’
My = My ® Ly ® Iym).

This means that Alice carries out projection measurements on HéA) and Hp with the eigenvectors
By = {|n:) |e € {R, L}} of My and By = {|¢;) |j € Z} of My, respectively. If Alice gets the observed

values ¢ by M; and j by M, respectively, then the states collapse to |n.) € ”HgA) and |&;) € Hp,
respectively.
Through the measurements, if the state of HC collapses to |n.) € By by M; and the state of

Hp collapses to |€;) € By by M, the degenerate state on the whole state is denoted by w9y e H.
So, the state |W*(j ’€)> can be described explicitly as follows. The proof is given in Section 5.

Proposition 1. The state |%§j’5)> can be described as
759) = |&) @ [n.) © [#9F)) (1)

where |8°%) = V(@9 |¢) and VU9 is a linear map on HY (See (@) for the detailed expression
for V5:9)),

Then, our problem is converted to finding a practical necessary and sufficient condition for the
unitarity of V),



3.3 Transformation

In the final stage, Bob should convert his state \@ﬁj ’6)) € ?—LéB) to the state |¢). After the measure-
ments, Alice sends the outcomes € € {L, R} and j € {—2,0,2} to Bob. Then Bob acts a unitary

operator UU>%) on ’H(CB) to \Qi(kj’e)), depending on a pair of observed results (7, €). Finally, Bob
obtains a state |@) := UU9) [d ) € ?—LéB). If |®) = |¢), we can regard that the teleportation is
“accomplished” (We define this clearly below).

3.4 A mathematical formulation of schemes of teleportation

In the above subsections, we introduced the notion of quantum teleportation driven by quantum
walk. As we have seen, the factors to determine the scheme of this teleportation are Bob’s initial
state 1), the coin operators C; and C5, and the measurement operator H; and H,. Then, for
convenience, we define the set of them as the parameter of the teleportation as follows:

Definition 2. We call
T = (|’l7b>7 Cl, Cg; Hl, HQ) € CZ X U(2) X U(2) X U(2) X U(OO)
a quantum walk measurement procedure.

Definition 3. Let |®) € HéB) be a Bob’s final state of a quantum walk measurement procedure

T and |¢) € H(CA) be the target state. If this quantum walk measurement procedure T satisfies
|®) = |¢) for any observed value (j, €) € {—2,0,2} x {L, R} by Alice, we say that the quantum
teleportation is accomplished by T

Definition 4. We define 7 C C? x U(2) x U(2) x U(2) x U(cc) by
T :={T = (|¢); C1, Cy; Hy, Hy) |T accomplishes the quantum teleportation. }
and call 7 the class of quantum teleportation driven by 2-coin quantum walks.

The main purpose of this paper is to determine explicitly the class T .

4 QOur result

In this section, we present our main result on the quantum teleportation by quantum walks.

4.1 Main Theorem

Theorem 5. Quantum walk measurement precedure T' = (|¢) ; Cy, Cy; Hy, Hy) accomplishes the
quantum teleportation, i.e., T' € T iff T satisfies the following three conditions simultaneously:

(I) [Condition for Hy] | (R|H,|R)|= | (L|H,|L)]|.

(IT) [Condition for Cy and ©] |(R|Co[)| = [(L|Chlt)| = —.

S



(ITII) [Condition for Hs| T satisfies one of the following three conditions at least:

(i) Let H be the set of three dimensional unitary matrices defined by

p r 0 p 0 r 0 pr
H = 00 ¢t]|,|0¢tO0]|,[t 0O0]eUB):|p=]|q
qg s 0 qg 0 s 0 qg s

Then Hy, = Ho, @ I, with Hy, € H.
(ii) for all k£ € {0, £2},

|(H2)ok| = |(Hz)(—2)k| and arg(Hs)a, + arg(Hs) a2y, — 2arg(Hs)or € (2Z + 1)

Here, (H2)jk = <J|H2|k>

Moreover, in any case, the transformation U":¢) by Bob depending on observed results (4, €) is
unitary described as

1

Ub.e) —
VG o) |

(Vo)™

where

Ve — (1| (k@1 + ok P1) Br
(ne| (Qor@1 + 26 P1) L

regardless of |¢). Here o = (Ha)ji and [ = (L|Cs|v), Br = (R|Cs|v).

