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We have investigated inflationary model constructed from minimally modified gravity

(MMG) theories. The MMG theory in the form of f (H) ∝ H1+p gravity where, H is the

Hamiltonian constraint in the Einstein gravity and p is constant, has been studied. An in-

flation is difficult to be achieved in this theory of gravity unless an additional scalar field

playing a role of inflaton is introduced in the model. We have found that the inflaton with

exponential potential can drive inflation with graceful exist different from the case of Ein-

stein gravity. The slow-roll parameter for both the exponential and the power-law poten-

tials is inversely proportional to number of e-folding similar to the case of the Einstein

gravity. We also have found for the scalar perturbation that the curvature perturbation in

the comoving gauge on super Hubble radius scales grows rapidly during inflation unless

p = 0. For the tensor modes, the amplitude of the perturbations is constant on large scales,

and sound speed of the perturbations can diviate from unity and can vary with time de-

pending on the form of f (H).
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I. INTRODUCTION

Cosmic inflation [1–3] is a standard framework addressing issues in the hot Big Bang model and

providing mechanism for generation of primordial density perturbation. In the standard scenario,

inflation can be achieved by introducing extra degrees of freedom in universe. In the case of Ein-

stein gravity the extra degrees of freedom may be in the form of fields minimally couple to gravity

called inflaton. Alternatively, the extra degrees of freedom can be parts of degrees of freedom of

the gravitational interaction. The extra degrees of freedom of gravity can be obtained by assuming

non-minimally coupling between extra field and curvature terms in the action. This class of theories
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is scalar-tensor theories of gravity [4]. Moreover, the extra degrees of freedom of the gravitational in-

teraction can also be obtained due to non-linear curvature terms in the action. The simplest example

of this class of gravity is f (R) gravity [5].

However, in the cuscuton models [6–8], it has been shown that the acceleration of the universe can

be achieved even though the minimally couple extra degree of freedom is non-dynamical field. This

implies that theories which have two dynamical degrees of freedom can also drive acceleration of the

universe. Theories of gravity beyond Einstein theory with have two degrees of freedom as Einstein

theory have been studied in various contexts [9–14]. Such theories could be constructed by supposing

that the temporal diffeomorphism is broken while the spatial diffeomorphism is still invariant. In

general, if the diffeomorphism invariant is broken in this way, the theories can have an extra degree

of freedom similar to scalar-tensor theories of gravity [15]. However, if the Lagrangian of theories is

a linear function of the lapse function, the theories can have two degrees of freedom under suitable

conditions. This class of theories is minimally modified gravity theories [10, 13]. Nevertheless, these

conditions can not be satisfied if matter appears in the action. To ensure that this class of theories

still has two degrees of freedom when matter appears in the theories, we have to impose the gauge

fixing condition[11, 18, 19]. Cosmology with this class of theories has been investigated in [8, 19]. In

[19], it has been shown that late time universe with this class of gravity theories is more preferred by

observational data than ΛCDM model. In [16, 17, 19], matter coupling in this class of theories has

been discussed.

Here, we investigate inflation due to this class of gravity theories. This work is organized as

follow: firstly we review MMG theories in the next section. We investigate background inflation in

Sec. (III). We study cosmological perturbation in Sec. (IV) and conclude in the last section.

II. MINIMALLY MODIFIED GRAVITY THEORIES

Minimally modified gravity theories are the modified theories propagating two degrees of free-

dom like Einstein theory of gravity. Generally, most of popular modified theories of gravity always

generate extra degrees of freedom in the theories. The extra degrees of freedom are related to the

broken diffeomorphism invariant in the construction of the theories. However, we can construct the

theories that have two degrees of freedom even if the full diffeomorphism invariant is broken. We

can construct MMG theories by writing the Hamiltonian of the theories to be linear in the lapse func-

tion and imposing a suitable constraint. Square root gravity and exponential gravity are the MMG

theories that we obtain by using this method [10]. However, there is an interesting class of MMG

theories, f (H) theory. This class of MMG theories is constructed in another way by the Hamiltonian

construction [13].
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In order to construct the MMG theories, we break the temporal diffeomorphism invariant which

is conveniently represented by the ADM decomposition. In the ADM formalism, one can write the

line-element in the form

ds2 =
(

−N 2 +NiN i
)

dt2 + hij

(

N idt +N dxi
) (

N jdt +N dxj
)

, (1)

where hij, N and N i are the three-dimensional induce metric, the lapse function and the shift vector,

respectively. We are interested in MMG theories in the form of f (H) theory which the action can be

written in the form

S[hij ,N ,N i] =
m2

p

2

∫

d4xN
√

hLG =
m2

p

2

∫

d4xN
√

h

[

2

f,c(C)
(KijK

ij − K2)− f (C)

]

, (2)

where mp = 1/
√

8πG is the reduced Planck mass. Here, C can be computed from

C =
KijK

ij − K2

[ f,c(C)]2
− R . (3)

From the above expressions, f (C) is an arbitrary function of C, f,c denotes derivative of f (C) with

respect to C, and we see that C has the same dimension as R, i.e., its dimension is mass2. Moreover,

C is the Hamiltonian constraint in the Einstein gravity if f,c = 1.

