
A semigroup is a rectangular band if
and only if it is nowhere commutative

Open Mathematics Collaboration∗†

July 12, 2020

Abstract

We prove the proposition addressed in the title of this paper.
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Theorem

1. A semigroup S is a rectangular band if and only if

∀a, b ∈ S ∶ (ab = ba)→ (a = b).

2. [1, 2]
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Notation & Definition

3. ≅ isomorphism

4. ≡ equivalent

5. ∃! exists exactly one

6. S = semigroup

7. L = left zero semigroup; R = right zero semigroup

8. (∀x, y ∈ S ∶ xy = x) ≡ (S = left zero semigroup)

9. (∀x, y ∈ S ∶ xy = y) ≡ (S = right zero semigroup)

10. (S = rectangular band) ≡
≡ ((∀x ∈ S ∶ x2 = x) ∧ (∀a, b, c ∈ S ∶ abc = ac))
≡ (∃L,R ∶ S ≅ L ×R)
≡ ((S ≅ A ×B) ∧ (A,B ≠ ∅) ∧ ((a1, b1)(a2, b2) = (a1, b2)))

11. (∀a, b ∈ S ∶ (ab = ba)→ (a = b)) ≡ (nowhere commutative)

To be proved

12. (S = rectangular band)↔ (∀a, b ∈ S ∶ (ab = ba)→ (a = b))

Proof

13. (→)

14. Suppose S is a rectangular band.

15. According to (14), S satisfies all equivalences in (10).

16. So we have

(∀x ∈ S ∶ x2 = x) ∧ (∀a, b, c ∈ S ∶ abc = ac).
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17. Suppose a, b ∈ S arbitrary such that ab = ba.

18. Using (16) and (17),
(ab = ba)→ (bab = b2a)→ (bab = ba)→ (bb = ba)→ (b = ba).

19. Again, using (16) and (17),
(ab = ba)→ (a2b = aba)→ (ab = aa)→ (ab = a)→ (a = ba).

20. (18) and (19) leads to a = b.

21. From (17) and (20), ∀a, b ∈ S ∶ (ab = ba)→ (a = b).

22. From (14) and (21),
(S = rectangular band)→ (∀a, b ∈ S ∶ (ab = ba)→ (a = b)).

23. (←)

24. Suppose ∀a, b ∈ S ∶ (ab = ba)→ (a = b).

25. Let a, b ∈ S arbitrary.

26. Since S is associative, a(aa) = (aa)a.

27. Since a and a2 commute, from (24), a = a2.

28. Using associativity and idempotency,
a(aba) = aaba = aba = abaa = (aba)a.

29. a and aba commute, so a = aba.

30. For all c ∈ S , using associativity and (29),
(ac)(abc) = (aca)(bc) = a(bc) = (ab)(cac) = (abc)(ac).

31. Since ac and abc commute, ac = abc.

32. Thus, from (10), (24), (27) and (31),
(∀a, b ∈ S ∶ (ab = ba)→ (a = b))→ (S = rectangular band).
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33. Therefore, from (22) and (32),

(S = rectangular band)↔ (∀a, b ∈ S ∶ (ab = ba)→ (a = b)).
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