Remark 6. This theorem implies that accomplishment of the quantum teleportation is indepen-
dent of Cy. Moreover, the theorem does not depend on Cy and [¢), for each one, but “Cs |1))”.
After all, the accomplishment of quantum teleportation is determined only by three factors, that
is, Hy, Hs, and [¢)') = Cy |¢)); this is a generalization of the statement of [17].

4.2 Examples and Demonstrations

. 171 1
In the following, we put H = \/—5 { 1 1 ]

(1)  We choose
W)y =|R), Ci =1, Co=Hi=H, Hy~H&1.

This case satisfies (IIT)-(i) and Wang et al. [I7] has shown that in this case the quantum
teleportation is accomplished. Bob’s state before measurement |¢V:¥)) and the operator U:®)



are as follows:

G.o | 10%9) TR
2 R) ) I
OR | X9 X

2R 2 z
en |z z
(0, L) XZ o) ZX

20| 19 I

(2) We choose

i 2
R +IL ) 1 —e3 —1 —e3
|w>:w701202:]27H1:H7H2:— 1 1 1 .
\/i \/é e%m 1 e%wi

This case satisfies (IIT)-(ii). Bob’s state before measurement |#U¢)) and the operator U":2)
are as follows:

G.o) 269) yG-)
1 [em 1 1 [es™ 1
(27 R) —2 [ 1 dmi :| |¢> ﬁ |: 1 —e3™ :|
I (1 1 171 1
on| sl A0 | &[]

a0 | g o o | 515 ]
oo | [ ]e 1
o] BT e | ST
(3)  We choose
) = %, Ci=Co=15, H=H, H= 1:/% 11/?\/; 1_/3/25 ] :




This case is another example of (III)-(ii). Bob’s state before measurement |®U:)) and the
operator UU:) are as follows:

(J, €) |9-9)) U0
N
on| 5 T | Al T
eSO R
oo [¥ 4w | 7]

5 Proof of Main Theorem

5.1 Proof of Proposition 1
Proof. At n =1, |¥) evolves to

W) = Wi W) = 1) @ |Q19) @ [¢) +|-1) @ |P1g) @ [¢),
and at n = 2, |¥) evolves to
Wy) = Wy |¥) =[2) ® |Q19) @ [Q29))

+10) ® (|Q19) @ |Pay) + |Pio) @ |Q2v))
+1-2) ® |P1¢) @ | Pat)

If the coin state of Alice collapses to |n.) € B; after the observable M, the total state |¥s) is
changed to

) = {12) @ [0} © (11010} [Qav)

+10) @ [1e) @ (0 @19) [Po)) + (ne| Proh) |Q210))
+1=2) @ [ne) © (n:| Pro) [Po)) }



Here k() is a normalizing constant. Moreover, if the position state of Alice collapses to &) € By
after the observable M,, the total state \!Pfe)) is changed to the normalized state of

) = ﬁH&j) @ ne) © {(nel ((612) @1 + (€510) Prl) (RICa|)) | )
+ (el (6510) Qu + (&1-2) Prl@) (LICal) |L)}]

V6o
=g @ I @ s 19),
where
pae . | el ((&12) Qo+ (§0) 1) (RICo[4) 2)

(n:] ((6510) @1 + (&;[=2) Pr) (L|Caly) |

and kU9 is a normalizing constant. Note that the amplitudes are inserted into the third slots in
the above expression. Now, because || |£;) ® |n.) || = 1,

K99 = | |6) @ [n) @ V62 |g) | = [76:2) |} ||

Here, putting

, Ve , Ve ,
(d,e) — (d,e)\ — _ 1/,e)
14 /{(%5) and ‘@ > - K,(j7€) ‘(b) =V ‘(b) )
we obtain the desired conclusion. O

Let us put aje = (j|Hi|k) (4, k € {0, £2}) and B. = (¢|Cy|) (¢ € {L, R}). Then V) is
reexpressed by the following:

< (J 5)| <77 | {a—%ﬁR Oﬁ }
e _ | VR _ : Qo; R
. _[@?ﬂ]_ Ul ra—— : )
Ne 0 @b
where
(vt 71 = (el (&512) Qu + (10) P1) (RICoI) ()
W8] =(n.] ((&]0) @1 + (&|—2) Pr) (L|Ca| ), (5)

P, =|L)(L|Cy, and @y = |R) (R| C;. We will use this expression later.