To study possible models of inflation from this theory of gravity, we add extra scalar field into the

above action as

S[hij ,N ,N i, φ] =
∫

d4xN
√

h

[

m2
p

2
LG + X − V(φ)

]

. (4)

Here, we suppose that the field has standard kinetic term where X = −∂µφ∂µφ/2 is the kinetic term

of the scalar field and V is the potential term. However, the degree of freedom in the theory increases

when the scalar field is simply added in the action. To ensure that the theory still has two degrees

of freedom, we have to fix the gauge degree of freedom in the theory. Using the choice of gauge

presented in [19], the Hamiltonian of the gauge fixeing term is written in the form

Hg f =
∫

d3x
√

hλ̃i∂i

(

π√
h

)

, (5)

where λ̃i is a Lagrange multiplier and π is the trace of momenta conjugate to the induce metric.

Imposing this gauge fixing, the action for f (H) becomes

S =
1

2

∫

d4xN
√

h

{

m2
p

[

(C + R) [2 − λ0 f,c(C)] f,c(C)− f (C) (6)

+λ0

[

KijKij − K2 − 2K

N Dkλ̃k − 3

2N 2

(

Dkλ̃k
)2
] ]

+ 2X − 2V(φ)

}

, (7)

where λ0 is another Lagrange multiplier, and in this case C becomes

C =
1

[ f,c(C)]
2

[

KijKij − K2 − 2K

N Dkλ̃k − 3

2N 2

(

Dkλ̃k
)2
]

− R . (8)
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The above expression for C can be obtained by varying the action Eq. (6) with respect to λ0. Varying

the action with respect to C, N and N k yiels, respectively,

λ0 =
1

f,c
, (9)

0 = f (C)− 2

m2
p

[

X − V − 1

N 2

(

φ̇ −N i∂iφ
)2
]

, (10)

0 = DiK
ik − hikDiK − hikDiDmλm

t − 1

m2
pN

(

φ̇ −N i∂iφ
)

∂kφ , (11)

where we have used Eq. (8) and Eq. (9) to obtain Eq. (10) . Variation with respect to scalar field give

us the evolution equation for scalar field as

∂0

[√
h

N
(

φ̇ −N j∂jφ
)

]

− ∂i

[√
h

N N iφ̇ +N
√

h

(

hij − N iN j

N 2

)

∂jφ

]

+N
√

hVφ = 0 , (12)

where subscript φ denotes derivative with respect to scalar field φ.

III. BACKGROUND EVOLUTION

We now consider the evolution of the spatially flat Friedmann universe for the theory described

in the previous section. Due to the homogeneity and isotropy of the Friedmann universe, N = 1,

N i = 0 and therefore

ds2 = −dt2 + a2(t)δijdxidxj , (13)

where a(t) is a cosmic scale factor and t is the cosmic time. For the Friedmann universe, the Hamil-

tonian constraint from Eq.(10) and the expression for C in Eq. (8) are given by

f = − 2

m2
p

(X + V) = − 1

m2
p

(

φ̇2 + 2V
)

, (14)

C f 2
,c = −6H2 , (15)

where a dot denotes derivative with respect to time t, and H ≡ ȧ/a is the Hubble parameter. The

evolution equation for scalar field in the Friedmann universe is

φ̈ + 3Hφ̇ + Vφ = 0 . (16)

The slow-roll parameter ǫ ≡ −Ḣ/H2 can be computed by differentiating Eq. (15) with respect to

time to obtain Ċ, and substituting resulting Ċ in to the time-derivative of Eq. (14). The result is

ǫ =
η f,c

2

(

1 + 2
C f,cc

f,c

)

, (17)

where η ≡ φ̇2/(H2m2
p). The above relation reduces to the usual relation for ǫ for the Einstein gravity

when f,c = 1. It follows from Eq. (17) that ǫ ≪ 1, which is required during inflation, when η ≪ 1 or
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| f,c + 2C f,cc| ≪ 1. However, the latter condition is difficult to be achieved, so that slow-roll inflaton is

need for inflation in this theory. The case η ≪ 1 corresponds to the slow-roll evolution of the inflaton

field φ. Under the slow-roll approximation, |φ̈| ≪ |Hφ̇|, Eq. (16) becomes

dφ

dN
= − Vφ

3H2
, (18)

where N ≡ ln a is the number of e-folding.