5.2 Rewrite of the accomplishment of teleportation
The following lemma seems to be simple, but plays an important role later.
Lemma 7. The following two statements are equivalent for V' € M,,(C):

(i) There exists U € U(n) such that for any ¢ € C*\{0}, there exists a complex value xk = k(¢)
such that

UV = r(¢)¢.

10



(ii) There exists a complex number x such that

V e kU(n).

Proof.  Assume (i) holds. For any ¢ € C", UV¢p = k(¢)¢p < (UV — k(p))p =0 <=
eigenvector of UV is every ¢ € C" \ {0}. That is equivalent to UV = k(¢)I. Since U and V are
independent of ¢, the eigenvalue k(¢) must be independent of ¢. So (ii) holds. The converse is
obvious. 0

By using Lemma [7], the following lemma is completed:
Lemma 8.

TecT < forany (j,¢) € {—2,0, 2} x{R, L}
there exists k = k%) such that V% e xU(2).

Proof. Let |¢>(kj ’8)) € H be the final state after obtaining the observed values (j, €); that is, there

exists [Z7) € HP) such that |0V7) = |¢) @ [n.) @ WP ). By the definition of 7 and
Proposition [, T € T if and only if there must exist a unitary matrix U ¢ on 7—[83) such that

6.9 gy = g V7

T 18 =19) == UUIVUIg) = £ |g).

Here, because £ = |[V@9) ||, this is equivalent to the following by Lemma [ £U9) is
independent of |¢) and

Ve e k09U(2).
U

In the next section, we will apply the statement of Lemma [8 and the expression of V09 in @).

5.3 A necessary condition of measurement

In this section, we will show that to accomplish the quantum teleportation, the eigenbasis of the
observables on B; and By must be different from each computational standard basis. More precisely
we obtain the following theorem:

Lemma 9. If T € T, H; # I, and Hy # I.

Proof. ~ We show the contrapositive of the theorem: if Hy; = I, or Hy = Iy, T ¢ T, that is,
by Lemma [§ and (@),

() e { i } .
<’U£j’€)| - O‘—OJBL 0 Cl §é ’KLU(2> (6>
e [ 0 8L }

11



In case of Hy = Iy, |n.) is equal to |¢), so

. @ifr 0
wor]_| @™ g .
(€] {Q—OjﬁL 0 b
0 @26

Now, when (7, €) = (j, R), we obtain

il O]{O‘—WR 0 }

0  @ofr - {a—zjﬂpz 0]
a; O 0 | @B 0
1 0 ¥ T ¥
o [ 0 &b }
It’s followed by det < & R)‘ =0, and it implies ().
UL
In case of Hy = I, |;) is equal to |j), so
, az;fr 0 } [ 02iBr 0 }
[ (Ug’e)‘ ] B <775| [ 0 OK—OJBR <77£| 0 50jBR

(v

i B e T R

0 a2b 0 0-2);0c

where
=t =a={ 5 £23

(v
7)

U(LE ‘
v

Now, we put H; = { CCL Z } Because |n.) = H; |e), we can rewrite [ ] as following:

8;Br 0 @b2;Pr €0 PrR
e 6HT|:2] ] 5{_] 005 ]
Wiy ]| e 0 ] | Booipn dosn ] |
{ (dfq[ oifr 0 } (el { @00; 1 E5<—2>j5L}
0 92,06 booj B do(—2); 8L

Under here, if (j, ) = (2, R),

1 0]{%?2* 8] :[aﬁR O}'
[10]{88} 00

(2,R)
It’s followed by det [ 22@ R): ] =0, and it implies ({]).
L

12



(J}E)" ( (J}E)‘

5.4 Two conditions for (v Vp

By Lemmal] the problem is reduced to find a condition for the unitarity of VU9 except a constant
multiplicity. Since
e [ (U%’E)\ ]
(I |
the two vectors in 7—[83) must satisfy the following two conditions as the corollary of Lemma [8
Corollary 10. T € T if and only if the two row vectors of V(-9); <vg’€)| and <U(Lj’5)|, satisfy
[ConditionI] : [lvf |2 = [jof 7|
[ConditionII]: (%% 9y =0
for any observed values (7, €).
Proof. By the expression of VU9 in @) and Lemma [§] we obtain the desired condition. O

From now on, we find more useful equivalent expressions of Conditions I and II.