In order to study the evolution of the background universe, we have to specify form of f (C). Here,

we suppose

f (C) = −Λ

(

−C

Λ

)1+p

, (19)

where Λ is a constant with dimension of mass2 and p is a constant parameter. We then obtain from

Eq. (15) that

f = −Λ

[

6H2

Λ(1 + p)2

]

1+p
2p+1

, (20)

f,c = (1 + p)

[

6H2

Λ(1 + p)2

]

p
2p+1

. (21)

Hence, we obtain the modified Friedmann equation by substituting the above expression in to

Eq. (14) as

[

6H2

Λ(1 + p)2

]

1+p
2p+1

=
1

m2
pΛ

(

φ̇2 + 2V(φ)
)

, (22)

Using slow-roll condition, V ≫ φ̇, we can write Eq. (22) as

H2 =
2

2p+1
1+p (1 + p)2Λ

6

(

V

m2
pΛ

)

2p+1
1+p

. (23)

Substituting Eq. (20) in to Eq. (18), and using Eq. (23), we get

dφ

dN
= − 2−p/(1+p)

Λ(1 + p)2

Vφ

Ṽ
2p+1
1+p

, (24)

where Ṽ ≡ V/(m2
pΛ). The above equation can be written in the integral form as

∫ NN

0
dN = 2p/(1+p)Λ (1 + p)2

∫ φN

φe

dφ
Ṽ

2p+1
1+p

Vφ
, (25)

where subscript e denotes evaluation at the end of inflation, while subscript N denotes evaluation at

the moment when particular modes of cosmological perturbations generated during inflation crosses

the horizon. For the form of f given by Eq. (19), the slow-roll parameter ǫ in the slow-roll approxi-

mation is

ǫ =
2
− 2p+1

1+p (2p + 1)

m2
pΛ2 (1 + p)3

V2
φ

Ṽ
3p+2
1+p

. (26)
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In the slow-roll approximation, we can write f,c in terms of the potential as

f,c = (1 + p)2
p

1+p Ṽ
p

1+p , (27)

C = −Λ2
1

1+p Ṽ
1

1+p . (28)

To integrate Eq. (25), and compute ǫ in terms of the number of e-folding, we have to specify the

potential V of scalar field. As the illustrative examples, we will consider two cases where V takes

either exponential or power-law form.

A. Exponential potential

We first consider the potential in the form

V(φ) = V0Λm2
peλφ̃ , (29)

where φ̃ ≡ φ/mp, while V0 and λ are the dimensionless constants. Substituting the above potential

in Eq. (25), and performing an integration, we get

NN =
2p/(1+p) (1 + p)3

λ2pV
−p/(1+p)
0

[

eλφ̃N p/(1+p) − eλφ̃e p/(1+p)
]

. (30)

We can calculate φe by using the slow-roll parameter. Since ǫ = 1 at the end of inflation, we get from

Eq. (26) that

eλφ̃e p/(1+p) =
λ2(2p + 1)

2
2p+1
p+1 (1 + p)3V

p/(1+p)
0

. (31)

Substituting the above equation into Eq. (30), we get

NN + N∗ =
2p/(1+p)(1 + p)3

λ2 pV
−p/(1+p)
0

eλφ̃N p/(1+p) , (32)

where

N∗ ≡
2p + 1

2p
. (33)

Inserting Eq. (32) in to Eqs. (26) and (18), we can write ǫ and η in terms of the number of efolding as

ǫN =
N∗

NN + N∗
. ηN =

(p + 1)2

λ2 p2(NN + N∗)2
. (34)

Using Eqs. (27) and (32), we have

f,c(N) = f,c∗(NN + N∗) =
λ2(2p + 1)

2(1 + p)2

1

ǫ
, (35)

where f,c∗ is defined as

f,c∗ ≡
λ2p

(1 + p)2
, (36)

It follows from the above calculations that the inflaton with exponential potential has graceful exit in

this theory of gravity. This result is different from that in Einstein theory of gravity. The moment at

graceful exit is described by Eq. (31).
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B. Power-law potential

In this section, we apply the potential of the form,

V(φ) = V0m2
pΛφ̃q , (37)

to Eq. (25). After integrating, we obtain

NN =
2p/(1+p)(1 + p)3V

p/(1+p)
0

q(pq + 2p + 2)

[

φ̃
pq+2p+2

1+p

N − φ̃
pq+2p+2

1+p
e

]

. (38)

Using the condition ǫ = 1 at the end of inflation, we can calculate φ̃e as

φ̃
pq+2p+2

1+p
e =

2
− 2p+1

1+p q2(2p + 1)

(1 + p)3V
p/(1+p)

0

. (39)

Substituting the above expression into Eq. (38), we get

NN + N∗ =
2p/(1+p)(1 + p)3V

p/(1+p)
0

q(pq + 2p + 2)
φ̃

pq+2p+2
1+p

N , (40)

where

N∗ ≡
q (2p + 1)

2 (pq + 2p + 2)
. (41)

Then we can calculate

ǫN =
N∗

NN + N∗
, and ηN =

[

q2p+2(1 + p)2(pq−p−1)

22pV
2p
0 (pq + 2p + 2)2(pq+p+1)

(NN + N∗)−2(pq+1+p)

]1/(pq+2p+2)

.