5.5 Equivalent expression of [ConditionI]

From the definition of Condition I and the expressions of <v§§’5>| and (U(Lj’a)| in (@), we have

[Condition I| <— \\Ug’E)H2 — HU(LJ%E)H2

|ag;1?[BrI* — laos |1 B 0 }

<~— (1, -y = 0. 7

(7| { 0 |ovo; 21 8a 2 — |2y, 21 BL? I7e) (7)

Here, we put A := |ay;|*|Br|* — [ag;|?Bc]* and B := |ag; [*|Brl* — [e—2); [*|BL]*.
A 0
@0y b =0
Lo A 0 o 9 Lo« A 0 A 0 _ 3y ”
— X;: [O B]_O or Yi: [0 B}#Oand[o B}|n€)—)\j,a|nﬁe>,

where \; . € C. Then, we have Condition I = “X; VY] for any (j, €)” and in the following, we
will transform X; and Y, respectively.

5.5.1 Equivalent transformation of X;

Lemma 11.

1

X, < for all j,k € {0,£2} and |Bg| = || =

S

1
|Oéjk| = %

13



Proof. Assume |aji| = 1/+/3 for all k, j and |8g| = |BL] = 1/v/2, it is easy to check that X; holds.
Let us consider the inverse. Assume X; holds. In this case, we obtain

A = |ag;[?|Bal* — laos*[BL]® = 0,
B = |og; *|Brl* — loy—2);1BL]* = 0,
that is,
{ |azi> —[ao? } { |Br|” } _o.
o[> —levzl* | | 1B
Because of T[|8g|* |BL|*] # 0, we have
dot [ x> —[ao;l? } _0
o —le-a);l?
This is equivalent to
2
|as; P21 = (Jaws[*)" (8)
On the other hand, by the unitarity of Hs, we have
| |* + oz [ = 1 — g, (9)

for any j = —2,0,2. By [®) and (), |ow;|*, |_2);]* are the solutions of the following quadratic
equation:

2
t2 — (1 — |Oé()j|2)t + (|Oé()j|2) = 0.

Its solution is

t , D =—(0lag;]* = 1)(|ogs | + 1).

o 1— |Oé0j‘2:|:\/ﬁ
B 2

Here, because the solution ¢ is a real number, the discriminant D > 0, ie. 3|ag]* — 1 < 0.
Therefore, because |ag;| > 0,

1
0 < ags]* < 3
Here, the necessary condition for the unitarity of Hy that |oga|? + |ao|? + loao—o)|* = 1 1is
satisfied by only the case for
1
o |* = |agol® = |Oéo(—2)|2 ~3
Hence, for j € {0, £2}, we obtain D = 0, and then ¢t = 1/3 holds. Therefore, for j, k € {0, £2},
1
|| = ﬁ’
which implies,
1 1
A=B=—- 2 _ N =) = = ————
(18P — 1821 9l = 1621 = 5
]

14



5.5.2 Equivalent transformation of Y;

Lemma 12.

Vi <= |ag;P18r|” — oo 1B = —|aw; P|8rl* + ey—2);*1BLI?
for all j, k € {0,£2} and |a| = |b].

Proof. First let us consider the proof of the “«<” direction. It holds

{(1) _01}“73): {—bd] :{((Z//%;z}

v a] = (10)

a

Here the second equality derives from ¢ = —Ab and d = Aa, where A = det(H;) by the unitarity

of Hy and the third equality comes from the last assumption of |a| = |b|. In the same way, we
obtain
o O = . (1)
The first assumption implies A = —B. Then (I0) and (II) include
0 b= A | 6D ) = A )

Thus the condition Y7 holds. Secondly, assume Y; holds. In this case, there exist A and X such
that

A 0 A 0
0 | =t [ = ¥ (12)
where |n.) = H; |¢) and
a b

m= (2]
is unitary. Therefore,

A 0

- - and

A 0] ,

O | D =X R), (14)

Let us give further transformation of (I3]). Because H; is unitary,
0 B
laPA+[c’B] [0
— l abA+cdB | | M| (15)

15

HI[A y }HI\R>:)\\L)



Similarly, (I4]) is equivalently deformed as follow:

HI{A y ]H1|L):X|R)

0 B
@A+adB ][N
{ b2A + |d|2B] = { 0 } (16)
Therefore, ([I2)) is equivalent to (I5) and (I6]), and these are also equivalent to
aPA+cPB | _ [ fa* 1—la [ [ A]_
[ WPA+1aPB | = [ 1-la  op || B]T° (a7)
and

abA+cdB | [ ab cd Al | A (18)

abA+cdB | |ab @ || B| | N

Here we used in (7)), the unitarity of Hy, |a|*> = |d|?> =1 — |b]> = 1 — |c|>. Moreover, because of
the assumption T[A, B] # 0,

et [ P 1P } _

1—lal*  laf?
Then we have |a| = |b|. By substituting this result to (), we obtain
A+ B=0, (19)
which is equivalent to
|, [*BrI® — |aog*|BL]® = —laos|?|Brl* + le—2);1*] B

for all 7.