(42)

Using Eqs. (27) and (40), we have

f,c(N) = f,c∗(N + N∗)
pq

pq+2p+2 = f,c∗

(

q(2p + 1)

2(pq + 2p + 2)ǫ

)

pq
pq+2p+2

, (43)

where

f,c∗ ≡
(

4pV
2p
0 qqp (pq + 2p + 2)qp

(1 + p)2qp−2p−2

)1/(pq+2p+2)

. (44)

C. Numerical results

In this subsection, we solve the evolution equations for the background universe numerically and

plot the results in Figs. (1)-(3). The models in our plots are shown in Table (I). In Fig. (1), we plot

evolution of ǫ for both exponential and power-law potentials cases. From this figure, we see that

for both forms of potential, inflationary epoch can be taken place such that slow-roll parameter ǫ

increases from small value during early stage towards one at the end of inflation. The main different
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No. Model 1 2 3 4 5 6

potential eφ φ2 φ4 0.7φ1/2 0.085φ1/2 0.002φ2

p 1 1 1 1 1/5 1/21

No. Model 7 8 9 10 11 12

potential 0.05φ1 0.02φ1 0.0005φ2 0.0001φ2 0.02φ2 0.5φ2

p 1/10 1/5 1/21 1/21 1/21 1/21

TABLE I: Model used in the numerical calculation

1
2,6
3
4,7
5

0 10 20 30 40 50 60
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 1: Plots of slow-roll parameter ǫ as a function of number of e-folding for the models 1 - 7. In the plots,

models 1 - 7 correspond to lines 1 - 7, respectively.

feature of the models comes from different evolution of f,c. As will be seen in the next section, f,c

controls evolution of the curvature perturbation during inflation. Evolutions of f,c are plotted in

Figs. (2) and (3). According to Eq. (35), f,c is proportional to 1/ǫ for the exponential potential, so that

for this form of potential f,c can increase several order of magnitude through out inflationary epoch.

This conclusion agrees with the plot in Fig. (2). However, for the power-law potential, Eq. (43) shows

that the rate of change of f,c decreases when q and p decrease. When p → 0, the model for power-law

case reduces to Einstein gravity such that f,c = 1. Nevertheless, it follows from Eq. (34) that there

is no Einstein limit for the case of the exponential potential. Dependence of f,c on parameters p and

q for the case of power-law potential is shown in Figs. (2 and 3). From the figures, we see that the

variation of f,c reduces when p and q decrease.
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1
2
3

0 10 20 30 40 50 60
-500

-400

-300

-200

-100

0

FIG. 2: Plots of fC as a function of number of e-folding. In the plots, lines 1 - 3 represent models 1 - 3, respec-

tively.

8
9
10
11
12

0 10 20 30 40 50 60
0.4

0.6

0.8

1.0

1.2

1.4

FIG. 3: Plots of fC as a function of number of e-folding. In the plots, lines 8 - 12 represent models 8 - 12,

respectively.

IV. EVOLUTION OF PRIMORDIAL DENSITY PERTURBATIONS

In this section we consider evolution of primordial perturbations generated in inflationary model

introduced in Sec. (II). In the following consideration, we concentrate on scalar and tensor perturba-

tion which usually provide predictions of the model.
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A. Scalar perturbations

In principle, to investigate the primordial density perturbations generated during inflation, we

should construct the action for second order perturbation in which the primordial perturbation are

described by canonical variables. However, the action for perturbation for this theory is rather com-

plicated due to the scale-dependence of gauge fixing term in the action. Thus instead of constructing

this action, we start from the evolution equations for perturbation in Newtonian gauge presented

in [19]. Transforming these equations to comoving gauge, we obtain the evolution equations for

curvature perturbation in comoving gauge as

ζ′′ + αζ′ + βζ = 0 (45)

where a prime denotes derivative with respect to the conformal time τ ≡
∫

adt, while coefficients

α and β are function of number of e-folding, wavenumber k and Hubble parameter H ≡ a′/a. The

explicit expression of these coefficients are presented in the appendix. In the region where k2/H2 >

O(ǫ), Eq. (45) can be written up to the lowest order in slow-roll parameters as

v′′ − z′′

z
v + c2

s k2v = 0 . (46)

where v = zζ and in this case

z′′

z
=

1

4
(8 + 18 fC − 9 f 2

C − 18 f 3
C + 9 f 4

C)H2 , and c2
s = 1 +O(ǫ). (47)

The expression for z is computed from

z = aexp

{

∫

dτ

(

3

2
f,cH (1 − f,c)

)}

, (48)

where z reduces to z = a in the Einstein limit. For the subhorizon modes, k ≫ H, Eq. (46) is satisfied

by the solution [20]

v =
e−ikcsτ

√
2csk

. (49)

For the superhorizon modes, where k ≪ H but k2/H2 still larger than O(ǫ), Eq. (46) is solved by

the solution v ∝ z, where the proportional constant could be computed by matching the solution for

the subhorizon limit with that for the superhorizon limit. However, we are not interested in such

calculation here because the condition k/H > O(ǫ) is violated just a few numbers of e-folding after

the horizon crossing. When this condition is violated, the evolution of ζ is time dependent as we will

see below. For the case where k2/H2 < O(ǫ), the evolution equation for the curvature perturbation

up to the dominant contribution from k/H can be written in the form

d2ζk

dN2
+ (3 + A)

dζk

dN
+ (Ξ + B) ζk = 0 . (50)
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Here,

A ≡ 1

18η ( f,c − 1)2

[

η2 f 2
,c

{

9 + f,c (Ξ − 9)
}

+ 4
{

ǫ2 (4 f,c − 3)− η1

(

3 f 5
,c − 6 f 4

,c + 6 f 2
,c + ǫ f,c

−6 f,c − ǫ + 3
)

− 6
(

3 f 5
,c − 6 f 4

,c + 6 f 2
,c − 4 f,c + 1

)

+ ǫ
(

6 f 5
,c − 12 f 4

,c + 12 f 2
,c − 17 f,c

+ǫ1 ( f,c − 1) + 8
)

}

Ξ + 2η
{

5 f 2
,cΞ − 2 f,cΞ − ǫ

(

18 f 4
,c − 36 f 3

,c + f 2
,c(5Ξ − 27)

−3 f,c(Ξ − 27)− 36
)

+ 27 f 4
,c − 27 f 3

,c + 9η1( f,c − 1)3( f,c + 1)− 81 f 2
,c + 135 f,c − 54

}]

(51)

B ≡ − 1

54η2( f,c − 1)2
f,c

[

4ηΞ
{

ǫ
(

− ǫ1( f,c − 1)( f,c(Ξ − 9) + 9)− 6 f 6
,cΞ + 12 f 5

,cΞ + 108 f 4
,c

−12 f 3
,c(Ξ + 18) + f 2

,c(37Ξ − 99) + f,c(387 − 19Ξ)− 180
)

+ η1( f,c − 1)
(

ǫ
(

9 f 3
,c − 9 f 2

,c

+ f,c(Ξ − 18) + 18
)

+ 3
(

f 5
,cΞ − f 4

,cΞ − f 3
,c(Ξ + 9) + f 2

,c(Ξ + 9)− f,c(Ξ − 18)− 18
)

)

+ǫ2
(

−18 f 4
,c + 36 f 3

,c − 9 f 2
,c(Ξ − 4) + f,c(6Ξ − 99) + 45

)

+ 3
(

6 f 6
,cΞ − 12 f 5

,cΞ

− f 4
,c(Ξ + 54) + 2 f 3

,c(7Ξ + 54) + f 2
,c(18 − 13Ξ) + 2 f,c(Ξ − 72) + Ξ + 72

)

}

+8(ǫ − 3)Ξ2
{

ǫ
(

ǫ1( f,c − 1) + 6 f 5
,c − 12 f 4

,c + 12 f 2
,c − 17 f,c + 8

)

+ η1

(

− ǫ f,c + ǫ − 3 f 5
,c

+6 f 4
,c − 6 f 2

,c + 6 f,c − 3
)

+ ǫ2(4 f,c − 3)− 6
(

3 f 5
,c − 6 f 4

,c + 6 f 2
,c − 4 f,c + 1

) }

−2η2
{

9 f 5
,cΞ(η1 − 2ǫ + 6)− 18 f 4

,cΞ(η1 − 2ǫ + 6) + f 2
,c

(

9Ξ(2η1 − 10ǫ + 13)

+(3ǫ − 2)Ξ2 + 243
)

− 9 f,c(Ξ(η1 − 4ǫ + 5) + 27) + f 3
,c

(

(8 − 6ǫ)Ξ2 + 18(2ǫ − 1)Ξ − 81
)

+81
}

+ η3
(− f 2

,c

)

Ξ
(

f 2
,cΞ − 9 f,c + 9

)

]

− Ξ (52)

where Ξ ≡ k2/H2 < O(ǫ) ≪ 1, ǫ1 ≡ ǫ̇/(Hǫ) and η1 ≡ η̇/(Hη). Since the analytic solution for

the above equation is difficult to be computed due to time dependence of f,c, which is not necessary

slowly varying with time, we will study the important features of the solution for this equation

numerically in the next section. However, from the structure of this equation, we expect that the

dominant solution for Eq. (50) should be time dependent unless f,c = 1. One can check that for

f,c = 1, coefficients A and B vanish, which corresponds to Einstein gravity.

B. Numerical result

To confirm rough analytic estimation in the previous section, we solve the evolution equation

for curvature perturbation numerically. We start the numerical integration at the time when physical

wavelength of perturbation is well inside the Hubble radius. The initial conditions are chosen accord-

ing to Eq. (49) by spitting ζ to the real and the imaginary parts. We integrate Eq. (45) for the real ζreal

and the imaginary ζimaginary parts of ζ separately, and plot the absolute value ζ =
√

ζ2
real + ζ2

imaginary

in the following figures. According to discussion in the previous section, the main features of ζ-

evolution depend on f,c. Hence, we consider evolution of ζ for models 8, 10, 11 and 12 in which f,c

varies by a few multiplication factor, f,c is nearly constant with f,c . 1, f,c & 1 and f,c ∼ 1. From the
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FIG. 4: Plots of ζ as a function of the number of e-folding. The left top, right top, left bottom and right bottom

panels represent evolutions of ζ for models 8, 10, 11 and 12, respectively. In all plots, the perturbation crosses

Hubble radius at N = 20.