Note that, by substituting (I9) to (I8]), we obtain

_ N A
ab—cdzz, db—édzz

The unirarity of H; implies d = Aa, ¢ = —Ab, where A = det(H,). Therefore, we obtain the
constants of the Condition Y; are

)\':2al_9~A:E-AandA:266~A:%~
a

A

since |a| = [b] = 1/V/2.
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5.6 Calculation of [Condition II|

From the definition of [Condition I] and the expressions of <vg’e)| and (U(Lj’a)\ in ([B]), we have

[Condition IT] <= (v{°[v{"%)) = 0

Bragjoo Br 0 }
< (n. _ ) =0 20
0. [ S e | (20)
Putting A’ := ﬁRagjaojﬂL and B’ := Brao;joq 5L, we decompose (20) into the conditions X5
and Y5, as follows.
A0
@ — |y 5 |m=o

“ A/ O ’” “ A, O A, 0 i
<:>X2: |:O B/:|:O or }/2: |:0 B/:|7é0and|i0 B/:||/’7€>:E|/J“]’75|77ﬁ8>?

where ;. € C. Then we obtain [Condition II]= X, V Y5. We will transform X, and Y5 to more
useful forms.

5.6.1 Equivalent transformation of X,

Lemma 13. Let H be the set of three dimensional unitary matrices defined by

p r 0 p 0 r 0 p r
H = 00 ¢t]|,|0¢tO0]|,|t 0O0]eU3:|p=lq - (21)
q s 0 q 0 s 0 qg s

Then the condition X5 is equivalent to the following condition;
IjI 2 € H.

Proof. Assume H, € H. Then each raw vector of H, is of the form [, 0, %] or [0, %, 0], where
“x” takes a non-zero value. Since the computational basis of H, are |[—2),|0),]2) by this order, it
holds that asjog; = oy_g)j00; = 0 for any j € {—2,0,2}. Then we have A’ = B’ = 0 which implies
the condition X5. On the other hand, assume the condition X,. In this case, for A’ and B’, the
followings are held:

A= 5R042j040j5L =
B' = Brogjoy ﬁL = 0.

Therefore,

|Brojon;Br| = |Brawjaj—2BL] =0
< |Brag;Br] = 0 or |ag| = [aj—2)| =0
< “([Brl, 18] ) € {(0,1),(1,0)}"
or “(fao;|*, lag[* + |2y * ) € {(0,1), (1,0)}”
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Here we used |ag;|? + |aa;]% +|c_g);|*> = 1 due to the unitarity of H5 in the last equivalence. When
(1Bg|, 18] ) = (0, 1) or (1, 0), the determinant of VU9 is det(V#9) = 0 by (@), and because of
it, the matrix V@9 doesn’t satisfy the condition of Theorem 2. Hence, the conditions we should
only impose are

(a) (Jowsl? g |* + ey—2); ) = (0, 1)
or
(b) (|ag|?, [ezs]? + |y * ) = (1,0)

to each column vector of Hy (j = —2,0,2). Each column vector satisfies the condition (a) or
(b), however by the unitarity of Hy, we notice that one of the column vectors in H, satisfies the
condition (b) and all the rest of the two column vectors satisfy (a) because every raw vector of
H, must be a unit vector. This implies that Hy = Hy, ® I, with Hy € H. Then we obtained the

desired conclusion.
]

5.6.2 Equivalent transformation of Y,

By the same discussion as that of Y7, we obtain the following lemma:

Lemma 14. For all j, k € {0, 2},

Vo < A'=-B' #0and ab € R <= ay;0; = —a,;0(_2); and |a] = [b].