plots in Fig. (4), we see that ζ can rapidly grow on super Hubble radius scales although f,c changes

only fews percents around one through out inflation

C. Tensor perturbations

To study the tensor modes of perturbation, we write the metric tensor in the form of the back-

ground metric and tensor perturbations as

hij = a2
(

δij + γij

)

, hij = a−2
(

δij − γij
)

, (53)

where γi
i = 0 and ∂iγ

ij = 0. Since the gauge-fixing term does not depend on tensor quantity, the

tensor perturbation does not depend on the gauge and therefore the tensor perturbation computed

from Eq. (6) and Eq. (4) are equivalent. Hence for convenience, we insert the metric from Eq. (53) into

Eq. (4) and expand the action up to second order in perturbation. We obtain the second order action

for the tensor perturbation as

S
(2)
T =

∫

dtdx3a3

(

1

8 f ′
γ̇ijγ̇

ij − f ′

8
∂iγ

kl∂iγkl

)

, (54)
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where the divergent term is omitted. The tensor perturbation γij can be expanded in terms of the

polarization tensors as

γij =
∫

d3k

(2π)3 ∑
s=±

ǫs
ij(k)γ

s
k(τ)e

i~k·~x , (55)

where ǫii = kiǫij = 0 and ǫs
ij(k)ǫ

s′
ij (k) = 2δss′ . According to the action Eq. (54), each of the mode

functions γs
k(τ) obeys

γs
k
′′ +

(a2/ f,c)′

a2/ f,c
γs

k
′ + k2c2

Tγs
k = 0 , (56)

where c2
T = f 2

,c is the sound speed squared of the tensor perturbations. As in the usual calculation,

we define [20]

vs
T ≡ zTγs

k , where z2
T ≡ a2

4 f,c
, (57)

so that Eq. (56) becomes

vs
T
′′ + k2c2

Tvs
T − z′′T

zT
vs

T = 0 . (58)

Applying the standard calculation, we have

|vs
T |2c =

1

2cTk

∣

∣

∣

∣

c

, (59)

which implies that the amplitude of tensor perturbation is constant on large scale, and we can com-

pute the power spectrum for the tensor perturbations as

PT
k ≡ k3

2π2

(

∣

∣γ+
k

∣

∣

2

c
+
∣

∣γ−
k

∣

∣

2

c

)

=
2

π2

H2

f 2
,c

, (60)

where the tensor perturbations cross the sound horizon at aH = cTk. The spectral index for the tensor

perturbations can be computed as

nT ≡ d ln PT
k

d ln k
= −2ǫ − 2

ḟ,c

H f,c
. (61)

where c2
T ≡ f 2

,c. Using ċs/(Hcs) ≃ ḟ,c/(H f,c), and Eqs. (22), (30) and (38), the tensor spectral index

for the exponential and the power law potentials are respectively given by

nT = −2
n∗ − 1

NN + N∗
, (62)

nT = − 2

(2n − 1)

N∗
NN + N∗

. (63)



14

V. CONCLUSIONS

We have studied models of inflation in the MMG theory. We have concentrated on f (H) gravity

in the form f (C) = −Λ(−C/Λ)1+p, where C is the Hamiltonian constraint in the Einstein gravity,

and p as well as Λ are constant. It can be checked that this theory reduces to Einstein gravity when

p = 0. It is difficult for this theory to drive inflation without introducing an inflaton field We have

examined inflationary models in which potential of the inflaton takes the exponential and the power-

law forms. We have found that the slow-roll parameter ǫ is inversely proportional to the number of

e-folding similar to case of Einstein gravity. The expression for ǫ in the case of power-law potential

takes the form as in the Einstein gravity when p = 0. Nevertheless, there is no Einstein limit for the

case of exponential potential. According to the evolution equation for the perturbations, it can be

seen that evolution equation of perturbations depends on f,c. For the case of exponential potential,

f,c is inversely proportional to ǫ, so that f,c can vary a few order of magnitudes through out inflation.

However, for the case of power-law potential, f,c becomes nearly constant when p is close to zero.

From the numerical integration, we have found that the curvature perturbation on large scales can

grow extremely large if f,c is significantly vary in time. The curvature perturbation becomes con-

stant on large scales when f,c = 1. For tensor perturbation, the sound speed of tensor mode can

significantly deviate from unity and vary with time if p 6= 0.
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Appendix: The expressions for the coefficients α and β

In this appendix, we present the explicit form of the coefficients α and β in Eq. (45). Firsly, we

decompose them as

α =
n1

d1
, β =

n2

d2
, (64)

where the expressions of n1, n2, d1 and d2 are given by

n1 = a1 + a2k2
H + a3k4

H + a4k6
H + a5k8

H + a6k8
H ,

d1 = 4(3η + 2 fCk2
H)
(

−8(−3 + ǫ) f 2
Ck6

H + 9η3
(

−9 + fC(9 + k2
H)
)

+4η fCk4
H

(

18 − 6ǫ − 9 fC + f 2
C(9 + k2

H)
)

+ 6η2k2
H

(

9 − 3ǫ − 18 fC + k2
H + f 2

C(18 + k2
H)
)

)

,

n2 = b1 + b2k2
H + b3k4

H + b4k6
H + b5k8

H + b6k10
H + b7k12

H ,

d2 = 6(3η + 2 fCk2
H)

2
(

−8(−3 + ǫ) f 2
Ck6

H + 9η3
(

−9 + fC(9 + k2
H)
)

+4η fCk4
H

(

18 − 6ǫ − 9 fC + f 2
C(9 + k2

H)
)

+ 6η2k2
H

(

9 − 3ǫ − 18 fC + k2
H + f 2

C(18 + k2
H)
)

)

.

Here, ai are

a1 = −96 f 3
C(−2 − 3 fC + 3 f 2

C)H ,

a2 = −432η f 3
C(−3 + 2 fC − 2 f 2

C + f 3
C)H+ 16 f 3

C

(

6η1 + (2ǫ − η fC)(−2 − 3 fC + 3 f 2
C)
)

H ,

a3 = 16ǫ f 3
C(2ǫ1 − 2η1 + 2ǫ − η fC)H− 648η2 fC(2 − 5 fC + 4 f 2

C − 4 f 3
C + f 4

C)H

+72η f 2
C

(

2η1(2 + f 2
C) + 2ǫ(2 − 5 fC + 2 f 2

C)− η(−1 + fC − 2 f 2
C + f 3

C)
)H ,

a4 = 324η3(−4 + 15 fC − 18 f 2
C + 6 f 3

C + 3 f 4
C)H+ 24η fC

(

fC

(

6ǫ1ǫ + η2 − ǫη fC(3 + 2 f 2
C)

+ǫ2(2 + 4 f 2
C)
)

+ η1

(−2ǫ fC(2 + f 2
C) + η(−1 + f 4

C)
)

)

H− 36η2
(

η(2 − 3 fC + f 2
C

−6 f 3
C + 9 f 4

C)− 6 fC

(

ǫ(6 − 11 fC + 6 f 2
C + 2 f 3

C − 2 f 4
C) + η1(1 + fC + f 2

C − f 3
C + f 4

C)
)

)

H ,

a5 = 36η2 fC

(

6ǫ1ǫ − 2ǫ2 − 3ǫη fC + 8ǫ2 f 2
C + η2 f 2

C − 2ǫη f 3
C + η1

(

η fC(−1 + f 2
C)

−2ǫ(1 + 2 f 2
C)
)

)

H− 54η3
(

ǫ(−20 + 66 fC − 60 f 2
C − 24 f 3

C + 24 f 4
C) + fC

(

η(4 − 3 fC + 6 f 2
C)

−6η1(2 − fC − 2 f 2
C + 2 f 3

C)
)

)

H ,

a6 = 54η3
(

2ǫ1ǫ + η1η fC(−1 + f 2
C) + ǫ2(−2 + 4 f 2

C) + ǫ fC(η − 2η1 fC − 2η f 2
C)
)H ,

(65)



16

and bi are

b1 = 576 f 4
CH2 + 5184 f 4

C(−2 + fC + f 2
C)H2 ,

b2 = 192 f 4
C(−2ǫ + η fC)H2 + 2592η f 3

C(−18 + 18 fC − f 2
C − 4 f 3

C + 5 f 4
C)H2

+864 f 3
C

(

η(1 − fC + f 3
C + 2 f 4

C)− 2 fC

(

η1 − η1 fC + ǫ(−6 + 3 fC + 2 f 2
C)
)

)

H2 ,

b3 = 16 f 4
C(−2ǫ + η fC)

2H2 + 7776η2 f 2
C(−9 + 18 fC − 11 f 2

C − 5 f 3
C + 7 f 4

C)H2

+144 f 2
C

(

η2(1 + 4 f 2
C − f 3

C + 4 f 4
C + f 6

C)− 4ǫ f 2
C

(

ǫ1(−1 + fC) fC + ǫ(6 − 3 fC − 2 f 2
C)

+η1(−2 + fC + f 2
C)
)

+ 2η fC

(

ǫ(−3 + fC − 3 f 3
C − 3 f 4

C) + 2η1(−1 + f 4
C)
)

)

H2

+432η f 2
C

(

η(−5 − 4 fC − 3 f 2
C + 10 f 3

C + 8 f 4
C − 6 f 5

C + 6 f 6
C) + 6 fC

(

2ǫ(9 − 8 fC + f 2
C

+2 f 3
C − 2 f 4

C) + η1(−3 + 5 fC − 2 f 2
C − f 3

C + f 4
C)
)

)

H2 ,

b4 = 34992η3(−1 + fC)
2 fC(−1 + 3 fC + 2 f 2

C)H2 + 648η2 fC

(

η(−5 + fC − 14 f 2
C + 17 f 3

C − 5 f 4
C

−18 f 5
C + 18 f 6

C) + 18 fC

(

η1(−1 + fC)
2(−1 + fC + f 2

C) + 2ǫ(3 − 5 fC + 3 f 2
C + 2 f 3

C − 2 f 4
C)
)

)