5.7 Fusion of the conditions

We have shown that a necessary and sufficient condition for T' € T is (X; V Y;) A (X3 V Y3) and
we have converted X; and Y; (j = 1,2) to useful expressions in the above discussions. Expanding

(Xi VY A (X VY2) = (Xi AXo) V(X1 AYs) V(YT A X))V (Y1 AY2),

we consider each case as follows to finish the proof of Theorem

Y,
Q2 0gj = —QjO(—2);5

la] = 9]

X
H,e H

X
1Bal = |80l = 1/v2 (A) (B)
ol = 13
Yi
I =l 15 = Pl oo (©) (D)
o

(A) X1 A Xo
Lemma 15. Xl A X2 = @

18



Proof. 1t is easy to see that X; and X5 are contradictory each other. O

X1 NY,

Lemma 16. The condition X; A Ys coincides with (I), (IT) and (IIT)-(ii) in the condition
of Theorem [ for the case of |(Ha)ji| = 1/v/3 for any j, k € {—2,0,2}.

Proof. Let us assume X; A Ys. By Xy, for j, k € {0, £2},
targ oy

V3

e

Oéjk =

We can rewrite Y, by using it as follow:

1

. ei(argazj—argaoj) — _
V3 V3
<= argan; + argoy_q); — 2argag; € (2Z + 1)m = {(2m + 1)w|m € Z}.

i ei(argaoj —argoy_g); )

Therefore, the condition X; A Ys includes

1
la| = [b] and || = |8] = —

>

and Vj, k € {0, £2}, |ay| = and argog; + argoy_g); — 2argag; € (2Z 4 1)m.

1
V3
The reverse is also true. O
Yi N X

Lemma 17. The condition Y; A X5 coincides with (I),(II) and (III)-(i) in the condition of
Theorem

Proof. Let us assume Y; A X5. By Y3, the condition |ag;[?|Br|* — |ag;|*|BL|* = —|ao; [*|Br]* +
|ov(—2);|%8|* holds for any j € {—2,0,2}, and by X», the condition H, € H holds. Therefore,
by the definition of H in (ZII), we obtain

[pBr| = lafLl and  [rfr| = |sB| and || =[5l

Therefore, we can obtain |3z| = |81| = 1/v/2 from all of the condition and |p| = |q| = |r| = |s]|.
Hence, the condition Y; A X5 includes

H,c H and |Bg| =6 = and |a| = |b].

1
V2

The reverse is also true. ]
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By this result, there exist permutation matrices U and V such that Hy can be expressed by

%6iargo¢j1kl %eiargah@ 0

1 _targo,,k 1 _darga, i

2e jok1  ——e j2ke (0| O
0 0 1

0 7

In particular, when j; = k1 = 2, jo = ko = —2, argagy = arga(_g)2 = argag—2) = 0 and
arga(_gy(—2) = m, the result meets the example in paper [17].

YiAYs
Lemma 18. Y] A Y; coincides with (I), (IT) and (III)-(ii) in the condition of Theorem

Proof. Let us assume Y; A Y,. Taking the absolute values to both sides of the condition Y5,
we obtain |ag;| = |oy_g);| for any j € {—2,0,2}. Inserting this into the condition Y;, we have

(Jas* + lowo; ") (18RI* = 182]*) = 0.

Since |aa;], || > 0, we get |Br|* = |8.]?. In the next, let us consider Y> with respect to the
phase; the condition Y5 implies

argan; — argag; = (2m + 1)m + argag; — arga(—o);
for any m € Z. This implies
argaw; — 2argog; + arga(—g); € (2Z + 1)m.

Therefore, Y7 A Y5 includes

la] = ¢ and |5R|:|m|:%

and  7j € {0, £2}, |ag;| = |2, and argas; + arga_q); — 2arga; € (2Z + 1)

The reverse is also true. O

Combining all together with Lemmas [I5HI8], we complete the proof of Theorem [l

6

Summary and Discussion

In this paper, we extended the scheme of quantum teleportation by quantum walks introduced
by Wang et al. [I7]. First, we introduced the mathematical definition of the accomplishment
of quantum teleportation by this extended scheme. Secondly, we showed a useful necessary and
sufficient condition that the quantum teleportation is accomplished rigorously. Our result classified
the parameters of the setting for the accomplishment of the quantum teleportation. Moreover, we
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demonstrated some examples of the scheme of the teleportation that is accomplished. Here we
identified the model proposed in the previous study as one of the examples and gave the new
models of the teleportation. Moreover, we implied that we can simplify the teleportation in terms
of theory and experiment.

Our future’s work is to implement the scheme of teleportation. Moreover, applications of
the properties of quantum walks to the scheme of teleportation is one of the interesting future’s
problems.
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