H2

+72η fC

(

η2(−1 + 12 f 2
C − 6 f 3

C + 31 f 4
C − 6 f 5

C + 6 f 6
C) + 2η fC

(

2ǫ(1 + 3 fC + 2 f 2
C − 18 f 3

C + 3 f 5
C

−3 f 6
C) + 3η1(−3 − 2 f 2

C + f 3
C + 4 f 4

C − f 5
C + f 6

C)
)− 12ǫ f 2

C

(

η1(−6 + 5 fC + f 2
C − f 3

C + f 4
C)

+2
(

2ǫ1(−1 + fC) fC + ǫ(9 − 7 fC + f 3
C − f 4

C)
)

)

)

H2 − 24 f 2
C

(

16ǫ3 f 2
C(−1 + f 2

C)

−η2 fC(1 + f 2
C)
(

η + 2η f 2
C + 2η1 fC(−1 + f 2

C)
)

− 4ǫ2 fC

(

2η1 fC(−1 + f 2
C) + η(1 + f 2

C + 4 f 4
C)
)

+2ǫη
(

η(1 + f 2
C)

2(1 + 2 f 2
C) + 2 fC

(

ǫ1 − ǫ1 f 2
C + 2η1(−1 + f 4

C)
)

)

)

H2 ,

b5 = 8748η4 fC(9 − 13 fC + 2 f 2
C + 2 f 3

C)H2 + 972η3 fC

(

6η1(−1 + 7 fC − 6 f 2
C − 3 f 3

C + 3 f 4
C)

−12ǫ(−3 + 12 fC − 11 f 2
C − 6 f 3

C + 6 f 4
C) + η(2 − 11 fC + 16 f 2

C − 16 f 3
C − 18 f 4

C + 18 f 5
C)
)H2

+36η f 2
C

(

−4ǫ2η + 48ǫ3 fC − 8ǫη2 fC + 4ǫ2η f 2
C + 5η3 f 2

C − 48ǫ3 f 3
C − 24ǫη2 f 3

C + 40ǫ2η f 4
C

+5η3 f 4
C − 8ǫη2 f 5

C + 8ǫ1ǫη(−1 + f 2
C) + 2η1(−1 + f 2

C)
(

12ǫ2 fC + η2 fC(1 + 2 f 2
C)

−2ǫη(3 + 5 f 2
C)
)

)

H2 + 108η2 fC

(

72ǫ2 fC(−3 + 4 fC − 2 f 2
C − f 3

C + f 4
C) + η2 fC(−2 − 3 fC

+23 f 2
C − 15 f 3

C + 9 f 4
C) + 6η1(−1 + fC)

(−6ǫ fC(2 − fC + f 3
C) + η(1 + fC + 5 f 2

C + 2 f 3
C + 3 f 5

C)
)

+ǫ
(

−72ǫ1(−1 + fC) f 2
C + η(10 + 6 fC + 44 f 2

C − 114 f 3
C + 66 f 4

C + 36 f 5
C − 36 f 6

C)
)

)

H2 ,

b6 = 4374η4 fC

(

2η1(2 − 2 fC − f 2
C + f 3

C) + η fC(2 − 3 fC − 2 f 2
C + 2 f 3

C)− 2ǫ(7 − 8 fC − 4 f 2
C + 4 f 3

C)
)

H2

+54η2 fC

(

−4ǫ2η + 48ǫ3 fC − 12ǫ2η f 2
C + η3 f 2

C − 48ǫ3 f 3
C − 16ǫη2 f 3

C + 40ǫ2η f 4
C + 5η3 f 4

C − 8ǫη2 f 5
C

+4ǫ1ǫη(−1 + f 2
C) + 4η1(−1 + f 2

C)
(

6ǫ2 fC + η2 f 3
C − ǫ(η + 5η f 2

C)
)

)

H2 − 972η3 fC

(

−η2(−2 + fC) f 3
C

−4ǫ2(−3 + 9 fC − 8 f 2
C − 3 f 3

C + 3 f 4
C) + η1(−1 + fC)

(

η fC(−2 + fC − 3 f 3
C) + 2ǫ(2 − 5 fC + 3 f 3

C)
)

+2ǫ fC

(

4ǫ1(−1 + fC) + η(−3 + 7 fC − 7 f 2
C − 3 f 3

C + 3 f 4
C)
)

)

H2 ,

b7 = 81η3 fC(−2ǫ + η fC)
2
(

η fC + 2η1(−1 + f 2
C)− 4ǫ(−1 + f 2

C)
)H2 − 729η4 fC

(

−20ǫ2 + 4ǫ1ǫ(−1 + fC)

+24ǫ2 fC + 8ǫη fC + 8ǫ2 f 2
C − 12ǫη f 2

C + η2 f 2
C − 8ǫ2 f 3

C − 4ǫη f 3
C + 4ǫη f 4

C + 2η1(−1 + fC)
(

η fC − η f 3
C

+2ǫ(−2 + f 2
C)
)

)

H2 .
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In the above expressions, kH = k/H, and we use Eqs. (14), (15) and (17) to write f,cc as

f,cc = − 1

12X
f 2
,c

(

ǫ − f,cη

2

)

. (66)
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